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Abstract—In this article, we investigate the additivity phe-
nomenon in the dynamic capacity of a quantum channel for
trading the resources of classical communication, quantum com-
munication, and entanglement. Understanding such an additivity
property is important if we want to optimally use a quantum
channel for general communication purposes. However, in a lot of
cases, the channel one will be using only has an additive single or
double resource capacity, and it is largely unknown if this could
lead to a strictly superadditive double or triple resource capacity,
respectively. For example, if a channel has additive classical
and quantum capacities, can the classical-quantum capacity be
strictly superadditive? In this work, we answer such questions
affirmatively.

We give proof-of-principle requirements for these channels to
exist. In most cases, we can provide an explicit construction of
these quantum channels. The existence of these superadditive
phenomena is surprising in contrast to the result that the
additivity of both classical-entanglement and classical-quantum
capacity regions imply the additivity of the triple resource
capacity region for a given channel.

Index Terms—Additivity; Quantum Channel Capacity; Trade-
off Capacity Regions; Quantum Shannon theory.

I. INTRODUCTION

N studying classical communication, Shannon developed
Ipowerful probabilistic tools that connect the theoretic
throughput of a channel to an entropic quantity defined on
a single use of the channel [1]. Shannon’s noiseless channel
coding theorem involves a random coding strategy to prove
achievability and entropic inequalities that show optimality,
i.e., the converse. This methodology has now become standard
in proving finite or asymptotic optimal resource conversions
in information theory.

Quantum Shannon information starts by mimicking clas-
sical information theory: typical sets can be generalized to
typical subspaces to prove achievability while various entropic
inequalities, such as the quantum data processing inequality,
can be used to prove the converse. However, the differences
between quantum and classical Shannon information are also
significant. On one hand, additional resources available in the
quantum domain diversify the allowable capacities, resulting in
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trade-off regions for the resources that are consumed or gener-
ated [2]-[4]. The most common, and useful, quantum resource
in communication settings is quantum entanglement. Unlike
classical shared randomness, which does not increase a clas-
sical channel’s capability to send more messages, preshared
quantum entanglement will generally increase the throughput
of a quantum channel for sending classical messages or
quantum messages or both [2], [5]-[9]. It thus makes sense
to consider the trade-off capacity regions among these three
useful resources: entanglement, classical communication, and
quantum communication, and this was done in Ref. [4]. The
result in Ref. [4] further shows that a coding strategy that
exploits the channel coding of these three resources as a whole
performs better than strategies that use each of these three
resources individually.

On the other hand, even though single-lettered channel
capacity formulas have been found in the classical regime for
certain communication tasks, when considering related tasks
in the quantum regime, the known formulas are generally no
longer tractable and are instead regularized capacity formulas
[10]-[14]. In other words, evaluation of these capacity quan-
tities requires optimizing information formulas over an arbi-
trarily large number of uses of a given channel. This largely
blocks our understanding of quantum communication capaci-
ties. An extreme example shows the existence of two quantum
channels that cannot be used to send a quantum message
reliably individually but will have a positive channel capacity
when both are used simultaneously [15]. However, there are
also several examples showing that when additional resources
are used to assist, the corresponding assisted capacity will
also become additive. The classical capacity over quantum
channels is generally superadditive; however, when assisted
by a sufficient amount of entanglement, the entanglement-
assisted capacity becomes additive [6], [16]. The quantum
capacity also exhibits similar properties. When assisted by
either entanglement [2], [3] or an unbounded symmetric side
channel [17], its assisted quantum capacity becomes additive.

This superadditive property of quantum channel capacities
has accordingly attracted significant attention. Hastings [18]
proved that the classical capacity over quantum channels is not
additive, a result built upon earlier developments by Hayden-
Winter [19] and Shor [20]. Recently, three of us showed a
rather perplexing result [21]: when assisted by an insufficient
amount of entanglement, a channel’s classical capacity could
be strictly superadditive regardless of whether the unassisted
classical capacity is additive. Further, the additivity property of
the entanglement-assisted classical capacity shows a form of
phase transition. Even if the channel is additive when assisted



by a sufficient amount of entanglement or no entanglement at
all, it can still be strictly superadditive when assisted with
an insufficient amount of entanglement. This phenomenon
indicates that quantum channels behave fundamentally differ-
ently from classical channels, and our understanding of their
behavior is still quite limited.

Ref. [21] used the idea of a switch channel, with one end
of the switch a symmetric classical channel, the other end
of the switch a quantum channel constructed in Ref. [18],
having a strictly superadditive classical capacity. By design
the two channels have the same classical capacity. Hence,
without entanglement assistance, only the classical channel is
used and the classical capacity is additive. However, as the
rate of entanglement assistance increases, the quantum channel
dominates the communication protocol. With some delicate
concavity argument, one can show that there exists some rate
of entanglement assistance such that the classical capacity is
indeed strictly superadditive.

This paper is inspired by, and aims to extend Ref. [21]. Will
additivity of single or double resource capacities always lead
to additivity of a general resource trade-off region? We will
study superadditivity in a general framework that considers
the three most common resources: entanglement, noiseless
classical communication and quantum communication. Our
results show that (i) additivity of single resource capacities
of a quantum channel does not generally imply additivity of
double resource capacities, except for the known result [2] that
an additive quantum capacity yields an additive entanglement-
assisted quantum capacity region (see Table I); and (ii) addi-
tive double resource capacities does not generally imply an
additive triple resource capacity, except for the known case
[8] that additive classical-entanglement and classical-quantum
capacity regions yield an additive triple dynamic capacity (see
Table II). These results again demonstrate how complex a
quantum channel can be, and further investigation is required.

The paper is structured as follows. Section II introduces the
various definitions, notations and previous results on the triple
resource quantum Shannon theory. Section Il summarizes the
various superadditivity results that we establish in the paper.
Section IV establishes the switch channel that we use for all
our constructions, and expresses the triple resource trade-off
formula of the switch channel in terms of those of the sub-
channels. Section V gives a detailed construction of all the
possible superadditivity phenomena.

II. PRELIMINARIES

In this section, we give definitions of basic entropic quanti-
ties used in the paper. We also describe the dynamic capacity
theorem. Special cases of this include the various single and
double resource capacities. Finally, we define the elementary
channels that will be used in our explicit constructions.

A bipartite quantum state p4p is a positive semi-definite
operator on a Hilbert space Hs ® Hp with trace one. We
define the von Neumann entropy, coherent information and
quantum mutual information of p4p, respectively, as follows:

S(AB),
1(A)B),

~Tr [paglog pagl,
S(B), — S(AB),,

I(A;B), = S(A)p +I(A)B)p,

where S(A), is the von Neumann entropy of the reduced state

pa =Trglpas]-
For an ensemble {p(x), 0% ;}xex, let

oxas = ., PO (xlx ® 0y,
xeX
where {|x)} forms a fixed orthonormal (computational) basis
in a Hilbert space Hx. We need the following information-
theoretic quantities as well:

I(A)BX)y = ) pD)I(A)B)o, (1)
I(A;BIX)y = ). pX)I(A; B)g, 2)
I(AX;B)y = I)(CX;B)O' +I(A; B|X)o, 3)

where I(A)BX), and I(A; B|X) in Egs. (1) and (2) are the
conditional coherent information and the conditional mutual
information, respectively. I(X; B), in Eq. (3) is the Holevo
information of oxp = Tra[oxag].

A quantum channel N is a completely positive and trace-
preserving map. With it, we can transmit either classical or
quantum information or both with possible entanglement assis-
tance between the sender and the receiver [8]. More generally,
the authors in Ref. [4] proved the following capacity theorem
that involves a noisy quantum channel N and the three
resources mentioned above; namely, classical communication
(C), quantum communication (Q) and quantum entanglement
(E).

Theorem 1 (CQE trade-off [4]): The dynamic capacity
region Ccor (N) of a quantum channel N is equal to the
following expression:

“i1
Ccoe (N) = U zC(Cl)QE (N®EK),
k=1

where the overbar indicates the closure of a set. The region
C'(Cl) £ (N) is equal to the union of the state-dependent regions

[¢]
e (N

CQE,o
C(C“QE (N) = U cgng,(, (N).

