“© 2019 IEEE. Personal use of this material is permitted. Permission from IEEE must be
obtained for all other uses, in any current or future media, including reprinting/republishing
this material for advertising or promotional purposes, creating new collective works, for
resale or redistribution to servers or lists, or reuse of any copyrighted component of this
work in other works.”



2018 24th Asia-Pacific Conference on Communications (APCC)

Effective Capacity Analysis of Multiuser
Ultra-Dense Networks with Cell DTx

Qing Li*, Yu Chen*, Qimei Cui*, Yu Gu* and Guogiang Maof

*National Engineering Laboratory for Mobile Network Technologies, Beijing University of Posts and Telecommunications
Email: {yu.chen, cuiqimei, liging1994} @bupt.edu.cn
School of Computing and Communications, University of Technology Sydney
Email: g.mao@ieee.org

Abstract—Cell discontinuous transmission (Cell DTx) im-
proves network performance because it help mitigate inter-cell
interference. However, the relationship between this technology
and network performance has been little studied. The aim of
this work is to understand the impact of Cell DTx on users’
quality of service (QoS) performance of multiuser ultra-dense
networks (UDNs). We extend the traditional one-dimensional
effective capacity model and develop a new multidimensional
framework for UDNs with Cell DTx, which can be applied to
different scheduling policies. Under the round-robin and the
max-C/I scheduling examples, computer simulation shows that
the analytical and simulation results are in good agreement and
thus validate the accuracy of our proposed framework.

I. INTRODUCTION

The cell densification is a key feature in 5G ultra-dense
networks (UDNSs) to enhance network throughput [1]. When
base stations (BSs) are densely deployed and operating in the
same frequency spectrum [2], severe inter-cell interference
(ICD) is caused and a common technique to reduce ICI is
the use of the cell discontinuous transmission (Cell DTx)
technology. Moreover, 5G systems allow multiple users to
share a channel and are required to support quality-of-service
guarantees for different services. Therefore, it is important
to understand the stochastic behavior of QoS performance of
multiuser UDNs with Cell DTx.

A number of work has studied Cell DTx in improving the
physical-layer spectral efficiency [3], [4] and energy efficiency
performance [5], [6]. Polignano et al. [7] studied the impact of
Cell DTx on the link-layer QoS performance of Voice over IP
traffic under dynamic and semi persistent packet scheduling
strategies by simulations. In order to mathematically analyze
the QoS performance, such as queue length distribution and
delay-violation probability, some work adopts a cross-layer
effective capacity model [8]-[10]. Under full-buffer scenarios,
Weyres et al. [11] analyzed the effective capacity in mul-
tiuser networks under the round-robin (RR) and the max-C/I
scheduling policies. Cui et al. [12] calculated the maximum
sustainable data rate of a link in UDNs under QoS constraints.
Gu et al. [13] considered the burstiness of traffic in UDNs
and derived the effective capacity in single-user scenarios.
However, Cell DTx and multiuser scenarios are not jointly
considered in those work.
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The aim of this work is to quantitatively analyze the effec-
tive capacity and QoS performance with Cell DTx in multiuser
UDN:Ss. In particular, we continue Gu’s work and develop a
new analysis framework to approximate QoS performance of
UDNs with Cell DTx, which could be applied to multiuser
scenarios under the RR and the max-C/I scheduling policies.

The rest of this paper is organized as follows: Section II
describes the multiuser UDNs model. Preliminaries on the
effective capacity model is given in Section III. In Section IV,
we develop a multidimensional effective capacity framework
to analyze the QoS performance of UDNs with Cell DTx. In
Section V, we apply the proposed framework to derive the
approximation of the effective capacity of multiuser scenarios
under the RR and the max-C/I scheduling policies. In Section
VI, we build a simulation platform to validate the accuracy of
our proposed framework. Section VII summarizes our work.

