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Abstract

We analyse various perturbations and projections of Kalman-Bucy semigroups and Riccati
equations. For example, covariance inflation-type perturbations and localisation methods (pro-
jections) are common in the ensemble Kalman filtering literature. In the limit of these ensemble
methods, the regularised sample covariance tends toward a solution of a perturbed/projected
Riccati equation. With this motivation, results are given characterising the error between the
nominal and regularised Riccati flows and Kalman-Bucy filtering distributions. New projection-
type models are also discussed; e.g. Bose-Mesner projections. These regularisation models
are also of interest on their own, and in, e.g., differential games, control of stochastic/jump
processes, and robust control.

1 Introduction

The purpose of this work is to analyse a number of perturbations and projections of Kalman-Bucy
[47, [16] semigroups and of the associated (matrix differential) Riccati flow.

The prime motivating application for this work is the ensemble Kalman filter (EnKF) [3I] and
the various ‘regularisation’” methods used to ensure well-posedness of the sample covariance (e.g.
sufficient rank) and to ‘move’ the sample covariance closer (in some sense) to the Riccati flow of
the true Kalman filter [47, 16]. For example, two common forms of regularisation are covariance
inflation-type methods (perturbations) and so-called covariance localisation methods (projections).
Covariance inflation is a simple idea that involves adding some positive-definite matrix to the sam-
ple covariance in order to increase its rank [7]; i.e. more specifically to account for an under-
representation of the true variance due to a potentially inferior sample size. Separately, the idea of
covariance localization involves multiplying (element-wise) the EnKF sample covariance matrix via
Schur (or Hadamard) products with certain sparse ‘masking’ matrices with the intent of reducing
spurious long-range correlations and increasing the sample covariance rank [44, [60]. See [40] for
an empirical examination of both types of regularisation. In these two cases, choosing the right
inflation or localization is non-trivial and numerous ideas exist; e.g. [34] 35, [4, 541 5] 67, [6]. Other
related, and/or more subtle, regularisation methods exist and we will cover more general models in
more detail in later sections; see also [41], Bl [70, 45, [66], 43] for related EnKF methodology.

Note that the total literature on EnKF methodology is too broad to cover adequately here.
Results on EnKF convergence are recent (relative to this work) and concern, e.g., weak convergence
with sample size [52] 58] 50|, and stability [55] [71] [72] 28] 29], etc. The articles [72, [57] concern
stability and robustness of the EnKF in the presence of specific inflation and localisation methods.
The article [I7] studies the behaviour of a stochastic matrix Riccati equation that captures the flow
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of the sample covariance in a naive EnKF implementation; i.e. its moment behaviour (non-asymptotic
bias and variance), convergence and central-limit-type behaviour, etc.

From a purely mathematical vantage, regularisation amounts to studying various projections and
perturbations of the ‘standard’ Riccati flow (viz [47, [16]). The analytical behaviour of general pro-
jections and perturbations are a major focus of this study. We consider a broad class of perturbation
model. We consider a particular projection model, and a certain class of localizable/diagonalizable
systems adapted to these projections; the details are specified later. New ideas concerning projec-
tions relevant to the EnKF are also introduced within this class. Given this analysis, we then study
the (nonlinear) Kalman-Bucy diffusion [16] and provide a number of contraction-type convergence
results between the corresponding perturbed/projected diffusion and the optimal Kalman-Bucy dif-
fusion. We study convergence in the mean-square sense and also in terms of the law of the diffusion.

While methods in data assimilation and ensemble Kalman filtering are the main drivers of this
work, the types of perturbations considered herein are more widely relevant: For example, our
analysis captures well those perturbations of the ‘standard’ Riccati flow that arise in, e.g., linear
quadratic differential games [I3], 59, 26], in the control of linear stochastic jump systems [27, 2], in
certain robust and H* control settings [33],[12], etc; see also the early work of Wonham [75] in linear-
quadratic stochastic control. We also highlight the text [I, e.g. Chap. 6] and the references therein.
Separately, a specific projected Riccati flow is studied in [21I]. Other relevant and related literature
considering similar-type projections in estimation theory is given in [65, 56]. Going forward, we
primarily rely on EnKF motivators, but we emphasise here that the mathematical development is
more broadly applicable.

Further introduction, discussion, and background is given in later subsections with a more
technical focus. The organisation of this article is as follows:
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1.1 Kalman-Bucy diffusions

The notation used throughout this article is introduced later in Section However, the set-up in
this section is relatively standard. Consider a time homogeneous linear-Gaussian filtering model of
the following form
dX; = AX;dt + RY2adw,
{ Ay, = CX;dt + XY?aV, (1.1)

where (W, V;) is an (r + r’)-dimensional standard Brownian motion, Xy is a r-valued Gaussian
random vector (independent of (W, V;)) with mean E(X() and covariance matrix Py, the symmetric
matrices RY2 and ©'/2 are invertible, A is a square (r x r)-matrix, C' is an (7’ x 7)-matrix, and
Yo =0. We let F; = o (Ys, s <t) be the filtration generated by the observation process.

It is well-known [16] that the conditional distribution 7; of the signal state X; given F; is a
r-dimensional Gaussian distribution with a mean and covariance matrix given by

X, :=E(X; | F) and Pr:=E((X; - EX; | F)) (X: —E(X, | 7))
given by the Kalman-Bucy and the Riccati equations

dX, = A X, dt+ P, C'S! (dn - cfgdt) with &P, = Rice(P,). (1.2)

In the above display, Ricc stands for the Riccati drift function from S} into S, defined for any
Qe S} by
Rice(Q) = AQ + QA' —QSQ + R with S :=C'27!C. (1.3)

We now consider the conditional nonlinear McKean-Vlasov type diffusion process
dX, = AX, dt + RY? dW, + P,,C's"! [dYt - (CYtdt + X2 th)] (1.4)

where (W, V', X) are independent copies of (Wy, V;, Xo) (thus independent of the signal and the
observation path). The notation P,, stands for the covariance matrix

Py =t [(e —n(e))(e — m(e))’] with 7 := Law(X; | ;) and e(z) := . (1.5)

We shall call this probabilistic model (L4) the Kalman-Bucy (nonlinear) diffusion process.

The ensemble Kalman-Bucy filter (EnKF) coincides with the mean-field particle approximation of
the nonlinear diffusion process (IL4). To be more precise we let (Wi, Vi, ¢8)1<i<n be N independent
copies of (W, V4, Xgo). In this notation, a naive EnKF is given by the Mckean-Vlasov type interacting
diffusion process

(1.6)

{ d§i = Agdt+ RVAW, + pO'S7t[dY; - (Ceidt + 212 dV) |
i = 1,...,N

with the rescaled particle covariance p; := (1 - N _1) ! PmN and where the covariance matrix PmN

is defined similarly to (LB) but in terms of the empirical measures ;" := N~ 3, .y O¢

We define the following semigroup notation. '

Definition 1.1. We let 05 .(x) be the stochastic flow associated with the underlying signal process
(113). We let ¢ps+(Q) be the semigroup associated with the matriz Riccati equation in (1.3) with (1.3).
And we let g (x,Q) and ¥ (x,Q) be the vector stochastic flows associated with the Kalman-Bucy
filter and the nonlinear diffusion defined in (L2) and (I7), with s <t and (x,Q) € R" x S;'.



We also make the following standing assumption: Throughout this work we take the standard
controllability and observability conditions as holding; see Section [L5.1] for a statement of these
conditions, and [47], 8 16] for a broader discussion and details on controllability and observability
in control and filtering theory.

A key feature of any EnKF method, is the sample-based estimation of the solution to the Riccati
equation using a collection of interacting Kalman-Bucy filters. Contrary to conventional covariance
estimates based on independent random samples, the EnKF is based on interacting samples. These
samples are sequentially updated by a noisy observation process through a gain matrix that itself
depends on the sample covariance. The corresponding process is highly nonlinear (even when the
true signal and observation model is linear). In high dimensions, the interacting particle estima-
tion of the Riccati solution experiences the same difficulties as any conventional sample covariance
estimator. For example:

e The sample covariance p; is the sample mean of NV — 1 independent unit-rank matrices and
has null eigenvalues when N — 1 < r. Thus, in some principal directions, the EnKF is driven
solely by the signal diffusion. With unstable signals, the EnKF will exhibit divergence as it is
not corrected by the innovation process. In this setting, one cannot design a stable particle
sampler of the nonlinear diffusion ([4]) without some kind of regularization.

e The estimation of sparse high-dimensional covariance matrices using a small number of inde-
pendent samples cannot readily be achieved without incorporating some information on the
sparsity structure of the desired limit. Several regularization techniques have been developed
in the statistics literature; see e.g. [39, 511, 25, 23] [14] [32) [49] 15 53], 48, 24, 9]. One key
common feature is to eliminate (typically long-range) noisy-type empirical correlations when
its known that the limiting correlation is null or very small.

1.2 Perturbations and projections

From a pure mathematical position, our model of perturbation or projection is motivated by method-
ology that replaces the sample covariance p; in ([L6) by some matrix 7(p;), where 7 : S} — ST is
some judiciously chosen mapping. These methods coincide with the mean field particle approxima-
tion of the nonlinear diffusion X; defined by (L) with P,, replaced by m(Pyr), i.e.,

dX; = AX, dt + RY? dW; +n(P,;) C'S™! [dYt - ((Jdet Lyl th)] (1.7)

where nff = Law(X, | ;). The initial state X is a Gaussian random variable with some covariance
matrix Pyr. We expect the empirical average of the EnKF system associated with (L) to converge
to the Kalman-Bucy filter defined by (IL2]) except with P; replaced by the matrix w(FP;). From the
statistical viewpoint, the Kalman-Bucy filter X™ := E(X, | F;) defined by (I7) captures the limiting
bias of the EnKF empirical mean, introduced by some perturbation and/or projection operator m. The
nonlinear diffusion (IL7) is well posed, and the flow of covariance matrices Pj" = Py satisfies

o Pl = Ricc™(P])
= [A—n(PF)S]| PF + PF[A—7(P[)S] + R+ n(P[)S=(Pf) (1.8)

when 7 is chosen so that (L8]) has a unique positive definite solution; a proof of this assertion
is provided in the Appendix. This equation captures the covariance flow of the limiting per-
turbed /projected Kalman-Bucy filter X" :=E (Y: |]:t) associated with (7). Consequently, (1.8)
captures the bias in the limiting EnKF sample covariance as N — o0. This perturbed or projected
Riccati equation (1.8) is the main object of study in this work.



Since we focus on the limiting object (L)), our analysis applies equally if one replaces (IL6), or
more precisely the regularised limiting object (7)), with a regularised version of the ‘deterministic’
EnKF introduced in [68]. The deterministic EnKF in [68] swaps dV; in (L8] with some deterministic
adjustment factor. Other regularised EnKF variations may also be considered, without affecting the
regularised limiting object of interest, i.e. (L8); e.g. any EnKF ‘flavour’ leaving nf =id ynchanged.
Of course, when we study (L8]) alone, our analysis is not even confined to EnKF-generated pertur-
bation/projection motivators, as noted in the introduction and mentioned again later.

We define the following semigroup notation.

Definition 1.2. Given some mapping © from ST into itself, we let ¢%.(Q), resp. w;t(x,Q) and
E:’t(aj,Q) be the semigroup, respectively the stochastic flows associated with the Riccati equation

(I8), respectively the Kalman-Bucy filter and the Kalman-Bucy diffusion associated with the non-
linear model ({I7), with s <t and (z,Q) € R" x S;.

In the further development we shall distinguish and analyze the two different cases:
1) m=id+A with A=x0 or 2) mom=m (1.9)

where id stands for the identity mapping.

The first class of model can be thought of as a local perturbation mapping. These mappings
are associated to some parameter that describe the level of perturbation. This model includes
the variance inflation techniques discussed in Section 1] and Stein-Shrinkage models presented in
Section [£4] among others.

The second class of model corresponds to projection-type mappings such as masked projections
(or localization methods) discussed in Section and projection mappings on Bose-Mesner algebras
discussed in Section 3]

Later in Section we consider mean-repulsion type perturbations, and we highlight how the
main results presented in this work can be applied more broadly than implied by (9] alone.

We also show later that the first class of model can actually capture most projections considered
herein, or more general classes of test-type driving estimators; see the discussion in Section [l

1.2.1 Discussion: Perturbation-type regularization

Consider the first class of perturbation model in (I9]). Under this model, several variance inflation
methods have been proposed in the data assimilation literature as a simple means to address some
of these numerical issues [7, 40, 4, 54, 5]. By far the simplest technique is to add an artificial
diagonal (positive-definite) matrix to the sample covariance matrix p; in (LLG). Another strategy is
to consider a general class of Stein-Shrinkage-type perturbations models. These two strategies are
discussed in Section [£.1] and Section (.41

As an example, in view of (L), (L)), a simple variance inflation method 7(Q) := Q + A(Q),
yields the following Riccati evolution

oP = Ricc"(P])
= [A—7(PF)S]P[ + P [A—=(PF)S]' + R+ n(P[)S=(PF)
= Rice(F) + A(Q)SA(Q) (1.10)

Obviously, such artificial inflations introduce an extra bias in the particle estimates delivered by the
EnKF (beyond the bias caused by a finite sample size and (nonlinear) interacting particles). In this
example, a non-vanishing inflation term would generally be the sole cause of bias in the limiting
EnKF empirical mean and covariance as N — 0.



Later, we consider more general perturbation mappings that may arise in scenarios outside
(ensemble) Kalman filtering such as in differential games, or in the control of linear stochastic jump
systems, etc. These applications were briefly referenced in the introduction. These models will
capture the preceding perturbation map (LI0) as a special case.