The state-dependent region c

COE.o (N) is the set of triples
(C, Q, E) of rates such that

C +20 < I(AX; B),, 4
0+ E < I(A)BX),, (3)
C+Q+E <IX;B)y +I(A)BX),. (6)

The above entropic quantities are with respect to a classical-
quantum state (cq state) oxap, where

oxap = ) P (xly ® Neop (654), (D

and the states ¢% ,, are pure.
The dynamic capacity of a channel N is always superadditive,
ie.,

Ceor (N) 2 Ch by (N).



We say that the dynamic capacity of a channel N is (weakly)
additive if X
Ccor (N) = Clhy (N). ®)

Thus if 1
Ccoe(N) 2 C(C)QE N),

then the dynamic capacity of N is strictly superadditive, i.e.,
non-additive.

We will also be using the following stronger notion of
additivity in our proofs. The dynamic capacity of a channel
N is strongly additive if

¢V (New)=cl

CoE Cor N)+Copp () ©)

for an arbitrary channel W. Here, addition means Minkowski
sum'.

The dynamic capacity region Ccor(N) in Theorem 1
allows us to recover known capacity theorems by choosing
certain (C, Q, E) in Egs. (4)-(6) as follows:

« the classical capacity Cc(N) when choosing Q = E =0

[10], [111;
« the quantum capacity Co(N) when choosing C = E =0
[12]-[14];
« the classical and quantum capacity Cco(/N) when choos-
ing E = 0 (CQ trade-off) [23];
« the entanglement assisted classical capacity Ccg(N)
when choosing Q = 0 (CE trade-off) [7], [16];
o the entanglement assisted quantum capacity Cor(N)
when choosing C = 0 (QE trade-off) [2], [3];
The additivity of these special cases is defined similarly as in
Eq. (8).

We note that the dynamic capacity region is convex, as a
convex combination of any two points in the region can be
achieved by a time-sharing strategy, i.e., using the channel for
a fraction of uses to achieve one point, and using it for the
other fraction to achieve the second point.

Below we will briefly describe a few channels which we
will repeatedly use.

A quantum channel N4_,p can be written as

Na-p (pa) = Tre [UpaU'],

where Ua_, g is an isometry from H to Hp®HE, commonly
called the isometric extension of N. E is usually called the
environment. Then the complementary channel N¢ is defined
by

NS g (pa) = Trg [UpaU'] .

Definition 2: A entanglement-breaking channel Na_.p is a
quantum channel with the property that crg = Na—p (PrA)
is a separable state for any input state pgra4, Where ogp is
separable if it can be written as

ore = ), p(k)g ® 0%, (10)
k

where Y p(k) = 1 and all ¢k, ¢% are pure states.

'For two sets of position vectors A and B in Euclidean space, their
Minkowski sum A + B is obtained by adding each vector in A to each vector
in B,ie, A+B={a+bla €A beB} [22].

Definition 3: A Hadamard channel is a quantum channel
whose complementary channel is entanglement-breaking.

Suppose W4 —,p is a Hadamard channel, with the com-
plementary channel W, .. Then there is a degrading map
Dp_,g [24] such that

C
\PA,_,E =Dp g o¥as.
Moreover, D can be decomposed as
D =D oD)
B—E = ~yE B—Y>

where Y is a classical variable.

A Hadamard channel has an additive quantum dynamic
capacity region, when tensored with an arbitrary quantum
channel [24]. Examples of Hadamard channels include the
qubit dephasing channel, 1 — N cloning channels, and the
Unruh channel. We’ll define the qubit dephasing channel and
1 — N cloning channel below. We refer the interested readers
to Ref. [24] for more details and properties of these channels.

Definition 4: The qubit dephasing channel ‘I’gph, with de-
phasing probability 7, is defined as

dph
¥, (p) = (1 =n)p +nZpZ,

where Z is the Pauli-Z operator.

Definition 5: A 1 — N qubit cloning channel ¥!=V is a
channel that approximately copies the input qubit state with
maximal copy fidelity independent of the input state.

Let {|j)g,j = 0,...,N} be an orthonormal basis of the
normalized completely symmetric state for the output sys-
tem of N qubits, where |j)z is a uniform superposition of
computational basis states with N — j 0’s and j 1’s. Let
{li)g,i = 0,...,N — 1} be an orthonormal basis of of the
normalized completely symmetric state for the environment
system of N — 1 qubits, where |i); is a uniform superposition
of computational basis states with N —i —1 0’s and i 1’s. An
isometric extension of ¥!™V has the form

N-1

1
Uas = — N-—-11[i Ol,®|i
ASBE _AN;V liY (Ol4 ® li) g

N-1
1
+ — i+1li+ 1) 04 ® i),
2
where Ay = N(N + 1)/2.
Definition 6: The qubit depolarizing channel pdp °, with
depolarizing probability p, is defined as

. I
¥, (p) = (1= p)p + p5.

The qubit depolarizing channel is known to have an additive
classical capacity [25], but a non-additive quantum capacity
when p = 0.746 [26].

Definition 7: A random orthogonal channel W™ is defined
as

D
¥ (p) = ) Pi0ipO].
i=1

where O; are chosen from the orthogonal group and the
probabilities P; are roughly equal.



Imply the additivity of
Additive capacities CE CQ QE
C N [21] N [26] N [26]
Q N (SecV-C) | N (SecV-C) Y [3]
C& Qe C&QE N (SecV-B) | N (SecV-D) Y[3]
TABLE T

SUMMARY OF RESULTS FOR DOUBLE RESOURCES. “N” STANDS FOR
“DOES NOT IMPLY ADDITIVITY”, WHILE “Y” MEANS “IMPLIES
ADDITIVITY”.

For 1 <« D < N, with N the input dimension, such a channel
will have a strictly subadditive minimum output entropy with
high probability [18].

Definition 8: Consider an arbitrary channel Y¢_, 5. Append
a register R to the input, with a set of orthonormal bases {|k)}.
We define a unitally extended channel [20], [27] Orc—p as

Ore-p(pre) = ), U¥eos (Kl pre )R UL (D)
k

where {Uy € U(IB|) : k € {1,...,|R|}} form a unitary 1-
design.
A set of K unitaries {Uy} € U(d) form a unitary 1-design
if it satisfies the following property
1 I
e Zk: UcAU; = Tr(4) (12)
for any d X d matrix A.
Note that unital extensions are not unique. For practical

purposes, we will mostly use Heisenberg-Weyl operators
{X(x,z2) eU(d): x,z€{0,,...,d -1}, defined as

X(x,z)|I) = exp(i2nzl/d) |l ® x) (13)

on the computational basis states {|/) };¢o,...4}. For notational
simplicity, we will denote them as {X(j),j € {1,...,d*}}.

If a channel has a strictly subadditive minimum output
entropy, its unital extension will have a strictly superadditive
classical capacity [20]. Hence a unital extension of a random
orthogonal channel will have a strictly superadditive classical
capacity with high probability.

III. SUMMARY OF RESULTS

We summarize all of our results here. We will denote a
single-resource capacity region by a single letter, e.g., C for
Cc(N). We will also use short notation for double and triple-
resource trade-off regions, e.g., CE for Ccg(N) and CQE
for Ccoe(N). We will use the arrow notation, with “—”
meaning additivity of the capacity on the left-hand side implies
additivity of the capacity on the right-hand side , and “/”
meaning additivity of the capacity on the left-hand side does
not imply additivity of the capacity on the right-hand side .

A. Double resources (see table I)
1) CE:

a) C / CE [21]: There exists a quantum channel N,
such that its classical capacity is additive, but its CE
trade-off capacity region is non-additive. We will give
a simplified construction in Sec V-A.

Imply the additivity of
Additive capacities CQE
QE N (SecV-C)
CQ N (SecV-G, conjecture)
CE N (SecV-E)
CE&Q&CE&QE N (SecV-F)
CE&CQ Y[8]
TABLE I

SUMMARY OF RESULTS FOR TRIPLE RESOURCES. “N” STANDS FOR “DOES
NOT IMPLY ADDITIVITY”, WHILE “Y” MEANS “IMPLIES ADDITIVITY”.

b) C&Q /> CE: There exists a quantum channel N,
such that its classical and quantum capacities are both
additive, but its CE trade-off capacity region is non-
additive. An explicit construction of N is given in Sec
V-B.