II. SYSTEM MODEL
A. System Architecture

A system model example of a multiuser UDN is shown in
Fig. 1. The network consists of several SBSs, each serves
multiple user equipments (UEs) in a shared channel. The
interference experienced by a UE is assumed to be caused
by the most adjacent SBS [11] , so the network can be
simplified to a two-SBS model. The set of SBSs is denoted
by N = {1,2}; the set of UEs in SBS n (n € N) is denoted
by J. = {1,2,---,J,}, where J, is the total number of
associated UEs.

Each UE is assigned an infinite-sized buffer in its associated
SBS. SBSs apply a specific scheduling policy to allocate the
shared time resource among multiple UEs.

All the SBSs use Cell DTx, i.e., each SBS has two modes,
namely an idle mode and an active mode [14]. If the buffer
of the scheduled UE is empty and there is no data arrival at
this slot, then the SBS switches to the idle mode; otherwise, it
stays in the active mode for the target UE’s data transmission.
Fig. 2 illustrates the transition between these modes.

B. Inter-Cell Interference Modeling

We assume that the wireless channels experience block
Rayleigh fading and channel conditions of UEs in SBS
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Fig. 1: An example of the system model consisting three SBSs
and corresponding UEs. SBS 3 is active to transmit the data
while SBS 1 and SBS 2 are in the idle mode.

n are mutually independent. Let’s consider UEs’ signal-to-
interference-plus-noise ratio (SINR) distribution in SBS n
(n € N). Let M denote the set of active SBSs at a given
slot. The average received power of UEs in SBS n is assumed
to be equal and is denoted by P?; the average interference
power received by UEs in SBS n from another active SBS
i (i € M\n) is assumed to be equal and is denoted by P/.
Therefore, UEs in SBS n have the same SINR distribution.
The received SINR of UE j in SBS n can be written as

PJ|H, 4

> PI|H,;|?+ NoB
teEM\n

Tng = (J € Tn), D

where Ny is the noise spectral density, B is the channel
bandwidth, H; ; is the Rayleigh fading coefficient and |H; ;|2
is the channel gain exponentially distributed with unit mean.
02 = NyB is the power of the additive white Gaussian noise.

The service S, ;[k] (k =1,2,3---) is the amount of bits
that SBS n can transmit to UE j at slot k. The service
sequence Sy, j[1], Sy ;[2]--- are independent and identically
distributed (i.i.d.) random variables (RVs) identical to a RV
Sp,j. According to Shannon’s theorem, S, ; is a function of
the bandwidth B, the duration of a slot T and the SINR -, ;:

Sn,j = BTlogy(1 + yn j)- 2

Because UEs in SBS n have the same SINR distribution and
(2) holds, their service Sy, 1, Sp,2, - - 55, follow an identical
distribution.

C. Traffic Model

We make the following assumptions for UEs’ traffic char-
acters in SBS n (n € N) [15]:

1) The arrivals of UE j (j € J,) in SBS n,

A, (1], An j[2], ... areiid. RVsidentical to aRV A, ;;

2) The arrivals of UEs in SBS n confirm to a same

Bernoulli process with a data arrival probability p,,,

(pn € (0,1]);

22

Buffer is empty
and no data arrives

No data Buffer is
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Fig. 2: Transition between two modes of a SBS with Cell
DTx.

Data arrives

3) The arrival data lengths of UEs in SBS n follow the
same exponential distribution with a mean value L,,.

Based on the above assumptions, the arrivals of UEs in SBS

n, Ap1,45 2, -+, A, j, are iid. RVs identical to a RV A,,.
The probability distribution function (PDF) of A,, is
fa(a) = [Pz " (@>0) 3)
" 1—pn (a =0)

lin,; 1s the average arrival rate of UE j in SBS n. Based on
(3), tn, 150,25 - s lin, g, €qual a single value fi,:

III. PRELIMINARIES: ONE-DIMENSIONAL EFFECTIVE
CAPACITY MODEL

In the context of the traditional one-dimensional effective
capacity model, the arrival and service rates of UE j in SBS

n (n € N) can be characterized by their effective bandwidth
(b)

o, i (un,;) and effective capacity agf)j(unj) [15]:
Aa, . (un )
(d) . _ An,j \Un,j
Qpj (U”ﬂd) un,st
1 Pn
= lo +1- n> (5
un,st & (1 - un,jLn P
As, . (—un;)
(¢) o Sn,j 7,7 .
an,j (umj) - un,st ) (.] S jﬂ) (6)

where wu,; is the QoS exponent, Ay, ; (u, ;) and
As, ; (—un,;) are the log-moment generating functions of
A, j and S, ;, respectively. Let C), ; denote the service rate
of UE j in SBS n. By adopting the work by Soret et. al. [16],
(6) can be approximated by a simplified form:

Var(Cy, ;)T

a(c) (un,j) ~ E[CH,J] — B : - Un,j, (7)

n,j

where E[-] is an expectation operator and Var(-) is a variance

operator. If there is a unique QoS exponent uy, ; > 0 that
satisfies
() (4 _ (&)«
a”aj (un7.j) - an,j (un}j) ) (8)
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then the complementary cumulative distribution function
(CCDF) of the quene length @, ; can be approximated by
[16]

P(Qnj > Bnj) ~py e mat, ©
where P(-) is the probability of an event, B, ; is a queue
length bound, p;* is the nonempty buffer probability of the
queue. According to the work [17]:

1l —ut L

Py n,jLmn- (10)

Denote D,, ; as the steady-state delay experienced by a flow
of UE j in SBS n. According to the work [15], D, ; is a RV
and its CCDF can be approximated as

* ()

n,5%n,j (u:,]‘)tn,j

6

il
* )
n,jLn

(1)

P(Dyj > tn;) =pple™

(

where t,, ; is a delay bound.

1—u* . L

n,j—n

1-— u;*L,jLn + pru

~
~

IV. MULTIDIMENSIONAL EFFECTIVE CAPACITY
FRAMEWORK FOR UDNS WITH CELL DTX

In order to analyze the impact of Cell DTx on QoS
performance, we extend the traditional one-dimensional ef-
fective capacity model and develop a new multidimensional
framework for UDNs with Cell DTx. We first studied the
SBS idle probability in IV-A, then derive the multidimensional
effective capacity and analyze the QoS performance in IV-B.

A. Analysis of the SBS Idle Probability

As discussed in Section II-B and II-C, the arrival and
service of UEs in SBS n (n € N) are both identically
distributed, it can be implied from (5) - (8) that the unique QoS
exponents of UEs in SBS n, u;,l,u;z,- . ’“;,Jn are equal to

uk:

*

u uy (5 € Tn). (12)

mg =
Based on (10) and (12), the nonempty buffer probability of
the queues in SBS n, p?’l,pg’z; . ,pZ"]” are equal to pj':

Py’ = vy (5 € Tn) (13)

The idle probability of SBS n is denoted by P,. It is
equivalent to 1) the probability that the scheduled queue is
empty meanwhile 2) no data arrives at the queue [15]. As
these two events are mutually independent, P,, can be written
as a product of the empty buffer probability 1 — p; and non-
arrival probability 1 — p,,:

P, =(1—=py)(1 —pn) = upLy(1 —pp). (14)
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B. Multidimensional Effective Capacity Approximation

As discussed in Section II-A, the network has two SBSs:
SBS 1 and SBS 2. We firstly choose SBS 1 as the target SBS.
According to discussion made in Section II-B and IV-A, the
SINR distribution of UE j (5 € J1) in SBS 1 is a function
of the idle probability of SBS 2, which is P,. From (2), (7)
and (13), we find that the effective capacity of UE j in SBS
1 is a function of both QoS exponents: u; and us. Applying
the similar steps, we could also draw the conclusion that the
effective capacity of UE r (r € J») in SBS 2 is also a function
of both uy and us. Therefore, the key of analyzing the QoS
performance is to find the unique QoS exponents uj,us > 0
that satisfy the following equations:

o) (u*)