Analysis of any bias-variance relationship trade-off requires one to quantify somewhat these two
terms. This work focuses on the bias, in particular as it follows from the mapping 7. For example,
with the EnKF, the [Ls-error estimate at the origin with respect to the Frobenius norm is

E[|n(po) = PolE] = |m(Fo) = Poli +E [Im(po) — m(Fo)| 7]

whenever E(pg) = Py and E[n(pg)] = 7(P). Unfortunately, this unbiasedness property is not
preserved in time t > 0, due to the mean-field interactions; i.e. the EnKF estimate p; of P; is biased
in any case (e.g. even with 7 = id) due to the particle approximation/interaction. We don’t study
the bias arising from the mean field approximation here, and our analysis is mostly deterministic
and focused on the relevant regularisation mappings. See [17] for a detailed study of the bias (and
variance, etc) of a stochastic matrix Riccati diffusion that captures the flow of the (finite N) sample
covariance in a naive (non-regularised m = id) EnKF implementation.

The general class of all perturbation-type mappings considered in this work is discussed in

Section 221 and Section 1] (see also Sections Bl and [£.4]).

1.2.2 Discussion: Projection-type regularization

Consider now the second class of projection models in (L9). Under the EnKF framework, these
projections are often defined in terms of the Hadamard product (a.k.a. Schur product) of the sample
covariance matrix with some mask [34 [44]. Here we may approximate such masks with a matrix L
of {0, 1}-valued entries. The null entries capture the desired sparsity of the estimate. In the signal
processing and data assimilation literature, these projections are often referred to as localization
techniques. The study of {0, 1}-valued mask matrices L allows us to make rigorous convergence
statements, and these results may act as a proxy for qualitatively understanding the behaviour in
more general cases such as those considered in [34] [44]. In the statistics literature, a random matrix
given by the Hadamard product LOpg associated with some sample covariance pg is called a masked
(or banded) sample covariance estimator of some limiting matrix Py, see [14, [32] 53] 24].

These projection techniques require the solution of the true unperturbed Riccati equation (the
desired limit of the sample covariance) to lie within some class of (at least “approximately”) “band-
able” covariance matrices. To avoid the introduction of a huge bias [60], some prior knowledge of the
sparsity /correlation structure of the solution to the Riccati equation is typically needed. However,
the sparsity structure of a prescribed filtering problem is generally difficult to extract from the signal
and sensor models etc. In some cases, the sparsity structure of the matrices P, can be estimated
online from the particle model; e.g. see the Isomap algorithm described in [69] [74].

As with the first class of perturbation models, the choice of mapping 7 under the second class
of projection model introduces a deterministic bias. For example, in the filtering problem discussed
in Section 2] Py is a block-diagonal covariance matrix associated with n-independent filtering
problems. In this case, we have 7(Py) = L ® Py = Py for some judicious block-diagonal matrix L
with {0, 1}-valued entries. With this choice, it also follows that L ® P, = P,. However, as noted
before, the EnKF derived (finite) sample covariance matrices are always (randomly) biased due to
the (random) particle approximations/interactions, so that L ® p; = p; for any ¢ > 0. Hence the
effect of this projection in practice is to ‘enforce’ some structure on the sample covariance at each
time. In the limit N — o0 one hopes to recover the property LOpy — LO P, = P,.



In the general case, the fluctuations of L ® pg around its limiting average value L ® Py depend
only on the non-zero entries. More precisely, for any symmetric mask-matrix L with {0, 1}-entries
and at most [-zeros in each row we have the Levina-Vershynin’s inequality,

BILO (-] < clog’ @) | +/% | IRl

for some finite universal constant ¢ < oo; see [53 24]. Of course, as before, this relationship is
not so nicely preserved in time ¢ > 0 when comparing p; and P;, due to the random particle
approximation /interaction which introduces its own bias and fluctuations. Again we point to [17]
for a discussion on these random (particle) induced fluctuations.

Another example class of projections discussed in detail in Section [f3]lare orthogonal projections
on Bose-Mesner-type cellular algebras w.r.t. the Frobenius norm [I8]. These more sophisticated
projections are more interesting than those examples in Section and can be used to project
sample covariance matrices based on the topological /graph structure of the matrices (A, R, S).

The general class of all projection-type mappings considered in this work is discussed in Sec-
tion 2.3l and Section 3.2} see also Section and [£.3] for those examples discussed above.

1.3 Some basic notation

This section details some basic notation and terms used throughout the article.

Let ||. |, be the Euclidean norm on R", r > 1. We denote by M, the set of (r x r)-square matrices
with real entries, S, < M, the set of (r x r) real symmetric matrices, and by SI < S, the subset
of symmetric positive (semi)-definite matrices. With a slight abuse of notation, we denote by Id
the (r x r) standard identity matrix (with the size obvious from the context). Given some subsets
Z,J < {l,...,r} weset Az 7 = (Aivj)(i,j)e(_’[xj) and A7 = Az 1.

Denote by A;(A), with 1 < ¢ < 7, the non-increasing sequence of eigenvalues of a (r x r)-
matrix A and let Spec(A) be the set of all eigenvalues. We often denote by Apin(A) = A(A) and
Amaz(A) = A1(A) the minimal and the maximal eigenvalue. We set Agy, := (A + A’)/2 for any
(r x r)-square matrix A. We define the logarithmic norm p(A) of an (r; x 71)-square matrix A by

w(A) = inf{a:Vz, (z, Az) < a|z]3}
Amaz (Asym) (1.11)
= inf{a:Vt>0, |exp (At)ll2 < exp (at)}.

The above equivalent formulations show that
p(A) = ¢(A) := max{Re(\) : X\ e Spec(A)}

where Re()\) stands for the real part of the eigenvalues A\. The parameter ¢(A) is often called the
spectral abscissa of A. Also notice that Ay, is negative semi-definite as soon as p(A) < 0. The
Frobenius matrix norm of a given (r1 x ro) matrix A is defined by

| A% = tr(A’A) with the trace operator tr(.).

If A is a matrix (r x r), we have ||A||i~ = Yi<ij<r A(i,7)%. For any (r x r)-matrix A, we recall norm
equivalence formulae
JAI3 = Amaa(A'4) < tr(A'4) = A} <7 AJ3.

For any matrices A and B we also have the estimate

Ain(AA) | Blp < |AB|F < Anao(AA) ' | B| .



We also quote a Lipschitz property of the square root function on (symmetric) definite positive
matrices. For any Q1,Q2 € S,

Q2 Q% < @)+ N2 @) e -l (112)

for any unitary invariant matrix norm (such as the Lo-norm or the Frobenius norm). See for instance
Theorem 6.2 on page 135 in [42], as well as Proposition 3.2 on page 591 in [73].

The Hadamard-Schur product of two (r x r')-matrices A and B of the same size is defined by
the matrix A® B with entries (AQ® B);, i, = Aiy iy Bi, 4, for any 1 < iy <rand 1 <ip <7r’. With a
slight abuse of notation, we denote by J the (r x ) Hadamard-Schur identity matrix with all unit
entries. By Theorem 17 in [46], we recall that for any symmetric positive semi-definite matrices

(A, B, P,Q) we have
P>Q>0 and A>B>0 — POA=QOB. (1.13)

Now, given some random variable Z with some probability measure or distribution 1 and some
measurable function f on some product space R", we let

n(f) = E(f(2)) = j f(2) n(de)

be the integral of f w.r.t. n or the expectation of f(Z). As a rule any multivariate variable, say
Z, is represented by a column vector and we use the transposition operator Z’ to denote the row
vector (similarly for matrices; already seen above).

We also need to consider the n-th Wasserstein distance between two probability measures 14
and 5 on R” defined by

1
Wi (1, v2) = inf {E (|21 — Za3) }.

The infimum in the above formula is taken over all pairs of random variable (Z7, Z2) such that
Law(Z;) = v;, with ¢ = 1,2. We denote by Ent (11 | v2) the Boltzmann-relative entropy

Ent (11 | vo) := J log <Z—:> dvp  if 11 «€ 9, and +00 otherwise.

1.4 Statement of the main results

In Section 2.2 and Section 23] (cf. Theorem 2.4 and formula (2.17))) we will check that
97 (@) = ¢:(Q)-

This property shows that any m-perturbation or m-projection of the Kalman-Bucy diffusion induces
a larger covariance matrix w.r.t. the Loewner order. This property is one key driving motivation
for regularisation in the EnKF literature.

Our first contribution concerns the continuity properties of the first class of perturbation models
presented in (L9]) and introduced more formally in Section We consider a compact subset II of
continuous mappings 7 : S — S equipped with the uniform norm induced by the Lo-norm on
S;f. We let B(6) be a d-ball around the identity mapping. For example, consider (7)), (L8) and
suppose further that

0P = Ricc™(Pf)
= [A—n(P)S| P + P [A—n(P[)S]' + R+ w(P[)Sm(P)
= Rice(P]) + T (P]) (1.14)



with the quadratic positive mapping I';; defined by

[7(Q) = Bo + B1Q + QB + QB2Q + R(Q)

for some matrices (By, By, B2) € S with By < S and @ := supgest [R(Q)]2 <0 = R(Q) < w Id.
This model captures, e.g., simple inflation models like (LI0), and Stein-Shrinkage methods like
those discussed in Section €4l This model also captures those perturbations relevant in, e.g.,
linear-quadratic differential games, control of stochastic jump processes, robust control theory, etc.

This mapping I'; already hints that the analysis of the semigroups ¢ is a delicate mathematical
problem, since it cannot be deduced directly from that of the Riccati flow ¢;. By the Cauchy-
Lipschitz theorem, the existence and the uniqueness of the flow of matrices ¢7 (Q) for any starting
covariance matriz @ is ensured by the local Lipschitz property of the drift function Ricc™, on some
open interval that may depend on (). The existence of global solutions on the real line is not ensured
as the quadratic term may induce a blow up on some finite time horizon.

In this setting, our first main result concerns the first class of perturbation models presented in
(L9), and takes the following mildly informal form.

Theorem 1. Assume that the filtering problem is observable and controllable. In this situation,
under some reqularity conditions, there exists some § > 0 such that for any € < 0, any ™ € B(e),
and any n = 1 we have the uniform estimates

sup [67(Q) = 61(@l2 < (8) € and  SWE[[5(w.Q) — v, QU] < o) e (1.15)

for some finite constant c(0) whose values only depend on the parameter .

A precise statement of this result is given in Theorem 2.6]and Theorem B.2} e.g. with clarification
of the required regularity conditions. The proof of the Riccati estimates in the Lh.s. of (IIH) is
provided in Section 2.2.2] dedicated to the boundedness and the robustness properties of Riccati
semigroups (cf. Theorem [2Z.6]). The proof of the r.h.s. estimates in (ILI5]) is provided in Section B
dedicated to the continuity properties of Kalman-Bucy stochastic flows (cf. Theorem [B.2).

The preceding theorem concerns time-uniform bounds on the mean and the covariance of the
Kalman-Bucy flows. Our second objective, given the first class of perturbations, is to quantify the
difference between the conditional distributions of the nonlinear Kalman-Bucy diffusion,

ns(x, Q) := Law (E&t(az,Q) | -7:57t) and g, (7, Q) := Law <E;t(a:,Q) | fs,t>

where Fg; = 0(Y,, s < u < t) stands for the o-field generated by the observations from time s to the
time horizon ¢t. By construction E&t and E: , are time-varying Ornstein-Ulhenbeck diffusions [16]
and consequently 7, (z, Q) and 77 ,(z,Q) are both Gaussian distributions. Our next main result
informally takes the following form.

Theorem 2. Under the assumptions of Theorem [, for any n = 1, we have the almost sure relative
entropy and Wasserstein distance estimates

Bnt (n7,(2,Q) | 100(2, Q) < ¢ [[vT4(.Q) = Yor(@, Q) + 166:(Q) — ¢Z4(Q):
W [0, @), s (5, Q)] < 9742, Q) = Yo, Q) + ¢ Vi [674(Q) = @4(Q)l2

for some constant ¢ < oo that depends on the system and observation matrices.



The proof of these estimates, with a more precise description of the constant ¢, is provided in
Section Bl e.g. see the precise statement of these results in Theorem B3] and Theorem

The impact of these two theorems is illustrated in Section 1] and Section [4.4] in terms of
the variance inflation and the Stein-Shrinkage methods commonly seen in the data assimilation
literature.

Our second contribution concerns the continuity properties of the second class of projection
mappings presented in (L9) and discussed further in Section 23] We assume that 7 is some positive
map from M, into itself, of the form

7(Q) = argmin 7 [(Q — B)(Q — B)'| for some matrix ring B < M,.
BeB

From the geometrical viewpoint, these orthogonal projections map the set S; into the set of matrices
with the same sparsity structure as the matrices in the ring B. These projection techniques are
unbiased when the covariance graph of the filtering model (reflecting the sparsity structure of the
matrices P;) is defined in terms of the same association scheme. Thus, the optimal use of these
projections requires some prior knowledge on the sparsity structure of the solution to the Riccati
equation. This is a special class of projection model differing somewhat from the typical localization
used in the EnKF literature; e.g. see [34,/44]. However, under the particular chosen class of projection,
explicit and rigorous convergence results are possible when the correlation structure is well-enough
adapted to the projection. Heuristically, these results may act as a proxy to gain intuitive, or
qualitative, insight into the behaviour of more practical localization implementations [44]; e.g. and
can be taken in combination with the first class of perturbation model for this purpose.

