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Abstract. Modern structural composites such as advanced fibre-reinforced and 
strand-based composites are increasingly being used in the new generation of 
aerospace, automotive, marine and civil engineering structures. To analyse the 
time-dependent response of these orthotropic composites, an efficient and easy-
to-implement approach in the context of 3-D multi-scale modelling, is presented. 
The modelling approach is based on computational homogenization technique and 
differential form of viscoelasticity proposed recently for modelling the response of 
isotropic and transversely isotropic materials. The finite element analyses will be 
conducted at different length scales in a general purpose finite element code, 
ABAQUS®. Although the modelling approach is general, it is specifically applied to 
predict the time-dependent behaviour of a special structural wood composite 
product, parallel strand lumber (PSL) beam, subjected to a three-point bending 
load. The effect of microstructural parameters (e.g. wood strand size and 
orientation distribution, as well as resin area coverage, volume fraction and 
relaxation modulus) on the creep response of PSL will be demonstrated. 

1 INTRODUCTION 

Composite materials with various microstructures and properties are increasingly being 
developed to meet the needs of design engineers in various industries. Having predictive tools 
which are capable of relating the material properties at different scales to structural response of 
composites under complex loading conditions would enable us to accelerate the development of 
novel composite materials for structural applications. 

Analytical micromechanics equations are currently available and used with great success for 
predicting the effective elastic properties of the solid unidirectional circular fibre composites as well 
as rectangular strand or veneer-based wood composites. However, their application in predicting 
the effective viscoelastic properties of composite or cases where one phase could become softer 
(e.g. due to temperature increase) than the other phase has not been investigated fully. Woven 
composites and strand-based composites where the fibre (strand) has a rectangular cross-section 
are examples of such composites. Most of these composite materials show directionally-dependent 
(orthotropic) properties which make their structural analysis complex. To predict the structural 
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response of composites exhibiting time-dependent characteristics special treatment of constitutive 
models is required. 

Several multi-scale models have been developed to take into account the hierarchical nature of 
composites and solving problems arising from the complex microstructure of new composites. The 
concept of multi-scale modelling, its origins, recent developments and current challenges in this 
field have been discussed in several research papers [1], [2]. Currently, multi-scale modelling is a 
well-established approach in literature for analysing composite materials. However, a multi -scale 
approach still needs to be efficient enough to be employed for analysing the behaviour of large 
composite structures in practice. Efficiency becomes a particularly important issue in those 
applications where time-dependent (viscoelastic) response of the structure is of interest such as 
process modelling or predicting the long-term behaviour (creep) of structural elements made of 
new composites. In addition to the efficiency requirement for a multi-scale modelling tool, accuracy 
is also important for new composites with directionally dependent (orthotropic) properties that are 
being developed for aerospace and construction application. To address the above requirements, 
an efficient multi-scale modelling strategy which relates microstructural parameters (e.g. strand 
size and orientation) to the time-dependent response (e.g. creep) of composite structures is 
presented below. 

2 MODELLING FRAMEWORK 

The multi-scale approach presented in this paper is based on other well-established approaches 
and models and involves analyses at two major resolution levels; namely, micro-level and macro-
level as depicted in Figure 1 for modelling the response of parallel strand lumber (PSL) to a constant 
load. It should be noted that throughout this paper, the macro-scale is the scale at which we are 
interested in determining the structural response. Scales below the macro-scale such as the meso- 
and micro-scale may be identified for different composites. Lower scales, in general, are referred 
to as micro-scale unless stated otherwise. 

 

 

Figure 1: Schematic of the multi-scale modelling approach for simulating the structural 
behaviour of PSL 
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3 MICRO-SCALE ANALYSIS 

As a first step in multi-scale modelling of viscoelastic composites, the effective viscoelastic 
properties of composites through a micro-scale analysis is required. The viscoelastic properties of the 
material unit cell can be estimated analytically using the correspondence principle employed by most 
researchers, e.g. see [3]–[5]. Using the correspondence principle, the linear viscoelastic heterogeneous 
problem in the real time domain is first transformed to a virtual linear elastic problem in Laplace space. 
The latter is then solved using linear micromechanical schemes. Finally, the effective viscoelastic 
properties are obtained using numerical inversion to time domain.  

As an alternative to the analytical approach, the effective viscoelastic behaviour of a unit cell of 
material can be obtained numerically using finite element method. Assuming a periodic microstructure 
for the materials, a unit cell of the material can be identified. This unit cell is subjected to six elementary 
loads which are held constant during time. Components of the effective stiffness tensor are determined 
during time using the volume average stress and strain tensors at each time step. Therefore, the 
stiffness tensor components are functions of time and each component can be expressed as a set of 
continuous mathematical functions, known as Prony series. 