{ s ()

a?,r

where u* = [uf, u3] is a unique QoS exponent vector. Eq.
(15) can be solved by numerical methods, such as Newton’s
method. Moreover, it is discussed in the work [17] that the
unique QoS exponent w; should always be less than 1/L,,.
Therefore, an algorithm combining Newton’s method and the
bisection method is developed and expressed in pseudocode
as follows:

15)

Algorithm 1 A combined algorithm to solve (15)

[

1 1

1: Given Lq, Lo, initialize u(® = ], the upper

2Ly 2L,
bound UB = [L%’L%] and the tolerance & (e.g., £ =
10-5)

2: Determine f,(u) = agi(u) - agbb)J(un) flu) =
[f1(u), f2(u)] and calculate Jacobian matrix f(a) =
[daz = Jin,m = {1,2}

3: repegt

s 40 = u () u)

5. for n={1,2} do

6: if t+1[n] < 0 then

7: Eq. (36) has no solution

8: else

9: if t(*V[n] > UB[n] then

10: u D [p] = %““)[n]

11: else

12: ult[n] = t0+D[p]

13: end if

14: end if

15:  end for

16: until |f,(u)] < &,V n={1,2}

V. EXAMPLES: EFFECTIVE CAPACITY OF MULTIUSER
UDNSs wITH CELL DTX

In this section, we use the multidimensional effective
capacity framework in Section IV-B to analyze the QoS
performance of multiuser UDNs with Cell DTX. We first
approximate the effective capacity of single-user scenarios in
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V-A and then consider multiuser scenarios under the RR and
the max-C/I scheduling policies in V-A and B, respectively.

A. Effective Capacity of Single-User Scenarios

We choose SBS 1 as the target SBS for the rest of the
discussion. The SINR of the single UE in SBS 1 may have
two cases:

Case I: SBS 2 is in a idle mode and causes no interference
to the UE in SBS 1 with probability P> ~ u3L2(1—ps). From
(1), the UE’s received SINR is

PP|Hy 4|2

1
) 2

| = (16)

(
N .
Because |Hy 1|2 is exponentially distributed with unit mean,

the PDF of the SINR is given by

2 o2y

PP (17)

o

= —ce
S
Py

L @)
Case II: SBS 2 is in a active mode with probability 1— P ~
1 —u3La(1 — p3). From (1), the UE’s received SINR is
@ _ _ PPlHi,f (18)
T B[y + o2
Therefore, the PDF of the SINR is given by [13]

fo0)= ( o

v

PP Py -5
e .
(PF + Pfv)’
By combing these two cases, the PDF of the UE’s received
SINR is a function of u3:

19
1,1 PIS —|—P21’y ( )

o2

s (ug) = <P2pls L (- Py

o2

"\ PS+ Ply

(20)

The cumulative distribution function (CDF) of the SINR is an

integral of (20):

F 1—(P+(1-P Py 5

) = 1= (P (1= Pt )

(21)

Denote C1 1(uz) as the instantaneous service rate of the UE.
The mean of Cy 1(u3) is the ergodic capacity:

+oo
E[C11(u2)] = Blogy (1 +7) fr,, (v, u2)dy
0
+o0 02
= Blog,(1+7) (PQPS + (1- )
0 1
2 PSPI o2y
° S 7 T + L 2 D) e Pig d'y
PP+ Py (PF + Ply)
(22)
The variance of C1 1(ug) is
Var(CLl(ug)) = E[Cl’lz(UQ)] - E[Cl,l(u2)}2~ (23)

B. Effective Capacity Under the RR Scheduling

Under the RR schduling, UEs are served in turns. Define
the received SINR of UE j in SBS l atslot k (k=1,2,3---)
under the RR scheduling 71 ;rr[k] as follows:

_ _ | m k] kmod Jy =
’Yl,];RR[k‘] - { 0 k mod J1 7&]

Denote C j.rr(us2) as the service rate of UE j in SBS 1
under the RR scheduling. Because SINR values are nonzero
at certain slots (the j*" slots for every .J; slots), we make the
following proposition:

Proposition 5.1: The mean and the variance of Cy ;.rr (u2)
are

(jed). @4

1
E[C1 jrr(u2)] = A E[C1,1(u2)] (25)
1 Jp—1 2
Var(C1,jrr(uz2)) = 7 Vaf(cl,l(uz)H? E[Cy1(ug)]”.
1
(26)

For a proof of Proposition 5.1, see Appendix A. By substi-
tuting E[C), ;] and Var(C), ;) in (7) with (25) and (26), the
effective capacity of UE j in SBS 1 under the RR scheduling
can be approximated by

c 1
ag);;RR(uhuz) ~ 71 E[Ol,l(u2)]
B 2
(J% Var(Ch 1 (uz)) + J}I LE[C11(u2)] ) T

- uy.

? 27)

C. Effective Capacity Under the Max-C/I Scheduling

Under the max-C/I scheduling, UE with the instantaneously
highest SINR is served [18]. The received SINR of UE j in
SBS 1 atslot k (k=1,2,3---) 71 jmax[k| is defined as [19]:

_ ) orglkl mlk] > -k
,Jimax k - S \7 5
" gimax K] { 0 vk <1,k Gen)
(28)
where v1 _; [k] = max 7y, [k] is the highest instan-
meJr, m#j

taneous SINR among UEs in SBS 1 except UE j. Because
v1,—;]k] are i.i.d. RVs identical to a RV v1 _;, 71 jmax[k] are
iid. RVs identical to a RV 7; jimax. Denote Ci jimax(u2)
as the service rate of UE j in SBS 1 under the max-C/I
scheduling, which has the following properties:

Proposition 5.2: The mean and the
Cl,j;max(UZ) are

variance  of

400
E[Ch s (12)] = / Blogy(1 + )
0

PS a2y Sl

0,2 PSPI _ o2y
P bl e i) D
T+ Py (PS4 Ply)

(29)

Var(c’l,j;max(UQ)) = E[Cl,j;maXQ(UZ)] - E[Ol,j;max(UZ)]2~
(30)

: <P2;§+(1—P2><
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Fig. 3: The queue length distribution P(Q) > B) and the delay-violation probability P(D > t) of UE j in SBS 1 under the

RR and the max-C/I scheduling policies.

For a proof of Proposition 5.2, see Appendix B. By fol-
lowing the similar procedure in the analysis under the RR
scheduling, the effective capacity of UE j in SBS 1 under the

TABLE I: Simulation Parameters

Parameter ‘ Value

C/1 seheduli b imated Bandwidth, B | 180kHz
max- scheduling can be approximated as Noise spectral density, No | -174dBm/Hz
(c) Var(CLj;max(ug))TS Duration of a slot, Ts | lms
Qy w1, us) ~ E[C] ;. ug)|— Uuy.
1737"“”‘( Ly 2) [ 1’]’max( 2)} 2 (31; Number of associated UEs, J,, | J1 =3; Jo =2

By repeating the procedure from (24) to (31), the approxi-
mations of the effective capacity of UE r in SBS 2 (r € J2)
under the RR and the max-C/I scheduling are aéfZ;RR(ul, u2)
and aéfz;max(ul, us), respectively.

Both Cell DTx and scheduling policies have no effect on
the arrival process. Based on (5), the effective bandwidth of
UEs in SBS 1 and SBS 2 are

(b) _ j41 B
O jirR/max (1) = o log(y = -+ 1 =) (32)
(b) _ P2 B
a27T;RR/max(u2) - us T log(l — g Lo +1 p2)' (33)

We formulate the following nonlinear equations to find the
unique QoS exponent vector u* under the RR or the max-C/I
scheduling policies:

fi(u) = ol (u)

_ (b)
= @1 j:RR/max
f2 (u) = agi)“;RR/max(u)

— @1 J.RR/max
_ a(b) w
2,7 RR/max\ "2

(u1)

)

(34)

which could be solved by the algorithm summarized in Section
IV-B.