A prototype model satisfying these conditions are orthogonal projections onto the set of block-
diagonal matrices B = M, @ ... ® M,[,) = M, with r = >}, r[q]. Another important class
of models satisfying the above conditions are orthogonal projections on Bose-Mesner-type cellular
algebras w.r.t. the Frobenius norm [I8]. These more sophisticated projections are interesting and
can be used to project sample covariance matrices based on the topological /graph structure of the
matrices (4, R, S).

See Section for applications to block-diagonal masking matrices and Section .3 for further
discussion on Bose-Mesner projections; e.g. Section B34 provides an explicit solution of the Riccati
equation as soon as the matrices (A4, R,S) and the initial condition belong to some Bose-Mesner
algebra.

In this context, our third main result takes the following mildly informal form.

Theorem 3. Assume that the filtering problem is observable and controllable and assume that
(A, A, S, R) € B. In this situation we have

Grom=dion and YI(Q) = buu(z7(Q)) (1.16)
for any (z,Q) € (R" xS;") and t = 0. In addition, there exists some p > 0 such that for any Q € S}

and any time horizon t = 0 we have the local exponential-Lipschitz inequality

[67(Q) — ¢(Q)2 < cg e |Q — 7(Q)]2 (1.17)

for some finite constant cg whose values only depend on |Q||2.

The result in ([I6]) is stated precisely as Theorem and is covered also in Section The
estimate (LI7) is stated precisely in Theorem [2ZI3} see also the corollaries in Section 2311

The relationship (LI6]) shows that the set B is stable w.r.t. the m-projected Riccati flow. The
exponential estimate (LIT) shows that, for any initial condition, the Kalman-Bucy stochastic flow
as well as the m-projected Riccati flow converges to the set B as the time horizon ¢ tends to co.
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Last, but not least, Theorem [Bl allows one to transfer, without further work, all the exponential
contraction inequalities developed in [16], dedicated to the stability properties of Kalman-Bucy
diffusions.

1.5 Some background results
1.5.1 Observability, controllability and the steady-state Riccati equation

We assume that (A, R'/?) is a controllable pair and (A, C) is observable in the sense that

C
cA
[31/2,A(Rl/2) . ,AT*IRW] and _ (1.18)

CAr—l

have rank . We consider the observability and controllability Gramians (O, C;(O)) and (Cy, O4(C))
associated with the triplet (4, R,S) and defined by

t t
O, := J e S e ds  and G (0) = O} U e =9 Oy R Oy e (794 ds} o7}
0 0

t t
C = J e R e ds and oiC) = ¢t {J et=)4 ¢, 5 ¢, elt=9)4 ds] ct.
0 0

Given the rank assumptions on (LI8)), there exists some parameters v, w3, @5 (0),@w%(C) > 0
such that

wt Id<C, <wf{ Id and w’ Id<O,<wf Id (1.19)
as well as
w(0) 1d < Cy(0) < wlL(0) Id and w?(C) Id < O,(C) < wi(C) Id.

The parameter v is often called the interval of observability-controllability. By Theorem 4.4 in [16],
for any ¢ > v and any @Q € S;" we have the uniform estimates

(0,0 +C) ™" <i(Q) <O +C,(0). (1.20)

When (LI9) is satisfied, we say that a triplet (A, R,S) satisfy the Gramian condition for some
parameters v,wf_r’c > 0. These conditions ensure the existence and the uniqueness of a positive-
definite fixed-point matrix P solving the so-called algebraic Riccati equation

Rice(P) := AP + PA' — PSP + R = 0. (1.21)

Importantly, in this case, the matrix difference A — PS is asymptotically stable even when the
signal matrix A is unstable. Relaxed conditions for this solution to exist are discussed widely in the
literature and we highlight the important works [64} 20]. See the discussion and linked references
in [I6] for further discussion on the nominal Riccati equation and its convergence.

11



1.5.2 Exponential and Kalman-Bucy semigroup estimates

The transition matrix associated with a smooth flow of (7 x r)-matrices A : u — A, is denoted by
t
5s,t(A) = exXp %Au d’LL < @gé's’t(A) = At 83715(14) and 8555,t(14) = —gsﬂg(A) As

for any s < t, with & s = Id, the identity matrix. Equivalently in terms of the fundamental solution
matrices & (A) := E1(A) we have & 1(A) = E(A)E(A)~L.

The following technical lemma provides a pair of semigroup estimates of the state transition
matrices associated with a sum of drift-type matrices.

Lemma 1.3 ([16]). Let A : u— A, and B : uw— By be some smooth flows of (r x r)-matrices.
For any s < t and any matriz norm | - | we have

t
Ear(A)] < an exp(-wa (t— ) = |Ea(A + B)| < anexp [—wA<t —9)+aa [ 1B du}

for some positive constant apx and some parameter w 4.

For any s <t and Q € S;' we set

t

Eoi(Q) = exp | $ (4= 0,(Q)S) du|.

s

When s = 0 sometimes we write E;(Q) instead of Ep(Q). In this notation we have

Ey1(Q) = E(Q)Es(Q)™".
For any s <u <t and Q € S we set

t

Et|S(Q) = €xp %(A - qbs,v(Q) S) dv and Eu,t\s(Q) = Et|s(Q)Eu\s(Q)71

s

Also observe that

t

EoiQ) = exp | $(4-00(6,(Q)S) du | = Eyo(6,(@)

s

For any s < u <t and any Q € S;" we have

Eys(Q) = B 5(Q) and  Ey,4(Q) = Eqy_s) -5 (Q) (1.22)

Observe that the Riccati equation is time-homogeneous so that

Ds,5+1(Q) = ¢1(Q) = P0,(Q).
By Proposition 4.3 in [I6] we have

0<6(Q) < P+ Q= P — g (Q)]l2 < | Pll2 + #]Q — P2 (1.23)

for some constant k whose values doesn’t depend on the time parameter nor on Q.
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Theorem 1.4 ([16]). For any Q1,Q2 € S; and for any t = 0 we have the local contraction inequality

1E(Qu)l2 < ke(|Qi]2) e (1.24)
|6¢(Q2) — de(Q1)2 < Kg(|Q1l2, [Q2l2) e |Q2 — Q12 (1.25)
|E(Q2) — Ev(@Q1)ll2 < wp(|Q1]2, [Q2]2) e |Q2 — Q12 (1.26)

for some rate v > 0, and some finite non-decreasing functions kg(q1), ke(q1,92), Ke(q1,q2) < .

A proof of this theorem can be found in [16, see e.g. Corollary 4.10 and 4.13].

2 Riccati semigroups

2.1 Variational and backward semigroups

We let L(S,,S,) be the set of bounded linear functional from S, into itself, and equipped with the
Frobenius norm. A mapping ¢ : S — ST is Fréchet differentiable at some Q1 € S;' if there exists
a continuous linear functional 0¢(Q1) € L(S,,S,) such that

i 192 = Qi 19(Q2) — #(Q1) — 36(Q1) - (Q2 = Qu)llr = 0.
For instance the first-order Frechet-derivative of the Riccati quadratic drift function
Ricc : Q € S} — Rice(Q) € S,
defined in (L3)) is given for any (Q1,Q2) € (S;" x S;) by the formula
ORice(Q1) - Q2 = (A — Q159)Q2 + Q2(A — Q1.9)'. (2.1)

Lemma 2.1. For any t = 0 the mapping Q — ¢(Q) is Fréchet differentiable and for any (Q1,Q2) €
(S} x S)) we have the formulae

01(Q1) - Q2 = Ei(Q1) Q2 Er(Q1)".
Proof. Using the decomposition
De(Q1) — 0:(Q2) = FEsi(Q2)[05(Q1) — ¢5(Q2)] Es1(Q2)
[ Buet@) 16u(@0) ~6u(@2)1 5 [9u(Q) ~ 9u(@2) Fud@a) du

s

we have

D1(Q2) — Pe(Q1) = Er(Q1)[Q2— Q1] Ex(Qy)
—L Eui(Q1) [0u(Q2) — 0u(Q1)] S [0u(Q2) — pu(Q1)] Eur(Q1) du.

We end the proof of the first assertion using the Lipschitz property (L25]). The proof of the lemma
is completed. [ ]

We have the following backward flow and first-order variational result that will be used subse-
quently, but which is also of interest in its own right.
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Proposition 2.2. For any Q € S} and any 0 < s < t we have

Os¢s,(Q) = —Rice(ds(Q))  and  0dst(Q) = Rice(ds(Q)) = 0¢s5,4(Q) - Rice(Q).

In addition, the first-order variational equation associated with the Riccati equation is given by the
composition formula

0 (004(Q)) = Rice(¢(Q)) © 0P (Q). (2.2)
Proof. For any Q € S we have
asés,t(@) = as¢0,t—s(Q) = _RiCC<¢O,t—s<Q)) = —RiCC((ﬁ&t(Q)).

On the other hand, we have

|Rice(ds—n,u(Q)) — Rice(Q)[F < cq h

— 1 [Ricc(6,-,(Q) ~ Rice(@)] dulr < cq I
for some finite constant cg whose values only depends on ||Q||r. Using Lemma [2.1] this yields

gbs—h,t(@) - ¢s,t(Q) = ¢s,t(¢s—h,s(@)) - @bs,t(Q)
= ¢s,t <Q + L—h Ricc(¢sh,u(Q))du> - ¢s,t(Q)

= 0@ | [ Ricetounu(@da| + ot
= 0¢5:(Q) - Rice(Q) h
+0¢s4(Q) - U_h [Rice(ds—n,u(Q)) — Rice(Q)] du] +o(h)
= 00s+(Q) - Rice(Q) h + o(h).
This implies that

m - [60 0(@Q) — 604(@Q)] = —2654(Q) - Rice(Q)

=i
hLO h

as(bs,t(Q)
from which we conclude that

—RiCC(@si(Q)) + agbs,t(@) : RICC(Q) = as¢s,t(@) + at¢s,t(@) = 0. (23)
Finally, by Lemma 2] and (21 we have
0r[001(Q1) - Q2] = [A—d(Q1)S] [06:(Q1) - Q2] + [0¢¢(Q1) - Q2] [A — ¢¢(Q1)S]

dRice(¢r(Q1)) - [094(Q1) - Q2]
= [JRicc(¢(Q1)) 0 06:(Q1)] (Q2).

This ends the proof of the proposition. |
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2.2 Perturbation-type models
2.2.1 First and second order perturbations

We consider perturbation-type distortions in (I.8)) of the first type in (L9]). Formally, consider (L8]
and (LI4) and the class of perturbation mappings I'z in (LI4) with the hypothesis

(H)g I'7(Q) = Bo + B1Q + QB] + QB2Q + R(Q)

for some given matrices (By, By, Bs) € S? such that By < S, and a uniformly bounded (symmetric)

remainder term

w:= sup |[R(Q)|2 <0 = R(Q) < w Id.
Qest

In this situation, the m-Riccati drift function Ricc™ in (L8] takes the form

Ricc™(Q) = Ricer(Q) + Rx(Q) < Ricer(Q)

with
R'iCCﬂ'(Q) = AQ + QA;r + Ry — QS5:Q, RW(Q) = R(Q) —wld<0 (24)

and the matrices
R;: =R+ By+wld A=A+ By and S;:=85-DBy>0.

Definition 2.3. We let ¢, resp. ¢f be the Riccati flows associated with the drift function Riccy
and resp. Ricc™. We consider the observability and the controllability Gramians (O ¢+, Cr+(O)) and
(Crt, O 1(C)) associated with the triplet (Ax, Ry, Sx).

We also let =, be the mapping from S, into itself defined by
Ex(Q) == Ricer(Q) — Rice(Q) = (Ar — A)Q + Q(Ar — A)' + (Rr — R) — Q(Sx — 9)Q.

We also set
v(m) i= [Az — Al2 + [Rr — Rl2 + Sz — 52

We consider the following condition,
(H), (Ar, Ry, Sr) satisfies the Gramian condition (LI9) for some vy, @w3“(7) > 0.

We recall that this condition ensures the existence and the uniqueness of a positive-definite
fixed-point matrix P, solving the so-called algebraic Riccati equation

Ricer (Pr) := Ap Py + Pr Al — PSPy + Ry = 0. (2.5)

In addition, the matrix difference A, — P;Sy is asymptotically stable.
Our first objective is to analyze the existence and the uniqueness of the flow ¢7 .

Theorem 2.4. Assume (H), and (H),. For anyt > (v v vy) and Q € S},

(0u(©) +C;1) 7 < 01(Q) < GF(Q) < dra(Q) < OF) +Cr, (O). (2.6)
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Proof. By (L20) and (H),; we have the uniform estimates

(Orn(€) +Cb ) < 0n(Q) < OFL +Crn (O).

We let E,,s(Q) be the transition semigroups defined as Fy,(¢7(Q)) by replacing (4, ¢;) b
(Az, ¢r+). In this notation, the proof (2.0)) is a direct consequence of the backward perturbation
formulae

6T (Q) — 651(Q j Epyo(67(Q) R [67(Q)] By yjs(¢7(Q)) ds <0 (2.7)

as well as

67(Q) f Eyu(67(Q)) T [67(Q)] Eyu(67(Q)) ds > 0. (2.8)

That is, the Lh.s. estimate in (20) is a direct consequence of (L20) and the relationship
& (Q) < 97 (Q) < ¢r4+(Q) following from (7)) and ([2.8). The r.hs. estimate in (2.6]) follows

obviously from the above.
To check (2.8)) we use the interpolating path

€ [0,8] = ¢54(65(Q)) from  ¢4(Q) to &7 (Q).