4 MACRO-SCALE ANALYSIS 

A differential form (DF) of viscoelasticity has recently been presented by Zobeiry and others [6], [7] 
as an efficient approach for modelling the response of polymer composite materials. The formulations 
in [6] were developed for transversely isotropic materials and extended by Malek [8] for modelling 
viscoelastic behaviour of orthotropic composites. The 3-D formulation for orthotropic viscoelastic 
materials presented in [8] can be easily implemented in virtually any existing code. To illustrate this, 
such formulation is briefly reviewed here. A user material subroutine (UMAT) has been developed and 
implemented in the ABAQUS® software. The implementation of the formulation has been verified and 
presented here through a benchmark example. 

 

4.1 Differential Approach to Modelling Generally Orthotropic Materials 

In a general 3-D state of stress, the constitutive equation relating the stress 𝜎𝑖𝑗 and the strain 𝜖𝑖𝑗 for 

a linear elastic material can be written as follows: 

 ij ijkl klC 
 

(1) 

where 𝐶𝑖𝑗𝑘𝑙 are components of the material stiffness tensor. Using matrix notation, the stiffness 

tensor can also be written in a 6 × 6 matrix form, denoted by the symbol 𝐶  with the double underscore 

indicating matrix quantities and single underscore denoting vectors. 
For an isotropic material, the stiffness matrix can be expressed in terms of two independent 

constants (moduli), 𝐺 and 𝐾, representing the shear and bulk behaviour of the material. Therefore, the 
stress-strain relationship can also be written as follows:  
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(2) 

 
In other words, the total stress vector for an isotropic material can be decomposed into two vectors: 

 G K   
 

(3) 

where the vectors 𝜎𝐺 and 𝜎𝐾, epresent the shear and bulk components of the total stress, 

respectively. In order to describe the behaviour of an elastic, orthotropic material, nine constants are 
needed and the stress-strain relationship can be expressed in terms of these nine constants (stiffness 
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matrix components) as follows: 
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(4) 

where the stress tensor has been decomposed into nine tensors each corresponding to a  stiffness 
matrix component or a material property, 𝑝: 
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For simplicity, the above equation may also be written in vector form as: 
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(6) 

 
   
For a viscoelastic orthotropic material, similar to the isotropic or transversely isotropic case in [6], a 

differential equation is employed to relate the associated stresses and strains as follows: 
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(7) 

In deriving the above equation, for each component of the stiffness matrix (e.g. 𝐶11) a generalized 

Maxwell model has been employed. For each element 𝑖 of the generalized Maxwell model a governing 
differential equation can be written as follows: 
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In the above equation, the spring stiffness and time constant of Maxwell element 𝑖 associated with 

component 𝑃 of the stiffness matrix are denoted by 𝑃𝑖 and (𝜏𝑃)𝑖, respectively. The unrelaxed values of 
each component of stiffness matrix, denoted by superscript 𝑢, is obtained by summing over all Maxwell 
elements. Therefore, the unrelaxed value of component 𝑃 is obtained as: 
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(9) 

where 𝑁 is the number of Maxwell elements. 
The overall governing differential equation is obtained by summing over all nine stress vectors, 
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therefore the overall governing differential equation can be written as: 
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4.2 Implementation 

Rewriting Equation (8) at time steps 𝑛  and  𝑛 + 1  for element 𝑖 of the generalized Maxwell model, 
including the free strain 𝜖𝑝𝑓 (e.g. strain generated due to cure shrinkage or thermal expansion) leads 

to:  
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As it is described Zobeiry et al. (2016), using the finite difference method with a central difference 

scheme and rearranging, the stresses in each Maxwell element “𝑖” can be calculated as:  

  
 

 

 

 

1 1 1

1
1

1
1

2
( ) ( )

1
11

12
2

n
i

n n n n n nP i
P P P P Pf Pfi i

n
n

P i
P i

t

P

t
t


     




  




 
 

       
       

  
   

(12) 

   
The total stress vector at time increment (𝑛 + 1) can be calculated by summing over all Maxwell 

elements (𝑖 = 1, 2, 3, … , 𝑁) and material properties 𝑃, as follows: 
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Details of the finite element formulation and solution convergence conditions could be found in 
previous publications of the authors (e.g. [6], [7]). 

4.3 Verification example 

To verify the implementation of the DF formulations, numerical results are compared with 
available analytical solutions for a simple example here. The example is taken from [9], in which 
an orthotropic rectangular rod is subjected to an applied uniaxial stress in the 1-direction prescribed 
as: 

   , 0 1000
1000

t
t t   

 
(14) 

 
The viscoelastic properties of the orthotropic material are given in Table 1. 