2) QE:

Q — QE [3]: For any quantum channel N, if its quantum

capacity is additive, then its QE trade-off capacity region

is always additive.
3) CQ:

a) C £ CQ [26]: There exists a quantum channel N,

such that its classical capacity is additive, but its CQ
trade-off capacity region is non-additive.
The depolarizing channel has a non-additive quantum
capacity at some dephasing parameter, and hence a
non-additive CQ trade-off capacity, while its classical
capacity is additive.

b) Q £ CQ: There exists a quantum channel N, such that
its quantum capacity is additive, but its CQ trade-off
capacity region is non-additive. A construction of such
a quantum channel is given in Sec V-C.

c) C&Q /A CQ: Moreover, there exists a quantum channel
N, such that its classical and quantum capacities are
additive, but its CQ trade-off capacity region is non-
additive. A construction of such a quantum channel is
given in Sec V-D.

B. Triple resources (see table II)

1) CE / CQE: There exists a quantum channel N such
that its CE trade-off capacity region is additive, but its
dynamic capacity region is non-additive. An example is
constructed in Sec V-E.

2) CE&Q 4 CQE: There exists a quantum channel N such
that its quantum capacity and its CE trade-off capacity
region are additive, but its dynamic capacity region is
non-additive. An example is constructed in Sec V-F.

3) CQ /4 CQE: (Conjecture) There exists a quantum chan-
nel N such that its CQ trade-off capacity region is
additive, but its dynamic capacity region is non-additive.
This is the only case in which we do not have an explicit
example. We outline a possible construction in Sec V-G.

4) CE&CQ — CQE [8]: If a quantum channel N has
additive CE and CQ trade-off capacity regions, then its
dynamic capacity region is also additive. This statement
is first observed in Ref. [8], and an explicit argument can
be found in Ref. [24].



IV. FRAMEWORK

This section presents technical tools that we require for
demonstration of superadditivity in trade-off capacities. We
first recall the concept of switch channels.

Definition 9: A switch channel Ny;c—p between NO

C—B
and Né_) g With M being a 1-bit switch register is defined as

Nyrc—s (prc)
=NE_ 5 (0 parc 10)3) + NE s (1 parc 11D pr) -

In quantum information theory, switch channels were first
used in Ref. [7] to demonstrate the existence of quantum
channels such that the quantum capacity is nonzero, but for
which pre-shared entanglement does not improve the classical
capacity. Subsequently, they were used in Ref. [29] to show
the superadditivity of private information, with an alternative
definition. A more complicated version was used in Ref. [28]
to demonstrate the uncomputability of quantum capacity. Re-
cently, they were also used in Ref. [21] to show the super-
additivity of the classical capacity with limited entanglement
assistance.

One immediate difficulty is that, even if N 0 and N! are
well-studied, the dynamic capacity region of N may not
always have a simple expression in terms of those of ¥ and
N'. This is due to the fact that the switch register M can be
in a statistical mixture. However, if A° and N'! are unitally
extended channels, then the dynamic capacity region of N
does have a simple expression.

Lemma 10: Consider a switch channel N4 _,p between
NRQC_)B and Nllec—>B’ with input partition A’ = MRC and M
being a switch register. Here ngC—> g and N]iCH p are unital
extensions of ‘I’g_) g and ‘I’lcH p respectively. Then

Clp (V) = Conv (€l (M) Ul (M),

where Conv denotes the convex hull of points from the two
sets.

If, in addition, the quantum dynamic capacity region for N/°
is strongly additive, then we also have

CcoE (N) = Conv (CCQE (NO) U CcoE (Nl)) .

We note that Lemma 10 also applies to the single and double
resource capacity regions. This is because these capacity
regions are determined by the same set of entropic quantities
[8].

The rest of this section is devoted to the proof of this lemma.

Firstly, we note that switch channels and unitally extended
channels fall under a broader class of channels that we call
partial classical-quantum channels (partial cq channels).

Definition 11: A channel Yrc—,p is a partial cq channel if
there exists a noiseless classical channel I1g_,g with orthonor-
mal basis {|j)r}

Mr—r (0) = ) Gl i 1) Glgs
J

such that

Yrc—B = Yre—B © lIr-kR- (14)

If there is no register C, then such channels are classical-
quantum channels (cq channels).

For partial cq channels, one can always assume inputs are
cq states with respect to the input partition R and C for the
purpose of evaluating capacities, as we show in Lemma 12
below.

Lemma 12: If Y4, is a partial cq channel with partition
A’ = RC, then the optimal trade-off surface of the 1-shot
dynamic capacity region C(CI)Q g (¥) can be achieved with
respect to cq states oxap = Ya—p (oxaa ), where pxaar is
of the form

pxan = ) P06 1% ) (% jlx ® 1) Glr ® 5. (1)

X,

For pxaa described above, each input state to the channel
/) (jlr ® ¢~ has entanglement entropy at most log|C|
between input space RC and ancilla A. We can therefore
conclude that at most log |C| ebits of entanglement is useful
for the 1-shot dynamic capacity region. This extends similarly
to the n-shot dynamic capacity region, for n > 1.

Proof. We will show that, for any input state

pxan = Y p)1x) (xlx ® ¢ 4 (16)

with its output state

sxa8 = Pamp (Fxan) = ) p(x)|x) (xlx ® 6ip
X

where ¢, = Wa—.5 (¢% ). there exists a corresponding state
pxaa, in the form of Eq. (15), which can achieve the same
rate, if not better.

In fact, the state px44’ can be obtained by applying [1g_,r
on pxaa and expanding its classical register X. This can be
achieved by the following quantum instrument 7 : R — RXg,

T Wr) = > Glurli) 1) Glr @ 1) Glxg
J

so that
pxan = T(pxaa)
= P ) ) (xdlx @ 1) Gilr ® g (17)
x.J

where we abuse the notation X to denote XXgr in Eq. (17),
p(x, j) = p(o)p(jlx), p(jlx) = Tr[(|j) (Glr ® Iac) ¢4l and
G = Gl ¢%re 1R /p(j1x) is still a pure state.

Let oxap = Ya—5 (0xaa’). Then

oxap = 3P0 ) %)) (% jly ® o
x,j
where
o = Yap (|j> Ulr ® ¢ch) :
It follows that

Shs = ). PUINOT (18)
J

Since the dynamic capacity region is fully determined by
the three entropic quantities /(AX; B), I[(A)BX) and I(X; B) in



Eqgs. (4)-(6), it suffices to show that all three entropic quantities
evaluated on oxap are greater than those evaluated on ¢xAp.

1) First consider I(A)BX).

I(A)BX)o = ), p(x, DI(A)B) s

X,

= Z p(X)p(j|1x)I(AYB)yxi
x,Jj
> > POI(A)B)gs

= I1(A)BX)q, 19)

where the inequality is due to Eq. (18) and the convexity
of coherent information with respect to inputs.
2) Now consider /(AX; B). Similarly,

I(AX; B)y = S(B) + I(BYAX)
> S(B)¢ + I(BYAX),
= I(AX; B),,

where the inequality is due to op = ¢p and
I(B)AX)s > I(B)AX)¢

follows similarly as Eq. (19), after swapping A and B.
3) Finally consider I(X; B). Writing |x, j) as |x) |j), it can
be shown

I(X;B)y > I(X; B),

using the data processing inequality when we apply the
partial trace map |x) (x| ® |j) (j| — |x) (x| to oxB.
]

Lemma 13: The optimal trade-off surface of the 1-shot quan-
tum dynamic capacity region of a unitally extended channel
can always be achieved with ox 4p such that S(B), = log(|B|).
This extends similarly to the n-shot dynamic capacity region
for n > 1.

Proof. Suppose ®rc_,p is unitally extended from ¥c_p.
Since a unitally extended channel ®grc_p is a partial cq
channel, by Lemma 12, we can consider states of the form

pxan = P06 1% ) (% jlx ® 1) (lr ® ¢

'x’j
Let ¢xap = OPrc—p(Pxaa) with A’ = RC. Then

oxas = ), P06 ) 1% J) (% jlx ® S35

X, ]

where gi;j; = X(k)gZ%X(k)T and gﬂg =VYcon (‘Z’ijc)
We can construct another state of the form in Eq. (15):

PX'AA = Z p(JC,j, k) |x’j’ k> <'x7j’ le’ ® |k> <k|R ® ¢)A,ZIC’
x,j,k
(20)

where p(x, j, k) = p(x, j)/|R|, and ox'ap = Prc—p(Px A4 ):

. . ; ik
OX’'AB = Z p(x, j. k) |x, . k) (x, i, ke ® 07
x,j,k

" ) ) .
where o = X(o 3 X(0)T and o7 = Weop (635 The
state ox ap satisfies

S(B)s =S| D plx. k)a;f")

X,j,k
1 3 ot
IRl 4 B

> > p(x )S
X.J

= log(|B|),

where we’ve used the 1-design formula (12).
One can verify that the dynamic capacity region with ox ap
is larger than that with ¢x4p as follows:

IABX )y = ) p(x. j, I(A)B) s

X, ],k

- Z] P, N(AYB) ss = I(AYBX)¢ 1)

KAX:B), = S(B), + 3 (5. KB A) g
x,j,k

= log(|B|) + ]le(x,j)I(BM)gm > I(AX; B),
I(X";B)y =S(B)s — Z::P()C, J> K)S(B) ik (22)

= log(|B]) jjz: p(x, )S(B)exii 2 I(X; B)g.