By Proposition we have

0shs,t(95(Q)) = —Rice(gst(95(Q)) + 005, (05(Q)) - 0595 (Q)
= 00s4(05(Q)) - Tx [65(Q)] = Eys(05(Q)) T'x [95(Q)] Eiys(¢5(Q))-

This ends the proof of (2.8]). The proof of ([2.7)) follows the same arguments, thus it is skipped. This
ends the proof of the theorem. [

The next lemma compares the semigroups ¢ :(Q) and ¢;(Q) when the matrices (Ar, Rr, Sx)
are close to (4, R, S).

Lemma 2.5. Assume (H), and (H),. For anyt >0 and Q € S, we have

¢7rt( J Et\s ¢7r s = [(ﬁn,s(Q)] Et|s(¢7r,s(Q)), ds (2-9)

as well as

¢t(Q) - ¢7r,t(Q) = fo En,t\s(¢8<Q)) Eﬂ [¢5(Q)] Eﬂ,t\s<¢S<Q))/ ds. (2-10)

The proof of this lemma follows the same arguments as the proof of Theorem 24} thus it is
skipped. Observe that

and
¢

QI0) = P — Py = ¢xp(P) — Pr + ; Erys(P) Ex [P] Emt‘s(P)’ ds.
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2.2.2 Robustness theorems

We equip the set C(S;,S;') of continuous mappings 7 : S;7 — S with the uniform norm

T T
|m1 — w2 = sup |71 (Q) — m2(Q)]2-
Qesf

Let IT < C(S;,S;") be a compact subset, and let ¢ > 0 be some fixed time horizon. For any

d > 0, we let B(d) be the d-ball around the identity mapping; that is
B(§) :=={mell : ||r—id| <4}
We consider the following continuity condition

(H), Ve,a€]0,1] 36 >0 such that Vme B(6) we have

aS <S;<a!'S aR <R <a'R and [A-A::<e

Assume that (H), and (H), are met. Importantly, in this situation we have

|67 (Q) — ¢(Q)ll2 < |Pr,t(Q) — +(Q) ]2 (2.11)
We check this claim using the fact that

R8) — 0<0f(Q) = du(Q) < 0r1(Q) — ¢7(Q) + 97 (Q) — ¢1(Q) = It (Q) — ¢(Q).

Of course, it is important to note that we can take (H), without (H),, and consider directly just
the flow ¢ ;. The main objective of this section is to prove the following robustness theorem.

Theorem 2.6. Let (Ax, Rx,Sx) be a collection of matrices satisfying condition (H),. In this case,
there exists some § > 0 such that for any ™ € B(d), any horizon t = 0 and any Q € S we have

[676(Q) = (@2 < [x1(8) + e x2(68.Q2)] ~(m)

for some finite constants x1(0) and x2(0,||Q|2), whose values only depend on the parameters &, and
(0,]|Q||2) respectively. In particular we have

Vre B() | Pr— P2 < x1(0) v(n).

Note that whenever we take (H), as holding, then we take (H), as being compatible in the
definition of (Ay, Ry, Sx) as given in (24). This allows us to compare ¢] and ¢, ;. In this case,
(2:I0) means this theorem guarantees the boundedness of those perturbation models satisfying (L)),
(L14) and (H),.

Note also however, that (H),, and Theorem [2.6 capture a broader class of perturbation model
than (L8), (LI14) and (H), alone. In particular, (H), is simply concerned with direct perturbations
of the original (A, R, S) system matrices in the Riccati operator (L3)).

The proof of the preceding theorem relies on the following proposition.

Proposition 2.7. We have (H), = (H),. In addition when (H), is met, for any o €]0,1] there
exists some 0 > 0 such that the the matrices (A, Ry, Sy) indexed by mappings 7 in the d-ball B(J)
satisfy the Gramian condition with a common interval of observability-controllability v, = v and
some parameters

and well as



We already quote a direct consequence of Theorem 2.4] and Proposition 271

Corollary 2.8. Assume (H),. In this situation, for any « €]0,1] there exist some § > 0 such that
for any e B(d), any Q € S and any t = 0 we have the common uniform estimates

o (w(C) +1/@) " Id < ¢140(Q), briso(Q) < a7 @ (O) +1/w° ] Id. (2.12)

If (H)y also holds, then we know additionally that ¢,(Q) < ¢7(Q) < ¢x(Q)-

We have already studied the ordering between ¢, ¢7 and ¢, ; in Theorem 2.4l when (H), holds.
But if we take (H), as holding alone (i.e. forget (H), and ¢f), then we cannot compare ¢ (Q)
with ¢:(Q) in the same way. To be more specific, ¢r +4,(Q) = P11, (Q) holds when Z,(Q) = 0, and
G t+0(Q) < dr44(Q) holds when Z(Q) < 0. To check this simply see ([2.9).

The proof of the above Proposition 2. T|relies on the next couple of comparison lemmas of interest
on their own.

Lemma 2.9. Let V1, V5 € ST be a couple of definite positive matrices s.t. Vi = Va. We set
Q1:=U VU] and Q:= UsVaU,
for some (Uy,Us) € M2. Assume that Qo > qo Id, for some qa > 0. With Us invertible we have

Qa2 [U1U; —Td]2s <A/T+q—1=Q1>aq12 Q2

with )
1o = [1- gt {(1+ 1@l 10U~ 1d]a)* ~1}].

Proof. We set
UoUpt = Id+ Uy and U\Uy Y = Id+ Uy,

Observe that

Q2= ld = Auin(@2) =@ = Amin(QY) = Va
= e (3% 2 1/va = Q5 I3 < 5

In this situation, we have

Q1= Uyt Qo (UhUSYY

_ - -1 -
. Q;l < Q2 1/2 [Q 1/2U1U2 Q2 (leUv;l)/C?2 1/2] Q2 1/2.

Observe that

|0, 2005 @0 (05 Q]
= |1a- @ (@ - vt @0 Yy

_Z[ 1/2{Q2—U1U2 Q2 (WU, }le/z]

n=0
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On the other hand, we have
{Q2 - nU5 " Q2 (WU}
= {QQ — [Id + Ug,l] Q2 [Id + Ué,l]} = — [Ug,ng + QQUé’l] — U271Q2Ué71.
This implies that

1Q5 2 {Qa — WUy Qo (U3 1Y} Q52

<! U2 l21Q: > [ 1= {0+ [02alaQal2)” — 1} < 1
from which we conclude that
_ o1 -1
@ Pyt @ gy < -t l)*=1}] " 1d.
This yields the estimate
Ql qlg Qz = Q1= q1,2 Q2

with .

b= [1-at {1+ 1021021Qs02)° - 1}
This ends the proof of the lemma. [

Lemma 2.10. Let U,V be a pair of bounded functions from [0,t] x II into S;;. We consider the
integral mappings

(s,m) € ([0,t] x II) —> Ws(mr) := Lsuu(w)vu(w) U, (r) dueS;.

Let m,mo € 11 be such that
Vse[0,t] Vs(m) = Vs(ma) and Wy(me) = w—4(m2) Id for some w_ 4 (m2) >0.  (2.13)

Also assume that the flow of matrices Us(ma) are invertible for any s € [0,t] and they satisfy the
following Lipschitz inequality

Sl[lp] | Us(m1) Us(mg) ™" = Id|2 < lip,(U) |m1 — 72 (2.14)
se|0,t

for some finite constant lip,(U). In this situation, for any € €]0,1] there exists some parameter
§ = 0(t,e,m3) > 0 such that

||7Tl - 7T2|| <= Wt(7T1) =€ Wt(ﬂ'Q).

The proof of this lemma follows the same line of argument as used in the proof of Lemma 2.9]
thus it is skipped here. For the convenience of the reader a detailed proof of the lemma is provided
in the Appendix.

Now we come to the proof of Proposition 271
Proof of Proposition 2.7k

We assume that for any € €]0, 1] there exists some § > 0 such that

[r—id| <0=S,>(1—¢€ S and R,>(1-—¢) R.
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We apply Lemma 2101 to the functions

W)= (1—€) ' Opy = WP(id) = (1 —€)710O;
We(r) = (1—e)' Cry = WE(id) = (1 — €)'

with (71, m2) = (7,id) and the time horizon t = v. For any €; €]0, 1] there exists some parameter
91 = 0(e1,v) such that

|[m—id| <61 = Orp =€ Op and Cry =€ Cy.
We assume that for any € €]0, 1] there exists some § > 0 such that
[r—id| <d=S=>(1—-¢ S, and R=>(1—¢) R,.
We apply Lemma [Z10] to the functions
WP(m) = Ory and Wi(m) = Cry
with (71, m2) = (id, ) and the time horizon ¢ = v. From previous estimates we have
[mo —id| < 01 = W (m2) = €1 w? Id and W;(m) > € wt Id.

By Lemma 2.I0] for any €3 €]0, 1] we can choose § = d(€q, €2,v) such that

|[m—id| <6 = O, = €3 Oz, and Cp = € Crpy.
This shows that

[m—id| <6 = €1 Op < Or, ée;l 0O, and € C, < Cryp <62_1 Cy.

)

In the same vein we prove the estimates of the Gramians Oy ,,(C) and C ,,(O). This ends the proof
of the proposition. [

We are now in position to prove Theorem
Proof of Theorem
By Corollary 2.8 there exist some 6 > 0 such that for any 7 € B(J) we have the uniform estimate

sup sup [|Ex(¢ri+0(Q))l2 < x1(0) [[Ar — Al2 + [Rx — R[2 + [ Sz — S]2]
t=0 Qegj

for constant finite constant y1(d) whose values only depend on §. We have

@23) —  sup sup [¢re(Q)2 < x2(6) (1+[Q]2)

meB(3) 0<t<v

for some constant x2(d) whose values only depend on 4. Combining (L24) with (Z9) we have
[6nt(@) = ¢ @2 < [rE(x2(0) (1+Q[2)]*

x [2x2(0) (1 +1Ql2)[ Az — Alz + [ Rz — Rl2 + x2(0)* (1 + [Q]2)* Sz — S|l2]

x [6741/(1‘/711) . 674151/]/(41/)
+x1(0) k(1 (8)? [1Ax = All2 + | Be = Rl2 + |87 = Sla] [1 = e™¢=)] /(av).
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We also let x2(6, |Q2) capture terms like x2(8) (1 + ||Q|l2) and x2(8)? (1 + |Q|l2)?, etc. This ends
the proof of the first assertion.
To check the last assertion we simply let ¢ 1 co. More precisely, observe that

|Pr = Plz2 < |l¢nt(Pr) = ¢e(Pr)l2 + [6¢(Pr) = ¢1(P)2-
This implies, using (28] and the first assertion of this theorem, that

|Pr = Pla < #4(|Prll2, [Pll2) €7 | Pr = Plla

+[x1(0) + €™ xa (8, | Prll2)] [| Ax — All2 + [ Rz — Rl2 + [ Sz — S]2]

Letting ¢ — o0 we end the proof of the desired estimate. This ends the proof of the theorem. |

2.3 Projection-type models

We consider projection-type mappings in (L&) of the second type in (L9). Let m be some positive
map from M, into itself; that is 7(S;}) € S;". We first assume the matrices (4, R, S) satisfy

(m(A),7(A"),7(S),7(R)) = (A4,A", R, S)

and we let B < M, be a given matriz ring. Also assume that the pair (7, B) satisfies the following
orthogonality property:

(H), vQeM, VBeB a(B[Q-r(Q]+[Q-n(Q]B) =0.  (215)

In this situation, we have

m[(Q - B)(@ - B)]

[(Q = 7(@)(@ —7(Q))'] + =(BB)
[(Q - m(Q)(Q-7(Q)] = 0.

This shows that 7 can be interpreted as a w-orthogonal projection

(H); < =(Q) = argmin [(Q — B)(Q — BY].

BeB

T
= T

In addition, we have the Cauchy-Schwartz inequality

T[(Q-7(@)(Q-7(Q)] 20 = 7(QQ) = =(Q)7(Q").

Whenever B is closed by transposition we have

m(Q) =7(Q) = m(Q)m(Q) < 7(QQ").

The identity mapping 7 = i¢d and the set B = M, clearly satisfies the above properties.

The prototype of a non-trivial pair (B, 7) satisfying (H), are orthogonal projections = = projg
(w.r.t. the Frobenius norm) onto cellular (a.k.a. coherent) algebras; that is a sub-algebra of matrices
which are additionally closed under the Hadamard-Schur product and contains the identity elements
Id and J, where J stands for the matrix with all ones entries. Up to a unitary change of basis,
these projections can be reformulated in terms of block-diagonal matrices [I1]. By [19] page 57|, a
sub-algebra of S, is a Bose-Mesner algebra [I8] of some association scheme if and only if it contains
I and J, and it is closed under the Hadamard-Schur product. This shows that cellular sub-algebras
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of S, coincide with the Bose-Mesner algebras (of some association scheme). We refer to Section 3]
for a detailed discussion on these models.

The set B = M, ® ... ® M) © M, (with r = >, . 7[q]) of block-diagonal matrices
with null entries outside the blocks is also a matrix ring which is closed under the Hadamard-Schur
product w.r.t. any matrix in M,; but B is not a cellular algebra since J ¢ B. The orthogonal
projection from M. onto this B is given by

m(Q) :== LOQ with the block-diagonal matrix L := diag(Jy,...,Jp) = 0. (2.16)

In the above display, J; stands for the i-th block unit matrix w.r.t. the Hadamard-Schur product;
that is the (r[i] x r[i])-square matrix with all unit entries. It is readily checked that (B, ) satisfies
condition (H);. We refer to Section for a discussion on these models.