 

 

Table 1: Viscoelastic properties of the orthotropic material taken from [9]. 

C 11 3.857 0.319 0.100

C 22 3.705 0.303 0.090

C 33 3.582 0.291 0.080

C 44 2.000 0.160 0.100

C 55 1.800 0.150 0.090

C 66 1.600 0.140 0.080

C 12 1.674 0.139 0.100

C 13 1.659 0.137 0.100

C 23 1.614 0.291 0.100

Property C ij
g
 (GPa) C ij

r
 (GPa) τ k  (s)
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The variations of non-zero strain components are plotted in Figure 2.  In this figure, the analytical 
solutions have been obtained using Laplace transform and shown with solid lines. The numerical 
predictions, depicted with symbols, show very good agreement with analytical exact results in all 
three directions. This validates the capabilities of differential form of viscoelasticity in modelling 
orthotropic viscoelastic materials. 

 

 

Figure 2: An orthotropic rod subjected to an applied uniaxial stress in the longitudinal 
direction, and free of stress in other directions [9]. Comparison of numerical predictions (using 

FE) and analytical solution for strains in the longitudinal and two transverse directions. 

5 APPLICATION TO CREEP MODELLING OF PSL 

There are many studies throughout the literature showing the time-dependent behaviour of both 
phenol formaldehyde (PF) resin and wood, especially at different moisture contents. One of the 
main applications of multi-scale modelling framework is predicting the response of strand-based 
wood composite structures. Strand-based composites are structural materials manufactured 
through combining orthotropic wood strands with small amount of adhesive (~5% by volume). The 
adhesive (e.g. a thermoset resin) glues the strands together. There are advantages associated with 
strand-based wood composites (e.g PSL) over solid wood [10]. The structural members made from 
these composites are often considered to be stronger, more reliable and more dimensionally stable 
than solid sawn lumber. The use of such structural composite lumber products as construction 
materials demands certain requirements of their mechanical properties be known such as stiffness 
and strength as well as some serviceability requirement such as the allowable amount of creep due 
to moisture, heat or long duration of loads (e.g. snow loads). 

A numerical stochastic multi-scale modelling approach has been presented in [11] for predicting 
the elastic behaviour of PSL beams. Having developed a differential approach for orthotropic 
viscoelastic materials, the time-dependent behaviour of PSL beams subjected to a constant load 
can be simulated. In order to predict the creep of a PSL beam, a unit cell representing the 
microstructure of PSL which is consisting of resin and wood is employed for micro-mechanical 
simulations. It should be mentioned that both constituting phases (wood and resin) in PSL exhibit 
viscoelastic behaviour. However, for simplicity reasons, only the resin phase (PF) is considered to 
be viscoelastic and its behaviour is described with the viscoelastic parameters used in [12]. The 
three-dimensional orthotropic material constants for wood are average values for dif ferent pine 
species taken from [13] representing the actual PSL products. 

In order to predict the creep response of the beams, the components of the unit cell effective 

relaxation matrix, 𝐶̅𝑖𝑗, are required. These can be estimated either analytically using the 

correspondence principle or numerically as described in [8]. Here, the numerical procedure 
presented in [8] was employed to derive components of the unit cell relaxation matrix. These 
components are required to characterize the viscoelastic behaviour of the material on the micro-
scale. Variation of these components for fully bonded strands during time is shown in Figure 3.  
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Figure 3: Variation of the effective relaxation matrix components  𝐶̅𝑖𝑗 versus time obtained from 

numerical analysis of PSL unit cell. Symbols denote numerical results and lines are the 
associated fitted curves. 

 
In Figure 3, numerical results are shown with symbols while the fitted curves are plotted with 

lines. The differential approach for modelling the macroscopic behaviour of viscoelastic structures 
requires the components of relaxation matrix of the orthotropic material be defined by Prony series 
expansions following the formulation described in [8]. The unrelaxed and relaxed values and the 
Prony series parameters associated with each component are obtained from a curve fi tting 
procedure on the numerical results. These parameters are given in Table 2 and Table 3 for 
reference. 

 

Table 2: Unrelaxed and relaxed values of components of the relaxation matrix for a PSL unit cell. 

(a)
(b)

(c)

C 11 13.475 12.596

C 22 1.947 1.515

C 33 1.481 0.989

C 44 1.068 0.760

C 55 1.030 0.790

C 66 0.177 0.162

C 12 1.125 0.898

C 13 0.870 0.658

C 23 0.595 0.488

Component C ij
u
 (GPa) C ij

r
 (GPa)
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Table 3: Prony series parameters obtained from curve fitting of the numerical results. 