VI. RESULTS AND DISCUSSIONS

A simulation platform is built based on a two-SBS system
model described in Section II-A. In our settings, SBS 1 serves
three UEs while SBS 2 serves two UEs. The bandwidth B is
180 kHz that equals an LTE resource block; the duration of
a slot 7T, is 1ms, which is a transmission time interval in
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Mean value of the arrival data
length, L,

Data arrival probability, pn,,

L1=2000; L2= 1000

p1 =p2=0.1
P = Py =-101.44 dBm

Average received signal
power, P;?

Pl =-120.44 dBm; P{ =
-119.44 dBm

10000 seconds

Average interference power, PiI

Simulation time

LTE networks. The noise spectral density Ny is set to -174
dBm/Hz. The average arrival rate of UEs in two SBSs are 200
Kbps (medium-quality video call) and 100 Kbps (typical voice
call), respectively. The average value of UEs’ SINR without
the interference from the other SBS is 20 dB. Table I lists all
the simulation parameters used in our work.

Fig. 3(a) and Fig. 3(b) show simulation and analytical
results of the queue length distribution P(Q) > B) and the
delay-violation probability P(D > t) of UEs in SBS 1 under
the RR and the max-C/I scheduling policies, respectively.
The unique QoS exponent vector u* is numerically found by
Algorithm 1 and the analytical results are calculated by (9)
and (11). As illustrated in Fig. 3, the simulation and analytical
results overlap with each other under both scheduling poli-
cies, indicating that our proposed framework can accurately
approximate the effective capacity and QoS performance of
multiuser UDNs with Cell DTx.

The effective capacity region of UEs in SBS 1 under both
the RR and the max-C/I scheduling policies is shown in Fig.
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Fig. 4: The effective capacity region of UE j in SBS 1 with
P(D > t) = 0.1 under the RR and the max-C/I scheduling
policies

4. The X-axis is the mean value of the arrival data length L;
and the Y-axis is the corresponding delay bound ¢ with the
delay violation constraint P(D > t) = 0.1. With the same
value of L, a smaller delay bound ¢ represent better QoS
performance. From Fig. 4, we find that when L; > 1250 bits
(high traffic load), the QoS performance under the max-C/I
scheduling is much better than that of the RR. The reason
is that when the traffic load is high, the QoS exponent u}
approaches to zero. Therefore, from (7), the effective capacity
is dominated by the mean of the service rate. Because a larger
multiuser diversity is gained under the max-C/I scheduling,
the service rate is much higher and the QoS performance is
much better. However, when L; < 1250 bits (low traffic load),
the QoS exponent u} approaches to 1/L; and the variance of
the service rate dominates the effective capacity. Since the
service rate at a certain time slot shows a higher randomness,
the variance of the service rate is much higher and QoS
performance is worse under the max-C/I scheduling than that
of the RR. This regions shed important insights to understand
the trade-off between the capacity and QoS performance of
multiuser UDNs with Cell DTx.

VII. CONCLUSION

Cell DTx is a key technology to mitigates inter-cell inter-
ference. This study has taken a step in understanding the QoS
performance improvement with Cell DTx. In this paper, we
propose a multidimensional effective capacity framework and
develop to approximate QoS performance of UDNs with Cell
DTx. We further give an example of using the framework
to analyze multiuser scenarios under the round-robin and the
max-C/I scheduling policies. Under both scheduling policies,
the simulation and analytical results overlap with each other,
validating the accuracy of our proposed framework. Our work
reveals complex interactions among traffic, scheduling policy
and QoS performance, which could be used to optimize net-
work operations such as power control and resource allocation.
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APPENDIX A
PROOF OF PROPOSITION 5.1

According to (2) and (24), only the service rates at the 4th
slots for every J; slots are nonzero. Therefore, the mean of
C1jRR i

1 N
E[C1jmr(uz)] = lim — > Crjmm (us)[K]
k=1 (35)

1
——F

7, [C11(u2)].