We let ¢f be the m-Riccati semigroup defined in Section 4l By (2.8) we have the domination
property

VQEeS,,  #7(Q) = ¢(Q). (2.17)

In contrast with the second order approximation models discussed in Section 2.2.1] these pro-
jection techniques don’t depend on some perturbation index that quantifies the distance between m
and the identity mapping.

When (7(A),7(S),7(R)) = (A, R, S) we can replace (A, R, S) by their projections (A, Rr, Sx).
In this case, ¢ is the Riccati semigroup associated with the drift function Ricc,(Q) defined
simply by Rice(Q) with (A, R, S) replaced by (Ax, Rx, Sr). The difference between ¢, ; and ¢; can
be analyzed as in Theorem It is not possible to ensure that ¢ ; is arbitrarily close to ¢; without
some continuity conditions.

Section 4.4 discusses a way to combine these projection-type models with the perturbation-type
models discussed in Section 2.2.1]

In the latter development of Section 2.3.T] we will provide exponential concentration inequalities
that ensure the m-projected Riccati flows converge exponentially fast to the solution of the (nominal,
Kalman-Bucy) Riccati equation, viz [47),[16], as the time horizon tends to o0, and as soon as condition
(H); is met. Speaking somehow loosely we shall show that

prom=¢;om and b >~ ¢

Definition 2.11. We let ¢ (Q) be the flow of the projected Riccati equation

drpp (Q) = 7 [Rice (7 (Q))]

The next theorem shows that the flows ¢ and ¢ coincide with the m-projection of the Riccati
flow 7 o ¢; as soon as we start from an initial state @ that satisfies 7(Q) = Q and (4, R, S) € B>.
It also provides an explicit description of the flow ¢ in terms of ¢; and 7 when (H), is satisfied.

Theorem 2.12. Assume (H); and recall Ricc™ defined in (I.8). For any time horizon t = 0 we
have the formula
moRiccom = Ricc™ om = Riccom = moRicc" o

as well as the semigroup commutation properties
TOGLOM =TOQY, O = Q] O = P OT = ¢y OT. (2.18)
In addition, we have the formula

2(Q) < ¢71(Q) = [drom] (Q) + Ex(m(Q))(Q — m(Q) Er(m(Q))"- (2.19)
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Proof. Recall that (A, A, R, S) € B. Since B is a matrix ring we have
m[An(Q) + m(Q)A" + R — m(Q)S7(Q)] = An(Q) + 7(Q)A" + R — 7(Q)S7(Q)

or equivalently
m o Riccom = Ricco.

Also observe that
Ric™(Q) = (A-m(@)S)Q +QA—r(Q)S) + R +(Q)57(Q)
= Rice(n(Q)) + (A —7(Q)S)(Q — 7(Q)) + (Q — m(Q))(A — 7(Q)S)
= [roRiccon](Q) + (A —-7(Q)S)Q —7(Q)) + (Q — 7(Q)(A - 7(Q)S)

and thus
Ricc™ om = moRiccom = mo Ricc” or.

Now, we also have

mhi=mom=m = om(¢f(Q)=df(Q) = 7(¥[(Q) = (Q) +7(Q)-Q.

This implies that
moglom =g or.

This yields
Oclpf om](Q) = di[mopfom](Q) = m([Riccogf om] (Q))
= 7 ([Riccomopfom](Q)) = [Riccomoy; on](Q)
= [Riccopf om] (Q)
and by the uniqueness of the solution of the Riccati equation we conclude that
YrOomM=¢0m = TMOGOM =TOQY; OM = ] OT = Py OT.

We also have

et o7 (Q) O [mogf om](Q) = m[Rice™ ([wo @y o] (Q))]

= Ricc™ ([moyf o7](Q)) = Ricc” ([¢f o7](Q))

which implies that
Gom=gfor.

This completes the proof of (2.I8]).

Now, we have

0 [¢97(Q) — d(7(Q))]
= Rice(m(¢7(Q))) — Rice(¢r (m(Q)))
+(A = d(m(Q))9)(07 (Q) — (97 (@) + (&7 (Q) — (9] (Q)))(A — ¢ (7(Q))S)’

= (A= ¢u(m(Q))9) (97 (Q) — m(¢7 (Q))) + (¢7(Q) — m(¢} (@) (A — ¢4 (7(Q))S)".
This implies that
97 (Q) — du(7(Q)) = Er(m(Q))(Q — 7(Q)) Ex(m(Q))".

The Lh.s. estimate in (2I9) is a consequence of the domination property (2I7). This ends the
proof of the theorem. |
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2.3.1 Exponential contraction inequalities
We continue with the projection-type models and (H)5 holding.
Theorem 2.13. For any Q1,Q2 € S and for any t = 0 we have

|67 (Q2) — d7(Q1)2 < Kgr(Q1,Q2) e [|7(Q2) —m(Q1)]2 + € |Q2 — Qul2]  (2.20)

some finite constant kgr(Q1,Q2) < 00 whose values only depend on (|Q1]2,[|Q2]2). This implies
the existence of an unique fized point P™ = ¢T(P™) with m(P™) = P. In addition, for any Q € S}
and for any t = 0 we have

I [6F (@] = ¢7 (@2 < £ (Q:7(Q)) " |7(Q) = Q- (2.21)
Proof. We have

¢ (Q) = ¢ (n(Q)) + E(r(Q)(Q — m(Q)) Ex(m(Q))
= &(m(Q)) + Ex(n(Q))(Q — m(Q)) Ex(n(Q))"-

This implies that

97 (Q1) — 07 (Q2) = ¢u(m(Q1)) — di(m(Q2))

+ [E(m(Q2))(m(Q2) — Q2) Ex(m(Q2))" — Ex(m(Q1))(m(Q1) — Q1) Ex(m(Q1))] -
Using (L24) we find that

[6¢(7(Q1)) = ¢e(m(Q2)) ]2 < kg (m(Q2), m(Q1)) e [(Q2) — 7(Q1)2-

To estimate the second term, we use the decomposition

Ey(m(Q2)) (7(Q2) — Q2) Ex(m(Q2)) — Ei(m(Q1)) (m(Q1) — Q1) Er(m(Q1))
= [E(m(Q2)) — Ex(m(Q1))] (7(Q2) — Q2) Ei(m(Q2))’
+E(m(Q1)) [{(7(Q2) — m(Q1)) — (Q2 — Q1)} Er(7(Q2))']

+E(m(Q1)) [(7(Q1) = Q1) [Er(n(Q2)) — Ex(w(Q1))]] -
Combining ([24]) with (L26]) we find that

1E:(m(Q2)) (m(Q2) — Q2) Ex(m(Q2)) — Ex(m(Q1)) (m(Q1) — Q1) Ei(m(Q1))[2
< kp(T(Q2), m(Q1)) e
x |7(Q2) — 7(Q1)]2 [KE(T(Q2))|7(Q2) — Q2l2 + ke (7 (Q1))|7(Q1) — Q1]2]

+ rp(Q1)rE(Q2) e [|7(Q2) = m(Q1)]2 +[Q2 — Quf2].
To prove ([2.2I)) we recall from Theorem that 7o ¢ = ¢F om. This implies that

I [oF (Q2)] — &7 (Q1)]2
< kg (Q1,m(Q2)) e [|7(Q2) — m(Q1)]2 + e 2" [7(Q2) — Qu2] -
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If we set @1 = Q2 we obtain ([Z2T]). This ends the proof of the theorem. n

Combining (220 with the fact that ¢ o = ¢, om and 7(P™) = P we readily prove the following
estimate.

Corollary 2.14. For any Q € S;' and for any t = 0 we have

[67(Q) — ¢1(m(Q))]2 < hipr (Q,7(Q)) e |Q = 7(Q)]2 = P"=P. (2.22)

In addition, we have

[67(Q) — ¢(Q)2 < ™" [£p(Q,7(Q)) + = (Q, 7(Q)) ™" |Q — 7(Q)2- (2.23)

The estimate (2.23)) is a direct consequence of (.25 and (222]). Replacing Q by P = P™ in
(222)) we obtain the following exponential decays to equilibrium.

Corollary 2.15. For any Q € S; and for any t = 0 we have the local Lipschitz estimate

[67(Q) = Pllz < #x(Q, P) ™" [|m(Q) = Pl2 + 7" |Q = P|2]. (2.24)

This yields the uniform estimate

[67(Q)ll2 := sup 67 (@)l < [ Pl2 + #or (@, P) [Im(Q) = Pla +[Q = Pl2].

Combining (T.26) with Corollary 2.15] we prove the following local Lipschitz contraction.
Corollary 2.16. For any 0 < s <t and any Q € S}t

|B1s(@5 (@) = Bys(P)l2 < kpa(Q, P) e [[m(Q) = Plz + 7 |Q — Pl2]

some finite constant kg (Q, P) < 00 whose values only depend respectively on (|P|2, |Q]2)-

3 Kalman-Bucy stochastic flows

3.1 Perturbation-type models
We consider the perturbation models discussed in Section We set
2 2 1/2
o3(@) == 22 ks p(@) [ v [IRl2 + ISl 6+ 16(@)152)%] /(1= 9]
with

rs.8(Q) = re(|Ql2) expx2(d, [Ql2)/(4v)] and [$(Q)[sz2 :=sup sup o7 (Q)]2 <

t=0 reB(J)

where x2(+,-) < o0 is introduced in Theorem and v > 0 and kg(-) < o0 are defined in (L.24]).

Recall the semigroup and stochastic flow notation defined in Section [[L4l The first lemma in
this section concerns the convergence of the perturbed Kalman-Bucy filter to the true underlying
signal process, both in a mean-square sense and in terms of actual sample paths.

25



Lemma 3.1. Assume (H), and (H), are satisﬁed For any € > 0 there exists some parameter
0 < & < € such that for any m € B(9), 0 < s<t, Q€ S} and any n =1 we have

1
B [[454(x, Q) — 05, o(Xo)3"|1X5] > < k5 p(Q) e =W)X — 2]y + v/n 05(Q).

In addition, the conditional probability of the following event

2
WE0.Q) = BaCX) o < rs(@) €24 X, —aly+ (@) 5 |5+ =+ v3)]

given the state variable Xy is greater than 1 — e %.

Proof. We have
d [Tﬂg,t(% Q) — Hs,t(Xs)] = [A - ( ;r,t(Q)) 5] [¢§,t($v Q) — es,t(Xs)] dt + dM;ft
In the above display, t € [s, 00[— MT; stands for the r-dimensional martingale
dMZ, == R2dW; + 7 (67,(Q)) C'Ry"* av;
with angle bracket
(M (). MI,)) o 2= R+ 7 (67,(Q)) S (674(Q))

This yields the formula

¢2—,t($7 Q) - es,t(XS) - tﬂ|—s( J t|s dMSﬂ:u

(Q) defined for any s < u <t by

with the exponential semigroup E7 s

(@ = e (f A= 7 (67.() 8 du).

u

We have the decomposition
A= (67,(Q) S = A= b5u(Q)S + [65u(Q) — 9T(Q) + ¢T.(Q) — 7 (61,(Q))] .

By (I24]) we have
HEt|s(Q1)”2 ’{E(”QIH ) 2’/(1‘/*3)‘

By Theorem [2.0] there exists some § > 0 such that for any = € B(9)

| (67 (@)] = 97 (Q)2 <6 = sup sup |7 [¢7(Q)] |2 <0+ [4(Q)]s.2-

t=0 reB(S)

In addition, we have

16:(Q) = 670 @2 < [x1(6) + €0~ xa(6,|Q12)| 7 ().
Applying Lemma [[.3] we find that

1E20s (@2 < #6,8(Q) exp[—{2v =0 —~(7) ke(|Ql2)x1(d)} (- s)].
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For any € > 0 we choose € > § > ¢’ > 0 and so that for any 7 € B(J’)

6 +7(m) wp(|Q2)x1(8) < 2ev = ||EL 1 (Q)]2 < #5.5(Q) exp[-2(1 = e)u(t —5)].
Following the proof of Lemma 5.3 in [16], for any n > 1 we have

- K Lt EL1s(Q) dMéfuII%")] :

t
<4’n rj |7+ 7 (67.,(Q)) ST (#5.,(Q)) 2 1E] 4,(@)]2 du

<8nr rsp(Q) |IR2 +Sl2 (6 +16(Q)

52| /(1 =) <n G3(Q).

The end of the proof of the first assertion is now easily completed. The proof of the exponential
concentration inequality follows the same line of argument as the proof of Theorem 5.2 in [16]. This
ends the proof of the lemma. |

The next three theorems concern convergence of the m-perturbed Kalman-Bucy filter/diffusion
to the true, optimal, Kalman-Bucy filter [16]. The first concerns the stochastic flow of the two filters
themselves, while the second two theorems concern the associated (conditional) distributions.

Theorem 3.2. Assume (H), and (H), are satisfied. In this situation, there exists some parameter
§ > 0 such that for any 0 <e <§, me€ B(e), 0<s<t, Qe S}, and any n = 1 we have

E 95, Q) — el QIE" | X,]% < e x(5,Q) [+ e (-9 X, — g,

for some finite constants x (9, Q) whose value only depends on the parameters (9, |Q|2).