* (23)

The key property used in the above equations is, for any
Heisenberg-Weyl operator X(k),

S(o) = S(X(k)opX(k)').

]
Proof of Lemma 8. Following from Lemma 13 and Eq. (20),
we only need to consider states of the form

1
PxAA = Z Pm [m) (mlpr ® P arc

m=0

(24)

where pp, = 3, p(x,m, k) and

m

m (x9 m9 k) xm
Poarc = D ”—p I, m, k) (x,m, k| @ k) (k|g ® 2,
x,k

with p(x,m, k) = p(x,m, k’) for all k, k' and m € {0, 1}.
The corresponding channel output is

OXAB = ZPmU;V("AB (25)
m=0
where
m _ p(x’ I’I’l,k) xmk
o _Z—|x,m,k) (x,m, k|y ® o) % (26)
x,k m

and

xmk

oaE" = XY (o42) X(K)'.



Then all three of the entropic quantities evaluated on oxap
in Eq. (25) can be decomposed to the corresponding ones
evaluated on oy, » given in Eq. (26):

1
I(AYBX), = Z Z p(x, m, K)I(AYB) i

m=0 x,k
1
= D Pul(A)BX)on.
m=0

Likewise,

1
I(AX:B)y =1og(1B) + ) ) plox.m. k)I(B)A) g

m=0 x,k

1
= Z Pl (AX; B)ym
m=0

and

1
I(X;B)y = Z Pl (X B)gm.
m=0
This means if we consider inputs of the form (24), the
triple rate for using N can always be expressed as a linear
combination of the triple rates of N° and N!. It is also clear
that any linear combination is achievable by the time-sharing
principle. Since using states of the form (24) is optimal, we
have
1 1 1
Clor W)= ) pClr (V) + (1= piCp (V')

0<p<1
- (1) 0 (1 1
= Conv (Gl (M) Ll (V1))
Here again, addition means Minkowski sum. We have also
used the fact that the dynamic capacity region of any channel

is convex.
Similarly, we have

¢ NON) :c0nv(cg>QE (Mo n)u
Clor (N ON')uCly, (V'@ Nl)).

If the quantum dynamic capacity region is strongly additive
for N0, then we have

Clor (N O N') =y (W) +Clps (M) @D
d
B (0 I R

In this case
C(C“QE (Men)
- (2CCQE (M) +clor (N e N))
cConv (2Ccor (N°) UGy, (N o N')).

Thus the 1-shot quantum dynamic capacity region for N @ N
can be greatly simplified to

((:])QE (N ® N) = Conv (ZCCQE (NO) U C((:])QE ( ® Nl)) :

Similarly,
et ()
_ConV(Cél)QE ((N1)® )UC(CI)QE( ( )®k 1)
el ((NO)® ®N1) ucé”QE( ))
Each term C{y, (V)" © (N)*™), 0 < m < k,

be upper bounded as

e (%) 0 (w1)")

=mCcor (N°) + Clhy ((N1)®km)
QmCCQE (NO) + (k- m)CCQE (Nl)

CkConv (CCQE (NO) U Ccor (Nl)) .

Here the second line follows from the addivity of the dynamic
capacity region of . The third line follows from the defini-
tion of Ccog. The fourth line follows from the definition of

convex hull. Thus C(C])Q E (N ®k) can also be upper bounded as

Cllps: (N®¥) € kConv (Ceor (N°) U Ceor (M)
and
Ccoe(N) = ) CS)QE (NVEF)

CConv (CCQE (NO) U CcoE (Nl))
=Conv (CCQE (NO) U CCQE (Nl)) .

The last equality follows because of the topology of the
dynamic capacity region, as we show in Appendix C.
By a time-sharing protocol, it is obvious that

CCQE (N) 2 Conv (CCQE (NO) U CCQE (Nl)) .
Hence

Ccok (N) = Conv (CCQE (NO) U CcoE (Nl)) .

]

While we’ve been working with Heisenberg-Weyl opera-
tors only, we’ve only used the unitarity of Heisenberg-Weyl
operators and the 1-design property (12) in proving the above
lemmas. Hence, lemmas 10 and 13 will hold for any unital
extension. 2

Moreover, unital extensions are preserved under tensor
product of channels: if ®! is a unital extension of P!, and @2 is
a unital extension of W2, then ®' ®®? is also a unital extension
of ¥!'®W¥?. This follows from the fact that if {U;} € U(d,) and
{Vk} € U(d>) both satisfy Eq. (12), then {U; ® Vi } € U(d1d>)
also satisfies Eq. (12).

2Note that we do not even require N0 and N! to have the same unital
extension. However, to ensure the input dimensions of N0 and N! are the
same, their unital extensions must involve the same number of unitaries. For
this reason, we stick with the Heisenberg-Weyl operators most of the time.



V. EXPLICIT CONSTRUCTION OF VARIOUS
SUPERADDITIVITY PHENOMENA

With the tools developed in Sec IV, we can now explicitly
construct channels that satisfy the superadditivity properties
stated in Sec IIl. All our constructions utilize the switch
channel idea. We always assume that A is a switch channel
of two unitally extended channels N° and N'!. Further, we
assume that
(U) N has a strongly additive dynamic capacity region, when

tensored with another arbitrary channel.

In this setting, we can use Lemma 10 and its reduction to
various single-resource and two-resource capacities.

In each construction, we first state the properties that A/°
and N'! need to satisfy, in addition to Property (U). We then
show how the desired superadditivity of the switch channel
N follows from these properties. In the end, we explicitly
construct channels that satisfy the properties we required.

Before we start, we first propose two families of unital
extended channels that satisfy (U). Many of our explicit
constructions of A’° will be chosen from these candidates. The
first family comes from unital extensions of Hadamard chan-
nels. The following lemma shows that the dynamic capacity
of the unitally extended Hadamard channels is also additive.

Lemma 14: The dynamic capacity region is strongly additive
for a unital extension of a Hadamard channel.

The proof follows from the proof of strong additivity of the
dynamic capacity region of a Hadamard channel [24] and the
stucture of optimal input states for unitally extended channels.

The second family is unital extensions of classical channels.

Lemma 15: The dynamic capacity region is strongly additive

for a classical channel. The same holds for a unital extension
of a classical channel.
The dynamic capacity region of a classical channel and its
unital extension only has non-trivial classical information
transmission. Hence the strong additivity follows from the
strong additivity of classical capacity for classical channels.

The detailed proofs of the above lemmas are left to the
Appendices, as they are not essential in understanding the
construction.

A. Additive C, Superadditive CE

Here we review the original argument in [21] and recast it
in the current framework.

We use Cp (N) when we view C (N) as a function of the
amount of entanglement assistance P, where (C (N), P) are
points on the CE trade-off curve of N. When P = 0, we
return to the classical capacity Cc (N). When P is maximal,
we arrive at the classical capacity with unlimited entanglement
assistance Cg (N). Cg) (N) denotes the 1-shot case.

We require N” and N'! to have the following properties:

(A1) Cc (NY) =Cc (N).
(A2) N'! has a non-additive CE trade-off capacity region, i.e.,

CcE (Nl) 2 Cgé (Nl) )

and Ccg (N') is strictly concave and non-additive at a
boundary point of the trade-off region with entanglement
consumption P.

(A3) Cce (N°) ¢ Ccr (N') and the CE trade-off capacity
region of N is strictly smaller than that of A'' when
entanglement consumption is at P.

In the Cp notation, property (A2) means at P = P,
Cp (N') > €W (N') and Cp (N') is strictly concave® in P
at P = P . Property (A3) means that Cp (N°) < Cp (N'!) for
all P and Cp (N°) <Cp (N') at P =P *.