Having characterized the viscoelastic behaviour of the material unit cell numerically (micro-
mechanical step), the creep behaviour of the beam can now be determined from FE analysis of a beam 
consisting of several strands distributed within it (macro-mechanical step). PSL beams under three-
point bending are analysed for this purpose. Each beam consists of 24 unit cells (strands with resin) 
arranged in a regular structure. The beam is assumed to have a square cross-section of 39 mm × 39 
mm and a span of 380 mm between the supports as described in [14]. A constant distributed load with 
the total magnitude of 1.5 kN is applied at the centre of the beam on the top surface. The average 
displacement at the 𝑚 centre nodes at the bottom surface of the beam is defined as follows: 

 
1

1 m

i

im
 


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(15) 

and recorded during time while the applied loads is maintained. The average displacement, 𝛿̅, is used 
to construct deflection–time curves. 

To evaluate the effect of strand orientation and resin area coverage of strands (i.e. voids), three 
cases are considered. In the first case, all strands are assumed to be fully bonded and aligned with the 
beam length. In the second case, random strand orientation is considered within each beam and is 
introduced by defining the material orientation within each unit cell making up the beam accordingly. 
For PSL beam consisting of random strands, strands are randomly distributed according to the 
orientation distribution described in [11] which is also given in figure below: 

 

 

Figure 4: Strand orientation in the PSL beam consisting of random strands according to [11]. 

i w 11 w 22 w 33 w 44 w 55 w 66 w 12 w 13 w 23 τ i (min)

1 0.009 0.006 0.012 0.003 0.009 0.003 0.004 0.008 0.002 1.01E-09

2 0.018 0.012 0.024 0.007 0.017 0.007 0.008 0.017 0.003 1.01E-08

3 0.045 0.030 0.058 0.017 0.043 0.016 0.019 0.042 0.008 1.01E-07

4 0.056 0.037 0.072 0.022 0.053 0.022 0.024 0.052 0.012 1.01E-06

5 0.093 0.063 0.120 0.038 0.089 0.036 0.041 0.087 0.020 1.01E-05

6 0.110 0.078 0.139 0.052 0.106 0.050 0.055 0.104 0.033 1.01E-04

7 0.138 0.100 0.172 0.071 0.133 0.067 0.073 0.131 0.047 1.01E-03

8 0.154 0.137 0.171 0.131 0.152 0.120 0.125 0.152 0.112 1.01E-02

9 0.127 0.163 0.104 0.202 0.134 0.180 0.185 0.137 0.207 1.01E-01

10 0.124 0.186 0.070 0.232 0.133 0.240 0.230 0.136 0.273 1.01E+00

11 0.059 0.090 0.030 0.109 0.064 0.121 0.113 0.064 0.135 1.01E+01

12 0.065 0.098 0.030 0.115 0.069 0.137 0.123 0.069 0.148 1.01E+02
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In order to investigate the effect of partial resin coverage of strands, voids are incorporated in 
the resin phase (20% by volume in the resin phase to represent 80% strand coverage by resin) 
according to [12] and considered as the third case. 

A convergence study showed that a mesh size of 100 × 12 × 16 provides converged values for 
the node displacement on the bottom face of the beam in both cases. The results for the three PSL 
beams considered are presented in Figure 5. 

 

 

 

Figure 5: Creep curve for PSL beams consisting of aligned strands and random strands. 

 
Note that the average deflection has been normalized by the initial elastic deflection of the beam 

consisting of aligned strands (0𝑜 strands) in Figure 5. As it is expected, the PSL beam with fully 
bonded and aligned strands experiences lower deflections during time due to more contribution of 
elastic stiff strands. Figure 5 demonstrates the capability of the multi-scale framework in predicting 
viscoelastic behaviour of strand-based composite structures considering several variables 
including constituents’ properties, microstructural features and geometrical parameters. 

6 CONCLUSIONS 

An efficient modelling strategy is presented for the analysis of viscoelastic composite structures. 
The presented approach enables engineers to simulate the viscoelastic behaviour of orthotropic 
composites that consist of at least one viscoelastic phase. Therefore, the time-dependent response 
of large complex structures to various loads at the macro-scale (e.g. meter level) can be predicted 
using the input parameters obtained from the output results of the micromechanical analyses at the 
micro-scale (e.g. mm level). 

The modelling approach is specifically applied to predict the time-dependent behaviour of a 
special structural wood product, parallel strand lumber beam, subjected to a three-point bending 
load. As it is demonstrated, microstructural parameters (e.g. wood strand size and orientation 
distribution, as well as resin volume fraction and relaxation modulus) and their effect on the creep 
response of PSL can be considered using the developed approach. Results suggest that 
characterizing the correct viscoelastic behaviour of constituents (e.g. wood and resin) would enable 
future researchers to optimize the microstructure of structural composites for specific load 
scenarios. 
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