Proof. We have
d [¢§,t($7 Q) - 1/Js7t (.Z', Q)]

={[A -7 (¢7,(Q)) S] — [A = 6:,4(Q)S]} ¥T,(2,Q)

—[A = 0s4(Q)S] [¥s(2, Q) = bTy(2,Q)] dt + [ (674(Q)) — 65,:(Q)] C'E7" dYy.
This implies that

d[ T4(2,Q) — Ysa(, Q)]
= [654(Q) — 7 (¢7,(Q))] S VT (%, Q) dt

+ [ (674(Q)) — ¢5:(Q)] C'E71 (Ces,t(XS)dHR;/?dm)

+ [A - ¢s,t(Q)S] [Tl)g,t(w7 Q) - ¢s,t($v Q)] dt
= [A - ¢8,t<Q)S] [ g,t(‘% Q) - 7/}87t(x7 Q)] dt
+ [¢s,t(Q) - ( g,t(Q))] S [¢§,t($v Q) - es,t(XS)] dt + dM;r,t
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with the r-dimensional martingale ¢ € [s,00[— M, defined by

dMT, = [7 (67,(Q)) — 6s4(Q)] C'Ry *av;.
This implies that

¢§,t ($7 Q) - ws,t (33‘, Q)

t t
= f Eu,t|s(Q) [¢S,U(Q) - (qbg,u(Q))] S [Tﬂg,u(iﬂ, Q) - es,u(Xs)] d’LL + f Eu,t\s(Q) dM;tu
Arguing as in the proof of Lemma B.] there exists some 0 < € < ¢ such that for any = € B(e)

Im [6F (Q)] — ¢7 (Q)l|2 < €
and

[66,u(Q) = OTu(@)2 < € |xa(6) + e x5 (5,[Ql2) |
By the generalized Minkoswki iequality, we have

H j E, t|s ¢s u ) -7 (ngr,u(Q))] S [¢2,u(x7 Q) - HS,U(XS)] duHQ S € ’{E(Q) ”SH2

t
x J [e*(t*“)”(l +x1(8)) + e =9 1o (5, HQH2)] 1950 (2, Q) — Os,u(X5)l2 du.

This implies that

{H f us(Q) [60u(@) — 7 (6T0(@)] 8 [0 a2 Q) — bun(X3)] duH%"\Xsr"

t
<enn(@ I8l [ [ ) e xals Q)]

1
E [[07 (2, Q) — Oun(X0)[3" | X]7* du.
By Lemma B3] we have

L

E[f Eu5(Q) [65u(Q) = 7 (65,(Q)] S [V]u(@, Q) = Osu(Xs)] dul" | Xs} B

t
< enp@ ISk [ [ @) + e a6 al)]

x [ op(Q) e 217 X — gy 4 v/ 05(Q)| du.
This yields the estimate

[n f Euo(Q) [60n(@) — 7 (6T0(@)] 8 [¢7u(x.Q) — b0(X.)] dud" |X]_”
< exp(Q) ISl {va [}a6,Q) + ¢ %,(5,Q)|

1K =y e O [y (5.Q) + e ,6.Q)] |
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with
X1(0,Q) :=05(Q) (1 +x1(6))/v and X5(6,Q) := 05(Q)x2(6, |Q]2)

and

X, (0,Q) = ks p(Q) (1+x1(6))/(1 = d)v) and  x,(6,Q) := rs.6(Q)x2(5, [Qll2)/(2(1 = §)v).

Following the proof of Lemma 5.3 in [16], for any n > 1 we have

t -
E [(f Euys(Q) dM;qu%")]

<4’n Tf [[#5.u(Q) = 7 (65,,(@))] 8 [65.u(Q) = 7 (65u(@))] 12 [ Eupys(Q)]l2 du

<8 nrrpQ)S|)r = & 7(Q)

with
62(Q) =8rnkg(Q)|S|2/v.
This yields

1 E 97,2, Q) — va(w, Q)]
< V(@) +xp(Q) ISz {vr [X1(6.Q) + e %,5(5,Q)]
X —alo TPy (0,Q) + e, (0,Q)]
<y [7(Q) + k(@) ISl2 [X1(6,Q) + e 279" %,(6,Q)]] +

4+ o~ (1=ow(t=s) 1X, — | [Kl (6,Q) + e 3(t—s)v X2(6’ Q)] .

This ends the proof of the theorem. |

Theorem 3.3. Assume (H), and (H), are satisfied. In this situation, for any s +v < t, and any
Q €S we have

Ent (U;T’t(ﬂf, Q) | ns,t($7 Q))

<

(@5(C) +1/=2) [Hw;it(:c,cz) ~ @ Q)+ 5 V7 16:(@) ’;A@)H :

N =

Proof. The Boltzmann relative entropy of 07 ,(z, Q) w.r.t. ns(z, Q) is given by the formula

Ent (n3,(2, Q) | 1s(x, Q)) = —% [t (7= 65.1(Q) 1 67(Q)) + logdet (67(Q)¢s4(Q) )]

4y (T, Q) — 65, @) 654(Q) ™ (W, Q) — (. Q)
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By Corollary 28] for any ¢ > s + v we have

Ent (nf(w, Q) | ns4(2,Q)) = —% [tr (7= 65,1(Q) ™1 67(Q)) + logdet (¢7(Q)¢s4(Q) )]

T2 (@90) + 1/m2) 8Ty, Q) — hon(z, Q).

N =

In addition, there exists some ¢ > 0 s.t. for any 7 € B(J)

11 = 654(@) 7 0Tu(@Q)2 = (654(Q) — 974(Q))05,t(Q) "2
1

< (@30 +1/m2) [hs4(Q) — ¢54(Q)]2 < DN

This implies that

Bt (17,2, Q) | 7042 Q)) = 51 (600(Q) ™ [614(@) ~ 604(@)] )

+3 (@200 +1/52) |05 Q) = s QU + § VF 1624Q) = Q2

DO =

The last assertion is a consequence of the following lemma applied to A = I — ¢57t(Q)*1¢§,t(Q).

Lemma 3.4. For any (r x r)-matriz A we have

1
|41z < 5= = llogdet (I = 4) < 5 V7 4l
Proof. For any n > 1 we have

jtr(A")] < Al < V7" Al
Using the well-known trace formulae

logdet(I — A) = tr(log (I — A)) Z n~! tr(A™)

n=1

we conclude that
[logdet(I — A)] < —log (1 —+/r |A2).

The last assertion comes from the inequality

1 wu? 1 wu
< —log(l—u) < = =u(l+ 2 < 3u/2
0 og (1 —u) Ut s T, u( +21—u> 3u/

which is valid for any u € [0,1/2[. This ends the proof of the lemma.

To take the final step in the proof of the theorem we note that ¢7,(Q) = ¢,+(Q) implies
tr (¢s,6(Q) ' [#54(Q) — 054(Q)] ) < (@(C) + 1/w) tr ([¢74(Q) — ¢s4(Q)])
< WV (@2(0) +1/me) [8541(Q) — ¢s,4(Q) 2

This ends the proof of the theorem.

30



Theorem 3.5. Assume (H), and (H), are satisfied. For any Q € S}, and fort > s + v we have
the almost sure Wasserstein estimate

Wy [174(2, Q) s (2, Q)]
< T (2, Q) — s p(2, Q)3 + tr [¢7,(Q) — ¢54(Q)]
+r [ @4 (0) + L@ | [@2(C) + /w° | 47 ,(Q) — ¢s,4(Q) 2.

In addition, for any n =1 and any t = s + v we have

Won [ns,t<x17 Ql)a ngt(‘r% Q2)]
< H¢s,t($7 Q) - ng,t(x, Q)H

™m

T (@50 + /=) fs(@r, Q1) — 67 (22, Q)2 €/ .

Proof. The ILo-Wasserstein distance between the Gaussian distributions n7,(z, @), and ns((z, Q) is
given by

W [17 (2, Q), 154 (2, Q)]

— [T, Q) = oa (2, QU + tr | 6,4(Q) + 674(Q) — 2 [061(Q) V267, (Q)00r(@) V2] .

A proof of this formula can be found in [37, 63]. We assume that

/
(600267, Qn@"2] 2 0

is the principal square root of the positive definite matrix ¢s,t(Q)1/ 2¢§,t(Q)¢s,t(Q)1/ 2>0. Also
observe that

T1(Q) = 651(Q) = 04(Q)V?¢T (Q)bs 1 (Q)V? $s4(Q)?
A

min(¢s,t(Q))2 Id
> (@9(C)+ /=) " Id

as soon as t = s + v. The last estimate is a consequence of Theorem 2,41
Observe that

/
0:4(Q) + 074(Q) — 2 [0:4(@) 0,416 @?] = 67,Q) — 604(@) = 0.

This implies that
™ ™ 2
W2 [ns,t (337 Q)a 775,t (337 Q)]

VWV

Vv

= [ Q) — e, QI + tr [074(Q) — 6,4(Q)]
2 11 [[00(Q)26,4(@)6,4(@)V2] " = [004(Q)267,(@)00(@) V2] 7]
< [T Q) = usle, QI + r [074(Q) — 654(Q)]

1/2

+2 7 | [65.(Q) Y205 1(Q)05.1(Q)2] = [05.(Q) 27 (Q) b5, (@)2] 7 |1

31



Using (LI2) we have

H [¢s,t(Q)1/2¢s,t(Q)¢s,t (Q)1/2]

1/2 1/2

2
<2 (@2(C) + 1/@°) 5,4 (@)* [#7.1(Q) — 65(Q)] D5.1(Q) 2|2

— [35,4(Q)267 ,(Q)ps 1 (Q)V/?]

<2 [@2(0) + /@ ] 654(@)"2[5 [654(Q) — ¢5.4(Q)2-
By Corollary 2.8 we conclude that

1/2 1/2

H [¢s,t(Q)1/2¢s,t(Q)¢s,t(Q)l/z] - [¢s,t(Q)1/2¢7sT,t(Q)¢s,t(Q)l/z] H2

<2[ @ (0) + 1@ | [@(C) + L/@“ | 67,(Q) — ¢s,4(Q)]l2-

This ends the proof of the first assertion.
Observe that

Dyt (,Q) "2 s (2, Q) + 15 (2, Q)2 Z
and

Pr(2,Q) " YT (2, Q) + ¢, (2, Q)2 Z

where Z stands for an r-dimensional Gaussian random variable with unit covariance matrix, and
br—s(x,Q)"/? stands for the principal square root of ¢;_(z, Q). Combining (LI2) with Theorem 2.4
for any n > 1 and any ¢t > s + v we have

Wan s, (21, Q1),nE 4 (22, Q2) ]
< ”¢s,t(x7 Q) - ¢2—,t($7 Q)”

™m

5 (@30 + 1w )2 |1, Q1) — 67, (w2, Qo)2 €2 5.

To check the last assertion, we use Stirling approximation to prove that
L 1
" 1 r [ (2n)!]" 3
2n 2nn - 1+—n
E[ 2 Zk”] < E E[Zi"] _2[—71! < 2rne o,
1<k<r 1<k<r

This ends the proof of the theorem. [

3.2 Projection-type models

We consider the projection models discussed in Section 2.3l The semigroup commutation properties

[21I8]) already imply that
VI, m(Q)) = Yse(2,m(Q))  and Uy y(z,7(Q)) = Py (2, 7(Q))-

Since (P) = P = Py = ©(P;) we the steady state Kalman-Bucy diffusions coincide; that is we
have that

wgr,t(xvpﬁ) = %,t(%P) and E:,t(xap) = Es,t<x7p)‘
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By Theorem we have
dyi(z, Q)

[A =7 (67Q) 5] ¥Tu(@. Q) dt + 7 (6T,(Q)) C'=" aY;

am(¢54(Q)) = Rice(m(¢F,(Q)))-
This implies that
VI, Q) = Yu(z,m(Q)) and Yy y(x, Q) = by y(z,7(Q)).
Thus, we have the decompositions
w;r,t(x7 Q) - ws,t(x7 Q) = ¢s,t($7 W(Q)) - T;Z)s,t(x7 Q)
and B B B B
Ver(2,Q) = Uy (2,Q) = Uy (2,7(Q)) = ¥y (2, Q).

These formulae show that the convergence analysis of both ¥ (7, Q) — ¥ +(x, Q) and E;t(w, Q) —

E&t(x, @) to 0, as the time horizon (¢t — s) 1 o0, reduces exactly to the stability properties of the
Kalman-Bucy diffusion discussed in the article [16]. We point to this detailed study [16] for the
exact Kalman-Bucy convergence results.

4 Some applications

4.1 Variance inflation models
We let II := {7, : € € [0,1]} be the set of mappings
1(Q)=Q+eT — T,(Q)=éeTST

indexed by € € [0,1] and a given reference matrix 7 > 0. In this situation, the d-balls around the
identity mapping are given for any § < 1 by the compact sets

B(0||T2) = {me : € €]0,6]} < II.
Conditions (H), and (H), are clearly met with

By = &T8T B, =0 By, = 0 =
R, = R+&TST A, = A S, = S = Z.(Q) = ETST.

To check (H), we observe that
R7V2R.R7YV2 — Id = R V*TSTR™'/?

— R Y?R,R7V2< (14 ¢ |R7VATSTR™Y?|) Id

— R< R, <R(1+&|RV2TSTR?|) Id = (H),.
In this situation Theorem yields the following corollary.

Corollary 4.1. There exists some ¢ € [0,1] such that for any € € [0,0] and for any time horizon
t >0 and any Q € S;" we have

[67(Q) = ¢:(Q)]2 < € [x1(6) + ™™ x2(8, |Qll2)]

for some finite constant x1(9), resp. x2(9, |@Q|), whose values only depend on the parameter §, resp.
on (6,|Q|). In addition, for any € € [0,d] we have

| Pre = P2 < € x1(9).
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4.2 Block-diagonal localization

Assume the covariance matrices associated with the Kalman filter in (I2]) satisfy the property,
3:>0 : Vt=0 |i—j|>t= P(i,5)=0.