Note that Ref. [21] requires NO to be a classical channel.
However, that is not necessary here.

These three properties (A1)-(A3), together with (U), will
guarantee that (i) the classical capacity of N is additive; and
(ii) the CE trade-off capacity region of N is non-additive at
entanglement consumption rate P.

Combining property (Al) with (U) yields statement (i):

Lem.lO, (U)

Cc (N) max {Cc (M) ¢ (')

e (V)2 el (M)
AU ax {Cé” (NO) , C(Cl) (Nl)} Lem 10 C(Cl) N).
Here in the first equality, we’ve used the reduction of Lemma
10 to the classical capacity, with the fact that A’ has a strongly
additive dynamic capacity region (U). The second equality
follows from property (Al). In the third equality, we’ve again
used the fact that A has a strongly additive dynamic capacity
region (U). By definition Cc (N!) > € (N'), thus from
(A1) we can get Cc (M) = CY (M) = ¢V (N!), and the
fourth equality follows. The last equality follows from Lemma
10. Similar lines of reasoning are used in subsequent sections.
Thus we will only indicate the properties used in each step by
the superscript.

Property (A3) and Lemma 10 ensure that

Lem.]_O, U)

Cce (N) Conv (CCE (NO) U CcE (Nl))
(A3)

Y Cor (Nl) _ 29)

Since

) Lem.LO, U)
CeeN) =

Conv (Cer (M) ucty (M),
there exists Py, P; > 0 and p € [0, 1] such that pPy+(1—p)P; =
P and

CN) = pCpy (N°) + (1= p)C) (M) G30)

Statement (ii) follows after considering three different cases.
) p=0.

X (A2 .
) LY el (W) e (M) FEY e v,

where the inequality follows from the superadditivity part
of property (A2).

3Here by saying a function f is strictly concave at y, we mean f(y) >
(1-p)f(v)+ pf(w) for all v <y < w satisfying (1 — p)v + pw =y, with
p (0, 1).

4We wish to emphasize that as long as there are some points in Cc g (N1)
that is not included in Cc g (Np), the inclusion is strict. Hence the two
descriptions are the same.



2) 0 < p < 1. We have

() (p) BABO (1) (g0 () (pf1

V(v MY pely (N ) +(1-p)C (N)

(A3) 1 1

< pCp, (N ) + (1= p)Cp, (N )

(A2) (29

< Cp (Nl) Fal )Cp(N).
The second inequality follows from the strict concavity
part of property (A2).

3) p=1. Then

(A3)

o) LY ¢ (NO) Ve, (Nl) Fa,29)

Cs(N).

Explicit Construction of N: We quote the following prop-
erty about concave functions [30]: A concave function u(y)
is continuous, differentiable from the left and from the right.
The derivative is decreasing, i.e., for x < y we have u’(x—) >
u'(x+) > u'(y-) > u'(y+). We use “+” to denote the right and
left derivatives when needed.

We first construct A''. Choose ¥™ to be a random or-
thogonal channel with a strictly subadditive minimum output
entropy, and W™ has input dimension N. This is unitally
extended to @™. As explained in the remark after Definition
7, @ will have a non-additive classical capacity.

Due to Lemma 12, the useful entanglement assistance is at
most log(N). Thus we restrict to 0 < P < log(N).

Let

€ =Cc (@°) - (@) > 0. 31)

Since’

c (@) < ¢ (@) + P, (32)

C (@) < ¢ (@) +log(N).
Since Cg (®™) = Cg) (®™) [7], we can conclude
Cg (™) < Cc (@) + log(N) — €.

This implies dCp (®™) /dP cannot always be 1. Thus there
exists P € [0,log(N)) such that

dCp(®®)/dP =1, VO<P<P

and
dCp () /dP <1, VP> P.

Next we discuss different cases of P.

1) P > 0. Then Cp (®™) is strictly concave at P. Fur-
thermore, Cp (®™) — Cg)((Dro) > € since Cp (D) =
Cc (@) + P but €V (@) < € (@) + P. Thus
N1 = @™ satisfies (A2).

2) P=0.Let Nl = D™ @ fbgph, where (D?,ph is the unital
extension of the qubit dephasing channel.

Since dCp (@) /dP|o, < 1, choose 17 > 0 small such that

dCp (cp;’,Ph) JdP|,_> dCp (™) /dP]o,. This is possible,
as Cp (@) = Cp (¥5") and dCp (¥5F") faPl. — 1

as 7 — 0. This ensures that when 0 < P < 1,

Cp (M) = Cc @)+ (@), (33)

SThis is implicitly shown in Ref. [8]. Please see Appendix E for a proof.

where we’ve also used Lemma 14.
For dflph, it can be shown that Cp (be;ph) is strictly
concave in P when n < 1/2 (see Appendix D). Hence
Cp (N') is also strictly concave with respect to P, for

0< P < 1. Also, when P < €,
Cp (N') > Ce (@) + cc (@)
> cl) @)+ e (@) + P2 ¢l (M),

Here the first inequality comes from Eq. (33) and
Cp (d)gph) > Cc (CDf;ph) when P > 0. The second
inequality comes from our assumption P < € and Eq.
(31). The last inequality comes from Eq. (32).
This ensures that Cp (N 1) is non-additive. Thus when
0 < P <min{l, €}, Cp (N'!) is strictly concave and non-
additive, satisfying (A2).
For N, as long as it is a unital extension of a classical
channel with C¢c (N°) = Cc (N'), it will automatically satisfy
property (A3).

B. Additive C and Q, Superadditive CE

In Section V-A, we constructed a channel N with an
additive classical capacity, but a non-additive CE trade-off
capacity region. It’s unclear if our construction N has an
additive quantum capacity. To extend the argument, we need
to make some modifications to the original construction.

In addition to properties (A1)-(A3), the channels A° and
N need to satisfy
(B1) Co (NO) > Co (Nl) .

This ensures that the quantum capacity of N is also additive:

max {Co (N?). Co (M)}
(B1) Co (NO) () Cg) (NO)

(B1),(U)

CQ (N) Lem.éO,(U)

max {C(Ql) (NO),Cg) (Nl)} Lem 10 C(Ql) N).

Explicit Construction of N: We take the channels N° and
N that were constructed in Sec V-A, and compare their
quantum capacities. Since Co (NO) = 0, we can only have

Co (NY) < Co (N!). If

Co (NO) =Co (Nl),
then (B1) is automatically satisfied. Hence we will focus on
the case where

Co (NO) <Co (M),

In this case, we call these two channels @° and @' respectively.
We will construct two new channels N° and N'! that satisfy
properties (A1)-(A3) and (B1).

We will use the qubit dephasing channel and 1 — N cloning
channel. The expressions of trade-off capacities for these two
channels were computed analytically in Ref. [24]. To make
the argument work, we will modify them so that the two
channels have the same input and output dimension, and the
same classical capacity. However, the shape of the trade-off
curves are unchanged.
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For the 1 — N cloning channel W'~/ we always tensor an
appropriate classical channel, such that the resulting channel
has its classical capacity equal to 1, and the output dimension
is the same as the input dimension. We denote the resulting
channel ¥V,

For the dephasing channel, we will tensor a complete
depolarizing channel, so that its input and output dimensions
match those of WV . Since tensoring a complete depolarizing
channel does not modify the dynamic capacity region of the

. . . . . dph
qubit dephasing channel, we will continue using ¥,” to
denote it.

After the above modifications, we observe that for = 0.2
and N = 15, their trade-off capacities satisfy the following
properties (see Fig. 1)

Co (‘ngh) > Co (\PN) .

and
Ccke (\Psph) ¢ Cck (‘I’N) (34)
in the sense that ¥V achieves a strictly better classical com-
munication rate than ‘I‘Sph, if we have any non-zero amount
of entanglement assistance. In the Cp notation, it means
Cp (\Pf}f"% < Cp (¥V) for all P > 0.
Since unital extensions do not change the CE and CQ trade-
off capacity regions of these two channels (see Appendix D),
the above properties hold if we replace ‘I’?,ph and WV by their

unital extensions <D?7p " and @V respectively.
Since

Co ((D;]]ph) > Co ((DN) ,
let n be large enough so that
nCo (@) + Co (¢°) 2 nCo (@V) + Co (@)

Define on

NO = (d)f,ph) ® ®°
and on

N = ((DN ) Q.
Our choice of n ensures that

Co (M) 2 o (N').