According to the definition, the variance of C1 ;.rr(u2) is

Var(Ch,j;rr(u2))

N
= lim ; (C1,jirr (u2)[k] — E[C1 jirr (u2)])?
J—1)N
. uE[Cl,j;P»R(M)]Q
= A}Hn — J1 ,
—o0
+) " (Chjmr(u2)[z] — E[Ch jirr (u2)])
(36)
where
2= j+mdy,m=0,1,2,- (37)

Denote CL]‘;RR(UQ)[.T] — E[CLl(UZ)] = ACLJ‘;RR(UQ)[JJ].
Because

N/Jy
im Z:O ACH jrR(uz)[z] =0, (38)
1 N/Jy 1
i ;) (ACH jimr (us)[a])” = 7, Var (Cra(us))?,

(39)
then the variance of C jrr(u2) is

Ji—1 (E[C 2
Var(C1 j.rr(uz2)) = 1J < [ 1:]1(u2)]>
1 1
N/Jy Jl _1 2
+ dim mZ:O (Acl,j;RR(Uz)[ff] = E[Cl,l(u2)])
J—1 2 1
= TE[CLI(’UQ)] + IV&I(CLl(Ug))
J— 1)
+ % E [C1,1(U2)}2
J1
1 Ji—1
= J— Var(C’Ll(uQ)) + ! 3 E [0171(u2)]2.
1 Jl

(40)
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APPENDIX B
PROOF OF PROPOSITION 5.2

The PDF of 71 j.max can be found in the work [19]:

f'Yl.j;max (7?“‘2) = P (Fylyj < ’yl,—j) 5(7)
+ Fvl,—j (% u2)f“/1,j (77 u2);

where §(vy) is the Dirac delta function, f,, ; is the PDF of
SINR of UE j in SBS 1 in single-user scenarios. F, _. is
the CDF of 7, _;. Based on the assumption that the channel
conditions of UEs in the same SBS are mutually independent,
F. can be derived according to order statistic [20]:

(41)

Y1,—j
FWL—J‘ (v u2) = H F’Yl,'m (7, u2)
meJ1, m#j
s )
=(1-((1=-P)=L-—r +P)e 7
<( 2)P15+P217+ 2>€

By substituting f,, ;(v,uz2) and F,, _ (v,u2) in (41) with
(20) and (42), the PDF of 71 j.max can be written as

f'yl,j;max(’y7u2) =P (717j < ’71’*j) 6(7)

5 N\ Ji—1
1-((1-P)—————+P P
+ <( 2)P§+P2I’y+ 2>6 1
o2 o2 psSpl _ o2y
PQF—F(l—PQ) PS+PI Sl 2[ 5 Pls
1 1 27 (PP +Py)
(43)
The mean of Ci j.max(u2) is
W [T
E[Cld;max(UQ)} = / BIOgQ(l +7)f"/1,j;max(’77u2)d’y
0
@ [*
= Blogy(1+7)P (71,5 < 71,-5) 6(7)dy
0
+oo
+ / BIOg2(1 + IY)F'YI,—J’ (’Y, u2)f"/1,j (’77 u2)d7
0
® [T
= / B IOgQ(l + V)F'Yl,fj (ry’ u2)f"/1,j (7a uQ)d’Y
0
@ [T
2 [ Blogy(1+7)
0
1—((1-Py) Py + P 5 o
— e 1
YPF+Ply
0.2 0.2 PSPI _iéy
P— + (1 - P)( L2 )e 27 dy.
Py PP+ Py (P + Ply)
(44)

The 3™ equality in (44) follows due to the integral property
of the Dirac delta function, i.e., the result of f0+oc Blog,(1+
V)P (71,5 < 71,—;) (7)dy equals zero by substituting v =
0 into Blogy(l + )P (v,; <71,—;). The variance of
Cl,j;max(UZ) is

Var(Cl,j;max(UQ)) = E[Cl,j;maXQ(UZ)] - E[Cl,j;max(UZ)]2~
(45)
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