In words, the coordinates of the signal have been arranged so that the t-long (or longer) range
interactions between the state coordinates are null. The above condition is met if and only if the
matrices P; are block-diagonal. Since the state variables are Gaussian, this property is equivalent to
the fact that the state block components are block-two-by-two marginally independent. In this case,
the signal-observation process (X, Y:) = (X¢[k], Yi[k])1<k<n defined in (L)) can be decomposed
into n-independent (r[k] x r’[k])-dimensional filtering problems (X;[k], Y;[k]) of the form

dXi[k] = A[k] Xi[k] dt + RY2[k] dW;[k]
{ dYi[k] = C[k] X;[k] dt + SY2[k] dVi[k] with 1<Fk<n.

with 7 = >}, <i<n T[7]- In this elementary case, the resulting Kalman-Bucy filter and the associated
Riccati equation collapse to n independent evolution equations. In this case, the drift and the
sensor matrices (A, C'), as well as the covariance matrices (R, Y) and P, are block-diagonal matrices
of appropriate dimensions.

Now observe that the sample covariance matrices p(i, j) are generally non-null, even if P,(i,j) =
0. To mask these noisy entries, we use a localization mapping given in (2.I6]). It is readily checked
that the mapping 7 satisfies the orthogonality condition (H), discussed in (2.I3]) with the cellular
algebra B = M,[;1® ... ® M,[,). With a little extra work, we can also check that

n' < L<r* Id=n"" Q<w(Q) <r* Diag(Q(1,1),...,Q(r,r))

with 7* 1= vicp<nr (k).

The central idea behind these mask-regularisations is to transform a given sample covariance
matrix p into some covariance matrix with the same sparsity pattern as the limiting covariance P; or
in practice, to mask spurious ‘long-range’ correlations that are (almost) null in the true covariance.
This idea is relevant in numerous applications of the EnKF in which state-space interaction and signal
observations are mostly local, and a kind-of ‘decay-of-correlation’ effect is present; see [44] [40], 67].

One difficulty is ensuring the mask-matrix L is positive definite so that the projection L®p is a
positive map. In the block-diagonal model discussed above this property is clearly satisfied. In more
general situations, several strategies can be underlined. The first one is to design mask-matrices as
linear combinations L = Z?:l l; zi z} of unit rank vectors z;, with I; > 0.

4.3 Bose-Mesner projections

We introduce the Bose-Mesner algebra and relevant projections and applications here. For a more
thorough discussion on Bose-Mesner algebras and their application in statistical and quantum
physics, combinatorics, coding, graph theory, and statistical covariance analysis (more particularly in
experimental designs) we refer to the seminal article of Bose-Mesner [18], the ones of Nelder [61] 62],
the more recent articles [30], 22] [38], as well as the books [19, [10].

4.3.1 Association schemes

We set T = {1,...,r} the index set of the coordinates of the signal. Let P = Ug<q<nPy be an
n-partition of the product set Z2 such that
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e The associated classes P, are symmetric for any 0 < ¢ < n, and Py := {(4,7) : i€ L}.

e For any 0 < q1,¢2 < n, there exists some integer wg, 4, (the parameters of the scheme; a.k.a.
parameters of the first kind or the structural constants) such that
VOo<g<n VY(i,j)eP; wi ,=Cadlkel : (i,k) e Py (k,j) € Pgy} -

These association schemes can be interpreted as a partition of the edges/arcs of a complete
graph (with vertex set Z) into n classes, often thought of as color classes. In this representation,
there is a loop at each vertex and all the loops receive the same 0-th color. The number of triangles
with a fixed arc-base with color ¢ and the other two arcs with colors q; and g2 is a number wg, 4,
that doesn’t depend on the choice of the arc-base. Each vertex ¢ is contained in exactly v, arcs
with color g. The number v, is called the valency of the relation induced by P,. The parameters
Wy g = Wiy g are called the parameters of the scheme (a.k.a. parameters of the first kind or the
structural constants).

For each 1 < ¢ < n we let B, be the adjacency matrix; that is

By(k,1) = lwpep, = By(l,k) = Bo=1Id and )| By=J.

0<g<n

We also have
By Bg, = BBy = Y, wl . By and ByJ = JB; =, J.
0<g<n
This shows that B, has exactly v, non-zero entries in every row and every column. Since for any
q1 = g2 we have

(Bth © qu)(kvl) = 1(k,l)e73q1 NPyy = 0= Bq1 © qu = 1q1:qz Bth

the set B is also closed w.r.t. the Hadamard product and contains I, J. Thus, the set

B:= { D1 by Byt b= (bgo<g<n © R”H}

is an associative commutative algebra called the Bose-Mesner algebra of the association scheme.
Notice that B is also a matrix x-algebra (i.e. closed by matrix multiplication, the transposition,
addition and the scalar multiplication). These special cases of finite dimensional C*-algebra are
unitarily equivalent to block-diagonal matrices. By a theorem of Von Neumann we also mention
that the orthogonal projection on any matrix *-algebra is a positive map.

An illustration when n = 2 and r = 6 is provided by

and BQZJ—[B0+Bl].

O OO == O
OO O = O =
[ eNeBell S
-0 OO O O
_ o = O OO
O = = O OO

In this case we have B% =2Id+ B; = 2By + By and B1By =0 = By B;j.
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4.3.2 Minimal orthogonal projections

The commuting matrices B, are simultaneously diagonalizable, B has a basis of minimal orthogonal
idempotents D;; that is, we have that

Dy Dy, = 141=:Dg,  and Z Dy = Id.

0<q<r

Without any loss of generality we can choose Dy = r~'.J. The matrices D, are called the minimal
idempotents of the algebra B. In addition, the column vectors D; ; ..., D;, of D; are the eigenvectors
of any matrix in B. The eigenvector spaces D; = Span(D; ; ..., D;,) are mutually orthogonal and
every vector u € R” can be expressed uniquely as u = ), q<n Wi with u; € D; (notice that Dy is the
1-dimensional space of constant vectors). Also notice that the dimension of D; equals to the rank
of D;, which is equal to the trace of D; (since all non-zero eigenvalues of D; are equal to 1).

In particular, we have

_ <B¢I7 Dk>F
(Dk, Diyr
where A\ (B,) stands for the k-th eigenvalue of B,. Further details on these simultaneous diagonal-

ization can be found in [I1].
The orthogonal projection of a matrix @ on B is given by the formulae

oy @By < @Dy,
m(Q) = projg(Q) : Og;n (Bg, Byyr * ngq:gn (Dg; Dgyr "

To check condition (H); we observe that

D, = X\(By)

_ <Q7 DQ>F

D¢, Dy, = 1g=g,Dgy = projB(Dq Q) = (Dy, Door
g g

Dy = Dy projs(Q)-

This yields
VBeB  projs(B[Q —projs(Q)]) = 0.
For any matrix M we have
(MM',Dyyp = tr(DgMM') = tr(M'D;M) = tr((DgM) (DgM)) = 0.
This implies that

<Q7DQ>F

vQ eSS/ (@ Dgpr >0 and  projg(Q) = Z (Dq, Dg)r

0<g<n

D, >0.

This shows that the orthogonal projection is a positive map from the algebra of square matrices
into itself. In addition, it is trace-preserving and unital in the sense that

tr(projs(Q)) = tr(Q)  and projz(Id) = Id.

Last, but not least, using the decomposition

1L
Q = projp(Q) + [@ —projp(Q)] = [Q —projs(Q)|r < [Q[r < tx(Q) (4.1)
as soon as @ € S;7. Working a little harder, we check that

| 1 t(Q)2 1"
n+1 /\Osantr<Dq) tr(Q2):| .

1Q — projs@llr < Qs [1—
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4.3.3 Distance regular graphs

Another prototype of Bose-Mesner algebra are distance regular graphs. Given a connected graph
G = (V, &) with vertex set V and arc/edges set £, we let p(7, j) be the path-length distance between
two vertices 1,7 € V. Let

S(i,q) ={jeV : p(i,j) = q}
be the sphere of radius ¢. The graph G is distance regular if and only if we have

Card (S(i,q1) N S(j, g2)) = wrI)

91,92

for some parameters wg, 4,. In words, for every two vertices (i, j) at distance g there are precisely
we, ¢, vertices in the graph at distance ¢ from i and go from j.
In these settings, the matrices

(Bg)(i,7) = 1p3i,5)=q with 0 < ¢ <diam(G) := sup p(i,))
(i,4)eV?

are called the distance matrices (By = Id, By the adjacency matrix, and so on). In this situation,
the association scheme is given by the partition

VO <k <d:=diam(G) P ={(i,j) € Z* : p(i,5) = k}.
In addition we have wg;l =0 for any ¢ =0, and g2 = {1 — 1,q1,q1 + 1}. If we set

ey 4
by := Wy_q 4 and ¢4 := Wi

then we have
BBy = cq—1 Bg—1 + (a1 — by — ¢q) By + bg+1Bg+1

and

Ble = Cd—lefl + (al — bd) Bd.
This shows that the adjacency matrix B; generates B (i.e. the matrices B, can be written as
polynomials of degree ¢ in By), so that the eigenvalues (Ax(B1)),<p<q of B1 are mutually distinct.
4.3.4 Riccati solvers

A given matrix () belongs to B if and only if it is constant within each block. To check this claim,
we observe that

1 <Q7Bq>F
Q =projp(Q) < V0<qg<n QOB;=-""Y—B
° "~ By Byr "
— Y0<qg<n Y(i,j)eP, Z Qri = wgq Qi
(k,D)ePq

— Yo<qg<n VY(i,j), (@ j)eP, Qij= Qi

In other words, the matrix is constant within each block. When r = »/, then (7(A), 7(S),n(R)) =
(A, R, S) is satisfied as soon as (A, R,C,X~1) € B.
We further assume that (A, R, S) € B and we set

A= Z aq Dy R := Z rq Dy and S := Z sq Dy.

0<g<n 0<g<n 0<g<n
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Let Py = m(Py) = Xocyen @(0) Dy be some covariance matrix in B. By Theorem 212 we have

Pi=m(P)= ), ag(t) Dy

0<g<n
In addition, we have
P, = ), dwoy(t) Dy = Rice(P) = Arm(R) —x(P)A + R—7(P)S7(P)
0<g<n
= Z [2aq aq(t) + 74 — aq(t)® sq] Dy

0<g<n

This implies that
Orag(t) = 2aq ag(t) +rq — ag(t)? sq
qg = 0,...,n.

When s, = 0 = r, this collection of Riccati equations take the form

Orag(t) = —sq (q(t) = 21(q)) (eg(t) — 22(q))

_ 2 2
Qg 4/aq+sqrq aq+4/aq+sqrq

z1(q) = . <0< 2(q) = .
q q

with the couple of roots

The solutions of the above equations are given by the formulae:

(22(q) — 21(q)) e~ 2t/ a5 +sara
(22(q) — aq(0)) e~ 2/ agFsary (g (0) — 21(q))

—t—w 0.

ag(t) =z = (ag(0) — 2(q))

4.4 Stein-Shrinkage models

Stein-Shrinkage models are an extension of the variation inflation model to parameters € = €(Q)

and target-type matrices T = T(Q) that both may depend on the matrix @. These models are

defined by the formula
T(Q) =€e(Q) T(Q) + (1 -¢€(Q)) Q

for some function @ — €(Q) € [0, 1] and some mapping T from S; into itself. It is not within scope
of this article to review all the relevant covariance matrix estimators encountered in the statistics
literature fitting this general model. We will just illustrate this model with three important and

currently used approximations:

e Mask matriz estimates are associated with mappings T defined by T(Q) := L ® Q with a

matrix L of the form
Lij=1j_jj«. = Q—-LOQ=1_jj5, Qij- (4.2)
o Maximum likelihood type estimates are associated with mappings T defined by

T(Q) := argmax (log det(q) + tr(q_lQ) +al|LO QH)

qeSt

for some a > 0, some mask matrix L [I5] 23 48| [49], and some matrix norm |.| on S;.
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o Nystrém estimates are associated with mappings T defined by

T(Q) = (J —Lp:) OQ + Lpe © [Qpe.p Q7' Qp pe] (4.3)

where {1,...,r} = P u P° stands for a partition of the index coordinate set and Lpe stands
for the mask matrix defined by

Lpe(i, j) = 1pexpe(i, j)-

At the level of the sample covariance matrices pg, the matrix T'(pg) is obtained by taking the
sample covariance matrix associated with projection 7y,((;) of the state particle vectors

G &(1) —mo(1) ... &'(1)—mo(1)
= | =& moe s & —mo] = : : :
G &(r) —mo(r) ... &'(r)—mo(r)
onto the vector space Vp of RV spanned by the random vectors
& (ki) — mo(k:)
Vi =y, = : eRY  with P = {ki,...,ks} and s := Card(P) < r.
&' (ki) —mo(ki)

More precisely, if we set

(Tva)'
N T(po) = : (VG- - TvG]
(V6
(TG, Ty - (TC, v
= (W)W =T = :
(TG Ty oo TG TG

then we have that
E(T(po)) = T(Po) + % Lpe ® [Qpe — Qpep Qp' Qppe]. (4.4)

The proof of this bias property and related variance estimates can be found in [9]. For the
convenience of the reader a proof of the last assertion is provided in the Appendix.

For mask type mappings of the form (4.2), condition (H), is satisfied by first letting

(Bo, B1, B2) = (0,0,0) = T(Q) =R(Q) :==€(Q)’ (LOQ-Q)S(LOQ - Q).

To ensure the uniform estimate supg g+ [R(Q)[2 < o0 holds we use Gershgorin’s theorem to show
that

IQ-LOQI: < L(Q) == sup > [Qiyl.