We also need to ensure our newly constructed N° and N
still satisfy properties (A1)-(A3).
As
Ce (@) = cc (@) =1

and

Ce (%) = ce (@),
we immediately have

e () e (v

and property (Al) is satisfied.
The CE trade-off curve of W!™V is strictly concave for
N # 1 [24], hence property (A2) is also satisfied for N'!.
Property (A3) is satisfied due to Eq. (34).

C. Additive Q, Superadditive CQ

We require N and N'!' to have the following properties:
(C1) Co (N?) > Co (N).
(€2) Cc (NY) > ¢ (N).
(C3) Cc (NY) > Cc (NY).

These properties (C1)-(C3) will allow us to show that (i)
Co (N) = CY) (N): and (ii) Cco (N) 2 CLY (N).

Statement (i) follows from property (C1) and (U) that N°
has an additive quantum capacity:

max {Co (N°). o (M)}
(o) Co (No) ) C(Ql) (NO)
2O hax {C(Ql) (NO) , C(Ql) (Nl)} ben 10 C(Ql) N).

Properties (C2) and (C3) together ensure

Lem.10,(U)

Co (N)

Lem. 10,(U) (©3)

Ce (N) max {Cc (N°), e (M)} < cc (M)

(C2),>(C3) max {C(cl) (NO),C(CD (Nl)} Lem. 10 C(cl) N),

i.e., the classical capacity of N is non-additive; hence state-
ment (ii) follows.

Explicit Construction of N: Next we construct N* and N
that satisfy the above properties.

Let W™ be a random orthogonal channel, such that its
unital extension has a non-additive classical capacity. For
convenience, we also assume ¥ has the input dimension
N =2". Choose n for the qubit dephasing channel ‘I’?,ph such

that Co (™) + Co (‘I’sph) = m for some integer m.
Define
1 _ dph
N =0"d,",

where @™ is a unital extension of ¥ and <Dfl7ph is a unital
extension of ¥g*". N'' has the property that its quantum
capacity is Co (N'!) = m, whereas its classical capacity is
non-additive, and greater than m.

Define

k]

NO _ ((I)I)®m ® ((D?po)@rw]—m



where ®7 is a unital extension of the qubit noiseless chan-
nel, and @ 90 is a unital extension of the qubit completely
depolanzmg channel.

We note that the qubit noiseless channel is a special instance
of a qubit dephasing channel. Its classical and quantum
capacity are both 1, and this remain unchanged under a unital
extension (following Appendix D). For the qubit completely
depolarizing channel, it always outputs a maximally mixed
state, and this remain unchanged under a unital extension.
Thus ©, 0 has zero classical and quantum capacity.

As a result N has its classical and quantum capacity as
Cc (NY) = Co (N®) = m, thus fulfiling the properties (C1)
and (C3) above.

D. Additive C and Q, Superadditive CQ

We require N and N'! to satisfy the following properties:
(D1) Cc (N°) =Cc (N1) and Co (N?) = Co (N).
(D2) N'' has a non-additive CQ trade-off capacity region,
meaning

Ceo (') 2¢8 (M)

Cco (N) is strictly concave and non-additive at a bound-

ary point with classical communication rate C.

(D3) Cco (N') 2 Cco (N?) and the CQ trade-off capacity
region of N!' is strictly larger than that of N® when
classical communication rate is at C.

With these properties, we can show that (i) Cc (N) =
CL (N); (i) Co(N) = Gy (N); and (iii) Cco(N) 2
cl) (N).

e’ll focus on the CQ trade-off curve. Same as in Section
V-A, we use a simplified notation Q¢ (N) when we view
Q(N) as a function of C(N). In the 1-shot scenario, it is
denoted by Q(Cl) (N). We’ll show there exists C # 0 such that
0c (N) > Q% (V). )

In the Q¢ notation, property (D2) means at C = C,
Oc (N1) > Qg) (N1) and Q¢ (N!) is strictly concave in C
at C = C. Property (D3) implies that Q¢ (N!) > Q¢ (N?) at
C=C.

Properties (D1) and (U) ensure that

Ce W) 2O ax {cc (NO) ,Cc (Nl)}
e (M) € el (M)
(DL,MU) max {Cg) (NO) s C(Cl) (Nl)} Lem 10 Cg) N)

and similarly

Co (N) Lem DO ax {CQ (NO) ,Co (Nl)}
() U ()
oL {C(Ql) (NO),C(QI) (Nl)} Lem. 10 C(Ql) (N),

i.e., N has an additive classical and quantum capacity.
By properties (D3) and (U), we have

a8 Conv (CCQ (NO) U Cco (Nl))
031 Cco (Nl) .

Cco (N)

(35)

Since

Cep (N)

Lem.10,(U)

Conv (CCQ (NO) U CS)Q (Nl)) s

there exists Cy, C; and p € [0, 1] such that pCy+(1—p)C; =
and

0% (V) = pQc, (V) + (1 = pol) ().

Now consider three different cases.
1) p =0. We have

(36)

0P W) L o (M) 2 0g (M) £V 0g (3.
2) 0<p< 1.
0 M) L poc, (N°) + (1 - ol ()
(D3)

< pOc, (N') +(1-p)oc, (V')
(DZ)Q (Nl) QC (N)

Here the second inequality follows from the strict con-
cavity part of property (D2).
3) p=1. Then

Eq.35)

1 Eq. (36) (D ) Eq. (%S)
ol W) Y 0 (M) < o (M) Y 0c (V).
Hence statement (iii) follows.

Explicit Construction: Now we explicitly construct A and
NI

Choose p such that the qubit depolarizing channel W™ is
known to have a non-additive quantum capacity. Consider its
unital extension ®*. Note that the gradient dQc (@ 0) /dC
of the CQ trade-off curve cannot always stay at O for the choice
of ‘Pdpo with a positive quantum capacity. It means there exists

0<C<Cc ( dpo) such that

dOc ( dp") /dC =0, YO<C<C. 37)

and

dQc( de)/dC<o VG, < C < Cc ( dp").

1) C > 0. In this case, we know Q¢ ((I);l)po) is strictly
concave at C. Also

Qc( dpo) _ Qo( dpo) S Q(l)( gpo) Q(l)( dpo)'

Here the equality follows from Eq. (37). The first in-
equality follows because ‘ngo has a non-additive quantum
capacity, as both Cp and C(Q1 ) remain unchanged after a
unital extension, and Q¢ reduces to the quantum capacity
at C = 0. The second inequality follows as the rate of
quantum communication along the CQ trade-off curve
must not exceed the quantum capacity.

Choose the noise parameter n for the qubit dephasing
channel ‘I’?]ph appropriately such that

Co (W) =1-Co (%)

Define . o
1 _ gdpo p
N =0, 3D, .



It's clear that ' is a unitally extended channel of 5P ®
" and has Co (') = Co (¥ © W) = 1. The CQ
trade-off curve is strictly concave and non-additive at C.
The corresponding P is

0 _ dpo
¥ =7 o™,

i.e., a noiseless channel tensor a complete qubit depolar-
izing channel. N is a unital extension of ¥°.
2) C =0. Choose n; close to 1/2 such that

dQc( dph) dQc( dpo)
- dc - dc

>
Cc (‘I’?Iplh)_

04
Let

q)dph ® q)dpo ® (D?]Ehv

N =
where 77, is chosen such that
Co (N') =Co (3" & ¥ & wi2")
=Co (‘I’,‘iﬁ’h) +Co ( ) +Co ( f,‘;h) =1.
By our choice of 771, Q¢ ( %" @ (D?,po) is strictly concave

in Cfor0<C < 1. Qc( d

C. Thus Q¢ (N!) is strictly concave in C, for 0 < C < 1.
In this case, the corresponding ¥? is

®2
=7 ( dpo) ,
i.e., a noiseless channel tensor two copies of the complete

qubit depolarizing channel. N° is a unital extension of
o

, ) is also strictly concave in

E. Additive CE, Superadditive Q and CQE

Here we construct a channel that has an additive CE trade-
off capacity region, but a non-additive quantum capacity, hence
a non-additive quantum dynamic capacity region.

Let PO be a classical channel and W' be the depolarizing
channel ¥9™. p is chosen such that ¥i™ has a non-additive
quantum capacity. Also, we require

Ce (‘PO) > Cp (\Ifl) . (38)

Now consider the switch channel N, consisting of N 0 and
N, which are unital extensions of W9 and W!. It can be
easily shown that unital extension does not change the classical
capacity with umlimited entanglement assistance of the qubit
depolarizing channel. Thus Eq. (38) implies

Cer (N°) 2 Cer (M) 262 (M) (39)
Hence
Cer (V) "2 Conv (Cex (M) U Cer (1))
Eq.(38) Cor (NO) O C(l) (NO)
2 conv (G (M) u ety (V1))
st el (v, (40)

i.e., its CE trade-off capacity region is additive.

Since Cg (N 0) = 0, it is clear that the quantum capacity of
N is the same as that of A'!, which is non-additive.

Note that N is a unitally extended channel. This fact will
be implicitly used in Section V-F.

F. Additive CE and Q, Superadditive CQE

Previously in Section V-D, we give an example of a channel
with an additive classical and quantum capacity, but whose CQ
trade-off capacity region is non-additive. It is unclear if the
channel has an additive CE trade-off capacity region, because
the CE trade-off capacity region of the depolarizing channel
has not been shown to be additive. This is itself an interesting
question but we’ll not explore it here.

We replace ‘I’gpo in the original argument of Section V-D by
the channel constructed in Section V-E. It’s clear that the rest
of the argument is not changed and N still has a non-additive
CQ trade-off capacity region.

Now both A% and N'! have an additive CE trade-off capacity
region. It’s clear that

Conv (Cer (M) U Cer (M)
Conv (Cly (M) ucty (M) 2" ¢y v,

i.e., the CE trade-off capacity region of N is additive.

Cor (N) Lem.10,(U)

Eq.(40),(U)

G. Additive CQ, Superadditive CQE (Conjecture)

Our construction in Section V-A has a non-additive CE
trade-off capacity region. But most likely its CQ trade-off
capacity region is also non-additive. This is because in Section
V-A, N is the unital extension of a classical channel, and its
CQ trade-off capacity region is trivial. Hence the CQ trade-off
capacity region of N is given by that of A'!, which is most
likely non-additive as well.

To achieve an additive CQ trade-off capacity region, we
have to substitute A° with a channel that has a non-trivial CQ
trade-off capacity region.

Recall that our construction in Section V-A requires N°
and N! to have properties (A1)-(A3). These three properties
ensure that AV will have a non-additive CE trade-off capacity
region, while its classical capacity is still additive.

In extending to a channel with an additive CQ trade-off
capacity region, the additional properties we need are

(G1) Cco (N?) 2 Cco (N).

Property (G1) and (U) ensure the CQ trade-off capacity
region of N is additive, as

Conv (CCQ (NO) U Cco (Nl))
@ cco (V) E ety (M)

@ Conv (C(CI)Q (NO) U C(Cl)Q (Nl))

Lem 10

Lem.10,(U
CcoN) = ©

C(]) (N).

Unfortunately, we cannot find quantum channels N° and
N that satisfy all the properties. Hence we do not have an



explicit construction in this case. This is because there are very
few channels whose dynamic capacity regions we understand.
This leaves us with a limited choice of candidates for N°.
However, in principle there is no obstacle and the construction
will be readily available once we have a better understanding
of quantum channels.

VI. CONCLUSION

Unlike previous studies on additivity of single resource
channel capacity, our work aimed to understand how ad-
ditivity of single or double resource capacity regions will
effect additivity of a general resource trade-off capacity. In
contrast to the two known results in the literature; namely, (i)
additivity of the quantum capacity implies additivity of the
entanglement-assisted quantum capacity region and (ii) addi-
tivity of classical-quantum and classical-entanglement capacity
regions implies additivity of the three resource capacity region,
the additivity of all the remaining situations does not hold. In
this work, we identified nearly all possible occurrences where
superadditivity could occur in the trade-off quantum dynamic
capacity. Furthermore, we provided an explicit construction of
quantum channels for most instances. Our main technical tool
combines properties of switch channels and unital extension
of known quantum channels.

An obvious open question is an explicit construction of
a quantum channel whose classical-quantum capacity region
is additive, but its triple trade-off capacity is non-additive.
Moreover, there are other triple resource trade-off capacity
regions [4], [31]. Could similar statements made in this work
hold in these scenarios as well?
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APPENDIX A
PROOF OF LEMMA 14

Proof. Consider CDO o and ‘I’ L
extension of a Hadamard channel ‘}’gH 500
arbitrary channel.

The result follows if both the CQ and CE trade-off capacity
regions of @Y are additive [4]. To show that the CQ trade-off
capacity region is additive for ®°, it was shown in Ref. [24]
it suffices to prove that

where ®° is a unital
and P! is an

fa (CDO®‘P1) - f, (CDO) A (\111) (41)
for any channel P! where
SiN) =max I[(X; B)y + AU(A)BX), . (42)
o

The state o is the channel output state with p being the
input state (see, e.g., Theorem 1). The reason why fj (N)
is considered is that, with different values of A, the function

leads to points on the CQ trade-off curve. For a more detailed
argument, please see Ref. [24].

In the following, we will only show that f) ((DO ® ‘Pl) <
f1(@°) + £ (P') because the other direction is trivial from its
definition.

Since ®*®W¥! : CRA' — B°B! is a partial cq channel, then
by the same argument as that in Lemma 12, f3 (®° ® ¥!) can
be achieved with input states of the following form

plx), . . N
PxrACA = ) TR 00 (6 dlx @ L) R © B
X,

with output states

px)
TXABOB! :ZWP@]H%J&@O’Z}BOBP (43)
x’J
where
0 1
ABOBI = ® kg (|J> <.]|R ® ¢ACA]) .
Let Ug_) BOEO and U i]_) g1 be the isometric extensions of

PO and P!, and let

oxacal = ) P00 |x) (xlx ® %
X

:
WX AAIBOED = (UO ® I) OXACA! (UO ® I)
0 1 0 1\
SXABOB'EVE! = (U U )QXACAl (U U ) :
Moreover, let

_ Nl
OxyAB EOE! = DB”—»Y (SxABOBIEOE) s

2 1
where Dy, 0Dy, v

Hadamard channel ¥,
For any state oy,pop1 in Eq. (43), we have

= Dpo_,go is a degrading map for the

f (q>° ® ‘I’l)
-1 (X; BOBI)(T + Al (A)BOBIX)(T
=S (BOBl) +

o

=S (BOBl)g +

[(a ~1)s (BOBl |x)(r ~ 1S (ABOBl |x)(r]

(A=1)S (BOBI|X)§ —as (ABOBIIX)J :

where the last equality follows from the same argument used
in Egs. (21) and (23). Then subadditivity of the von Neumann
entropy and chain rule yield

sS(BO) +(/l—1)S(BO|X) —/IS(E0|X)§

s(B') +@-ns(B |B°X) ~ 1S (E1|E°X)
S

(), (
SS(BO)§+ —1)s(B°|) /lS(E0|X)§
(&) (

+S (B!

,+@-ns Bl|XY) — a8 (E1|XY)9



where the last inequality uses the fact that S (B'|B°X)_
S (B'YX), due to the existence of D' and S (E'|E°X)
S (E'|YX), due to the existence of D?. Finally,

IV IA

1y

- (1 (X; Bo)w + Al (AA1>B°X)w)

+ (1 (XY; Bl)g + Al (AE°>B‘XY)9)

<fi (cpo) s (‘Pl)
because S(E°|X). = S(AA'B°X), and S(E'|XY)
S (AB'E°|XY),.

To prove that the CE trade-off capacity region of the channel
@Y is additive is equivalent to showing that [24]:

[

g1 (CDO ® ‘Pl) =g ((DO) +8a (‘Pl) ) (44)
where 0 < A< 1,
ga(N) =max I(AX; B)y — AS(A|X)s (45)

and o is of the form given in Eq. (7).
However this proof proceeds similarly; hence, we will omit
it. m

APPENDIX B
PROOF OF LEMMA 15

Lemma 15: The dynamic capacity region of a classical

channel ¥ is strongly additive. It is described by the following
relation

C+2Qch(‘P0),
0+E <0,
C+Q+ESCc(‘PU),

where Cc (P?) is the classical capacity of PO.