SIST iz
>

This yields
IR@)2 < (@) IS]2 F(Q) = R(Q) < R(Q) Id with R(Q) = ¢*(Q) |S2 F(Q)-
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When [,(Q) is too large, the quadratic perturbation may have some destabilizing effects. To avoid
these issues we assume that €(Q) is chosen so that

(@) =ea 1 gt = RQ) <wId with w= [S]2 (e1/e2)’
for some € € [0,1], and some threshold e; > 0. In this case, condition (H), is also met with
Re =Rt (/e |S|2 1d  Ar=A and S;=8=E:(Q) = (a1/e2)” |52 Id.
Arguing as in the end of Section 1] we have
RV2R.R7V2 — Id = (e1/e2)?|S|]2 R7!

— RV2RRV2< (1+ (e1/e2)? ||S|2 |R7Y]) Id

— R<Ry <R (1+(a/e)? |82 |R7Y]) Id = (H),

Now we can consider the set

II={me, e, : (e1,€2) € ([0,1] x [5,67'])}

for some given parameter ¢ and the just described mappings 7, , given by
Tae(@ =Q+al g1 [LOQ-Q] = |1 —idls < a/e.
The associated d-balls around the identity mapping are given in this case by the compact sets
B(9) = {Te, en : €1/€2 <0}

for any § < 1.
More generally, the Stein-Shrinkage models discussed above can be extended without further
work to general mappings of the following form

Tey,e2 Q) =Q+a 1lT(Q)<Egl T(Q) — Q]
where T' stands for some mapping from S into itself such that

IT(Q) — Ql2 < Ir(Q)

for some mapping Q € S — I7(Q) € [0,00[. Further examples of such mappings include the Bose-
Mesner projections T'(Q)) = projg(Q) discussed in Section 3] and which can be seen to fit this
model via the trace operator in (4.1]).

In this general setting, Theorem yields the following corollary.

Corollary 4.2. There exists some p € [0,1] such that for any (e1,e2) € ([0,1] x [6,671]) with
€1 < p €, for any Q € S} and any time horizon t > 0 we have

l6 2 (Q) = ¢1(@Q)l2 < (er/e2)® [xa(p) + e xalp, [Q2)]

for some finite constant x1(p), resp. x2(p, |@Q|), whose values only depend on the parameter §, resp.
on (p,|Q|). In addition, for any e; < p €2 we have

| Pr,, ., — Plla < (e1/€2)* x1(p).

This section illustrates how our first class of perturbation-type model captures most projection-
type mappings; and consequently those results relevant to perturbation-type mappings are applica-
ble to projection-type models (but not vice-versa).
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4.5 Mean repulsion models

The preceding subsections were concerned with perturbation and projecting mappings 7 that di-
rectly fell within the class of models defined by (L9). We also illustrated how the first class of
perturbation-type model captures most projection-type mappings considered in ([L.9).

In this subsection we illustrate that our main result (viz. Theorem 2.6l and (H),) on the robust-
ness and boundedness of perturbed Riccati semigroups, captures a larger class of perturbation-type
models than those simply defined by the condition (H), and (LI4]). Of course, Theorem also
applies under the more constrained condition (H), as a special case, and (H), is still of specific
interest in, e.g., the variance inflation and Stein-Shrinkage-type models discussed in the preceding
subsections. However, (H), is not satisfied by the perturbation scheme considered in this subsection.
Nevertheless, (H), is satisfied, and thus Theorem still applies.

As their name indicates, mean repulsion models are defined by adding an extra repulsion term
around the sample averages in the nonlinear diffusion (I4]). Consider the nonlinear diffusion

X, [A X, dt — Ty(P)(X: — Xo) ] dt + RY? dW,
I Yoo m [dY; - (c (Yt +To(X, — Xt)> dt + D172 th)]

[A— PSIX, — [Ti(P) + PSTy] (X — Xy) dt
+ RY2 dW, + PC'S! [dYt _ oyl th]

where T} : S;F — M, stands for some mapping and T some given matrix.

A key feature of this class of mean repulsion models is that their Fj-conditional projections
coincide with the Kalman-Bucy filter, only their conditional covariance matrices are altered.

To describe the Riccati equation associated with this class of nonlinear diffusions we observe
that

AX;— X)) = (A-PS—[Tv(P) + PSTh] ) (X — Xy) dt + RY? dW, — P.C'R;2dV,.
Thus, the covariance evolution equation is given by the Riccati equation

P = [A-PS(Id+Ts)—Ti(P)] P+ P [A—PSId+Ty) —Ti(P)] + R+ PSP,

= AP + PtA/ + R— PSP, — P.STh,P, — (T1 (Pt)Pt + P (Pt)/) — PT)SP,.

For instance, choosing

Tl(Q) = elQS and T2 = EQId
for some (€1, €2) such that (e; + e2) > —1/2 we find that
P, = AP, + PA +R— PSP with S, :=(142(e1 + €2))S.

We let ¢+ be the Riccati semigroup associated with the above equation, with € = (€1, e2) € I =
[0,1]%2. Theorem 2.6 yields the following corollary.

Corollary 4.3. There exists some 0 € [0, 1] such that for any € = (€1, €2) € [0,6]% and for any time
horizon t = 0 and any Q € S} we have

[6et(Q) = 21(Q)l2 < 2(ex + €2) [x1(8) + e x2(6,]Q)2)]
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for some finite constant x1(0), resp. x2(6, |Q|), whose values only depend on the parameter o, resp.
on (0,]Q]). In addition, if Pe = ¢er(Pe) is the fixed point of ¢+, then for any € € [0,5] we have

HPE — PHQ < 2(61 + 62) Xl((s).

Appendix
Proof of formula ([L.8))

Let ¢F, be the semigroup of equation (L8). Also let X be the time non-homogeneous diffusion
given by the equation

dX; = AX[dt + RYV? dW;+7 (67,(Q)) C'S™! [dYt - (cX’;dt + 32 th)]
= [A—7(85,(Q)S] X7 dt +m(¢5,(Q)) C'S71 dY; +dMT
with the r-valued martingale
dM = RY? dW, — 7 (¢5,(Q)) C'Ry * dV,

with covariation matrix

0 (M™ (k), M™ (1)) = [R + 7 (¢5,4(Q)) S (654(Q))] (k. 1).
We have

X; - exp (jﬁ [A— 7 (¢5.,(Q) §] ds> x;
0

0

# [ ew (§ [A—7 (67.,(@) 5] du) 7 (67.,(Q) C'z 71y,

0

* j t xXp (; [A -7 (65.(Q)) 5] du) dMT.

s

This implies that the conditional expectations X7 = E(X, | ;) are given by the formula
t
X’Z’zexp (§ — 7 (¢5.:(Q)) 5] ds) )Z'g
0

+ f t exp (fﬁ [A— 7 (67.,(Q)) 5] du) ™ (654(Q)) C'S71dY,.
0 S

Equivalently, we have
dX7 = A X7 dt +7(65,(Q)) 'S [dYt - cX*gfdt]
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from which we prove that
a|X7 - X7 | = [A- 7 (65(@) 8] |X7 = X7| at + any.
This implies that the covariation matrices
~7 v | | T Sl ~7 v | |7 sl
Qr = E([Xt - Xr| %7 - %7 \ﬂ) —E<[Xt 2 dllbe —Xt]>
don’t depend on the observation process, and they satisfy the equation
Q7 = [A =7 (654(Q)) S]QF + QF [A =7 (65.,(Q)) S| + R+ 7 (65.(Q)) S7 (65.,(Q)) -
Recalling that ¢f ,(Q) is the Riccati semigroup of the equation (L8) we have
00 (QF = #54(Q)) = [A = (65,(Q)) S] (QF — ¢54(Q)) + (QF — ¢54(Q)) [A — 7 (¢54(Q)) 5]
We conclude that
W=0 = Q=6§,(Q =Py = 7(Q)=7(s7,(Q)

where nf = Law (X, | ;). This ends the proof of (L8). See also [36, page 242| (among numerous
other sources) for the related covariance flow of a Kalman filter with an arbitrary gain matrix.

!/

Proof of Lemma 2,10
Condition (ZI3)) implies that

Amin We(m2)) = @ o(1) = Amin (Wt(m)l/2>> (1)
— Aaw (Wilm2) ™) <13 i(m2)

from which we conclude that

[Wilma) 25 < @ a(ma) " (4.5)
We also have
t
EI3) — Wim) > Wilm,m) — fus(m)vs(@) U (1) ds. (4.6)
0

Observe that
asVVs(7T17 71-2) = Z/[s(ﬂ'ly 71-2) [asws(ﬂ'2)] Z/[s(ﬂ-ly 71-2)/

with the flow of matrices
Us (1, m9) = Us(m1) L{s(m)_l = Uy(m,7) = Id.
We set

U2 = sup [Us(m)|2 <00 and |V|3:= sup [Vs(m)]2 < 00.
(s,m)e([0,t] xIT) (s,m)e([0,t] xIT)

In this notation, using the fact that

sup [0, Ws(m2) 2 <t U3 [V2
s€[0,t]
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we find that

sup, [0Ws (1, m2) — OsWs(ma)ll2 < v |lm —maf ¢ [U]l2 [V]2[2+ cu [m1 — mal ¢ U] [V]2]
s€|0,t

from which we conclude that
[Ws(1,m2) = Wa(ma)l2 < e [m — ol 8 [Ulla [V2 [2+ cu |71 = mal 2 U2 [V]2] . (47)
The inequality in (4.6]) implies that
Wi(m)™h < Wilm) 2 [Wt(wz)l/z Wt(m,m)_th(m)l/z] W(ma) ™2
= Wil ™ W) Wil m) Wt(wg)*lﬂ]_l Wi(ma) =12,
On the other hand we have

[Wilma) /2 Wi, m2) Wilma) 2]

= [1d = Wi(m) ™2 {Wi(ma) = Walmr, ma)} Wil /2]
This yields the estimate
Wim) 2 Wi(m) ™ Wilm) 2 < 3 [ Wilma) 2 () = Wil ma)} Wlma) ™2
n=0
Combining (@3] with ([@7), for any € > 0 there exists some §(¢,€,m2) > 0 such that
|my = mall < 6(te) = [Wilma)™? Wilmz) = Wi(mr, m2)} Wilma) ™2 < 1 e

This ends the proof of the lemma. [

Proof of the bias estimate (4.4))

Observe that if Z ~ N(0, Q) is Gaussian, then the conditional distribution of Zpe = (Z)gepe given
Zp = (Zk)kep is again a centred Gaussian with covariance matrix

Tp(Q) = Qpe — Qpe,p Qp Qppe

where @5, stands for the Moore-Penrose pseudo-inverse of Qp. The matrix T»(Q) can be seen as
the Schur complement of @p in (. This shows that

Q—-T(Q)=Lp: OTp(Q).

In this notation we have

(&5 —mo)’
¢¢ = [&—mo,....& —mo] : = Z (& —mo) (& — mo)’
(& —mo)’ ISisN
G €1,¢) o LGy
= | |G- ¢] = :
Cr <Cry<1> <Crv<r>
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We let g be the matrix

V*l/
V*s/
Alsolet g~ = (gi’j)lgid'gs be the pseudo-inverse of g. The orthogonal projection of a vector (; with
l ¢ P is given by
‘/"1/
proju(G) = D ( D ¢V Vi = Vi VilgT | 6= TG
1<i<s 1<j<s ‘/s/
[ TG (TCG, Gy - (TG, e
N T(p()) = [(%Q)/, B (%Cl)/] =
| %(r <TCra%<1> <7;/CT77;/<7“>
[ <C17 %C1> R <C17 %CT>
- : = C(Twe)"-
| <<7‘7 %C1> s <C?“7 %<T>

Given V, the N random vectors C%c = (Cli)kW’ e R"™° with 1 < ¢ < N are independent random
vectors in RV with mean

E (Cpe|V) = Qpep@p' ¢p with  (p i= ((f)kep € R®
and covariance matrix
E ([¢he —E (V)] [¢he = E (ch:D)] V) = Qpe — Qpe pQ5' Q. pe.

This implies that for any k,l ¢ P we have

E(G o) = Y E(G TG )
1<ij<N
= Y E([G-EGM)] B [d-E(GV)] m)
1<ij<N

+ Y E(GIY) T E(Iv)

1<i,j<N

= tr(Ty) (Qpe — QpepQp' Qp pe)(k,1)

£ Y (@pepQp' ) () Tolid) (Qrep@z' Gh) ().

I<i,j<N
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On the other hand, we have

Sicijen (@ Q5 Gb) (K) To(i.d) (Qperp@p' ) (1)
= Sser (QrepQ3') (ki) Liciyon |G TG0) G| (QperQp") (L0)

= Zu,vep (QPC,PQ’/;l) (kvu) <CU7 ,ﬁ) Cv> (Q’PC,PQ’/;l) (lyv)
= Zu,ve’P (QPC,PQ’/_Jl) (k:,u) <Cua Cv> (QPC,PQ;Dl) (lav)'

Taking the expectation we find that

E (e, V@) = s (Qpe — QpepQp Qppe)(k,1)

+N Y (QpepQp!) (kou) Qp(u,v) (QpepQp") (1,v)

u,vEP
= 5 (Qpc — QpepQp Qppe)(k,1) + N [Qpe pQp Qp pe| (k,1)
{s Qpe + (N = 3) [QpepQp'Qp.pe]} (kD).

This shows that

@3) = E(T(p)) = (J—Lpe) ?Q )
+Lpe © (N Qpe + <1 - N) [QPC,PQ%lQP,PcD
= T(R)++ Lpe© Tr(Q).
This ends the proof of (4.4]). [
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