The same holds for a unital extension of a classical channel.
Proof. Consider the 1-shot dynamic capacity region of
\PZO/HBO. By Lemma 12, C(CI)QE (‘{’0) can be achieved with
respect to cq states oy 4050 = V0 (px a04v ), Where py 4040 is
of the form

Pxavar = D P06 ) 1% ) (%, jlx @ 1) Glar ® 675
‘x’j
Thus '
Txamn = ) P06 ) 1% ) (%, jlx ® 05

x,J
where
xj  _ g0 S\ /s xJj
O-AOBO - \PAO’_>BO (|]> <.]|A0' ® ¢A0)

is now a product state with respect to A° and B°.
The three entropic quantities of interest can be simplied
when evaluated with respect to oy 400, as

I (AOX; BO)U =5 (BO)G - Zp(x,j)S (BO)M <Ce (‘I‘O)
I (AO)BOX)U_ == nlx j); (AO)W <0,
X, J

1(x:8°) <cc(v).

o

It’s also clear that those inequalities can be achieved. Thus
C(CI)Q £ (P0) is described by

C+20 < Ce (‘I’O)
O+E <O,
C+Q+E§Cc(‘P°).

Since the classical capacity of a classical channel is additive,
the dynamic capacity region of ¥ is additive and is described
by the same set of inequalities.

Next we show that the dynamic capacity region is additive
for WO and !, with P! arbitrary.

Since Y9, ., ® W), ., is a partial cq channel, its
1-shot dynamic capacity region C(CI)QE (‘I’O ® ‘I’I)O can be
achieved with respect to cq states oxspopt = ¥ 0o ®
P! (Pxaav a7 ), Where py a0 41 is of the form

Al B!
PxAAY AV = Zp(%]) [, ) €%, jlx ® 1)) <j|A‘y ® ¢Z]AV'

X, j

For py a0 4v of this form, oy sgopg is of the form

Txamom = » P )1 J) (6 jlx ®

x,j
with

. 0 . o .
Tapogt = Yav 5o @ ¥ar_p (|]> Ul ® ¢:JA1’) '

For such ox4p0p1, each of the three entropic quantities have

simple upper bounds,

1(ax;5°8')

<1 (X;BO) +1 (AX;BI) ,

e len len

I (A)BOBIX)U y (A)BlX)(r,
I(X;BOB') s](X;BO)G+I(X;Bl) ,

o o

where we’ve used subadditivity of the von Neumann entropy.
Thus the 1-shot dynamic capacity region of ¥* ® ¥! has a
simple upper bound

cV

Cor (‘I‘O ®\I’1) cch

o (‘PO) +Cl0p (‘Pl)

It’s trivial to extend it to the dynamic capacity region of ¥° ®
\Pl

CCQE (‘PO ® ‘“I’l) - CCQE (‘I"O) + CCQE (“Pl) .
Since the other direction of inclusion is obvious, we have
CCQE (‘I"O ® “Pl) = CCQE ("I’O) + CCQE (‘I"l) .

For unital extensions of a classical channel, we observe that,
if the Heisenberg-Weyl operators are defined on the standard
basis for the output of the channel, then the resulting channel
is also a classical channel. Hence the above result applies. m



APPENDIX C
CONVEX HULL

Here we show that®
Conv (CCQE (NO) U CcoE (Nl))
:C()nV (CCQE (NO) U CCQE (Nl)) .

We quote a few properties about convex hull and Minkowski
addition that we will use [22]: (i) For two closed sets A and
B in R¥, if A is bounded, then A + B is closed. (i) For two
sets A and B in R¥, Conv(A + B) = Conv(A) + Conv(B) . (iii)
The convex hull of a bounded set in R* is also bounded.
First, we note that, by Ref. [4], all points in the 1-shot
dynamic capacity region can be achieved by the classically
enhanced father protocol, combined with unit protocols, i.e.,

él)QE (N) U C<1)QE CEF (N)a- + CCQE,unit’

where

c

1
CQE,CEF EI(A’BIX)O"

(N = (I(X: B, S IAEIX),)

is the rate achieved using the classically enhanced father
protocol, and o is of the form in Eq. (7).

The unit protocols are teleportation, superdence-coding and
entanglement distribution. CcoE,unie are all the rates achieved
by the unit protocols. They are described by [4]

C+Q+E<O0,
QO+E <O,
C+20<0.

Clearly CcoE,unit 1s convex and closed. Define

) (1
C QECEF(N) UC QECEF(N)U'

[on

(1)
Clearly CCQE CE
dimensions of N.

Then

Ccoe (N) = U (CS)QE cer (N®K) + CCQE,unit)
k=1

¢ (N) is bounded by the input and output

(1)
U kCCQE cer (IN®¥) + Ceor.unit-

Denote
(1) ®k
A= U kCCQECEF (N )’
B = CCQE,unit-

Since A is bounded, B is closed, by (i) and (iii), A+ B is also
closed.

Since A+ BC A+ B, and A is closed, we have

+B

A+BCA+B.

It is also obvious that
A+B2A+B,

6N and N! are assumed to be finite-dimensional.

hence

Denote

Ccoke.cer (N) = U kC(cl)QE crr (N®).

Then by the above arguments,
Ccoe (N) =

Now we apply the above result to A and N!.

Ccok,cer (N) + CcoE, unit-

Conv (CCQE (NO) U CcoE (Nl))
=Conv (CCQE,CEF (NO) U CcoE,CEF (Nl) + CCQE,unit)
=Conv (CCQE,CEF (N 0) U CcoE,CEF (N ! )) + CCcQE, unit-

In the last line, we used (ii).

Since Ccok,cer(N) is closed and bounded for any
finite dimensional quantum channel AN, the same must
be true for Ccok,cEF (NO) U CcQE,CEF (Nl) Hence
Conv (CCQE,CEF (NO) U CcQE,CEF (Nl)) is closed and
bounded. Thus Conv (CCQE,CEF (NO) U CcQE,CEF (Nl)) +
CcQE,uit 18 also closed.

APPENDIX D
UNITAL EXTENSION OF THE QUBIT DEPHASING CHANNEL
AND 1 — N CLONING CHANNEL

Lemma 16: The CE and CQ trade-off curve of the qubit

dephasing channel and 1 — N cloning channels are unchanged
after a unital extension.
Proof. Consider the qubit dephasing channel ‘I’Sph andal —
N cloning channel YI=N and their unital extensions Cbgph and
®'™N_ The statement of this lemma is equivalent to showing
that

fa(¥) = f(D)
ga(¥) = g1 (@)

Vaz>1,
VO<A<l.

for

(\{/’ (D) — (‘I’gph, (deh) <\P1—>N’ (D1—>N) )

In Lemma 13, we have argued that the 1-shot dynamic
capacity region of a unitally extended channel can be achieved
with input of the form in Eq. (20). Evaluating f) (®) on such
states, one obtains

f1(®) = log(|B]) + (A = S (BIX"),- — A4S (ABIX"),,
= log(IB)) + ), p(x, j, k) [(A = DS(B)grusic = AS(AB) ]

X, j,k
=log(|BI) + > p(x, /) [(A = DS(B)rss — AS(AB)g/]
x,J
< log(|B]) + max [A-1)S(B), —AS(AB),], (46)
where
oap =Ycop (dac) - 47)



For such a o4 = ¥ (¢ac) that achieves Eq. (46), one can
construct

1
R |k) {klx ® |k) (k| ® pac-
This state will saturate the above inequality.
For ¥g™ and W'~V it can be verified [24] that their f;
have the same form, i.e.,

pPxAA = (48)

Ja(¥) = log(|B]) + max [(4 = 1)S (B)y — AS (AB), ], (49)

with o of the form given in Eq. (47).

The same argument also applies to g,. m

The CQ trade-off curve of the qubit dephasing channel
was computed in Ref. [23], and the CE trade-off curve was
computed in Ref. [8]. The CE and CQ trade-off curves of the
1 — N cloning channel were given in Ref. [24]. Other than
the special cases (7 = 0, 1/2 for the dephasing channel, N = 1
for the 1 — N cloning channel), it can be verified that their
CE and CQ trade-off curves are strictly concave at every point.
By Lemma 16, this property is true for their unital extensions.

APPENDIX E
PROOF OF EQUATION (32)

In Ref. [8], it was shown that
C (N) = max I(X; B)y + I(A)BX)o,
o

where o is of the form in Eq. (7).
It was also shown that the 1-shot CE trade-off capacity
region is described by the set of all C, E > 0, such that

C < I(AX;B),

C < I(X;B)y + I(A)BX) + |E| (50)

In the language of Cp, Eq. (50) means
Y (N) < ¢ (N) + P.
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