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 

Abstract—The derivation of the equivalent circuit for a 

single-sided linear induction motor (SLIM) is not 

straightforward, particularly if it includes longitudinal end 

effects from the cut-open primary magnetic path, transversal edge 

effects from the differing widths between the primary lamination 

and secondary sheet, and half filled primary slots. This paper 

proposes an improved series equivalent circuit for this machine. 

The longitudinal end effects are estimated using three different 

impedances representing the normal, forwards and backwards 

flux density waves in the air-gap, whose two boundary conditions 

are deduced by introducing the conception of magnetic barrier 

surface. The transversal edge effects are accounted by correction 

coefficient 
tK  and an air-gap flux density correction coefficient 

bK . Using the series circuit, the performance of the SLIM was 

assessed in a similar manner to a rotating induction machine. A 4 

kW SLIM prototype was tested which validated the simulation 

technique. 

 

Index Terms—Equivalent circuit, linear metro, longitudinal 

end effects, single-sided linear induction motor (SLIM), 

transversal edge effects. 

 

NOMENCLATURE 

σ Conductivity of secondary sheet  

ω     Angular frequency of power supply 

τ e     Half-wave length of end-effect wave 

α1    Length of entry-end-effect wave penetration coefficient  

α2    Length of exit -end-effect wave penetration coefficient  

ε0     Primary phase inducted electromotive force 

τ  Pole pitch  

by        y-axis magnetic flux density 

g     Equivalent air-gap length 

gm Mechanical air gap length 

lw    Width of primary lamination 

m Phase number 

q       Number of coil sides per phase per pole 

s Per-unit slip 

vs Motor synchronous speed 

w1     Number of turns per phase for primary winding 
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B0     Amplitude for magnetic flux density of normal wave 

B1    Amplitude for magnetic flux density of entry-end-effect wave 

B2     Amplitude for magnetic flux density of exit-end-effect wave 

E0     Primary induced electromotive force per phase by normal electric 

field intensity 

E1   Primary induced electromotive force per phase by entry-end electric 

field intensity 

E2  Primary induced electromotive force per phase by exit -end electric 

field intensity 

Fe0  Fundamental-wave thrust  

FΩ    Fundamental-wave mechanical thrust  

Fe1  Entrance-wave thrust  

Fe2   Exit-wave thrust  

G    Goodness factor 

J1     Equivalent primary current sheet  

Lp      Primary  length 

Kp    Half-filled slot correct coefficient  

Kw1  Winding coefficient of primary winding 

P  Number of factual primary pole pairs  

Pe  Number of equivalent primary pole pairs  

Pm1  Electromagnetic power by entrance flux density wave 

Pm2  Electromagnetic power by exit -end flux density wave 

Xm   Phase magnetizing reactance 

Zm   Primary Phase magnetizing impedance 

ZL   Total equivalent longitudinal end-effect impedance  

ZLc  Correct longitudinal end-effect impedance  

Zmc   Correct fundamental impedance 

Zt    Total circuit impedance 

I. INTRODUCTION 

INGLE-sided linear induction motors (SLIMs) are derived 

from rotating induction motors (RIMs). The SLIM’s primary 

side can be simply regarded as a rotary induction motor (RIM) 

stator which is cut-open and rolled flat. The secondary side is 

similar to the RIM rotor which often consists of a sheet 

conductor, such as copper or aluminum, with a solid back iron 

acting as the return path of the magnetic flux. The thrust 

corresponding to the RIM torque can be produced by the 

reaction between the air gap flux density and the eddy current in 

the secondary sheet [1, 2].  

SLIMs have been utilized in a number of applications 

especially in the electromechanical energy conversion units, 

such as horizontal conveyance system [3], baggage handling 

system [4], elevator vertical drive system [5], liquid metal pumps 

[6, 7], aircraft launch or accelerator system [8], low speed 

low-head hydro (water-wheel) generation where the copper or 

aluminum secondary plate is on the large-diameter wheel, and so 

An Improved Equivalent Circuit Model of 

a Single-Sided Linear Induction Motor 

Wei Xu, Member, IEEE, Jianguo Zhu, Senior Member, IEEE, Yongchang Zhang,  

Yaohua Li, Yi Wang, and Youguang Guo, Senior Member, IEEE 

S 



 2 

on. In recent years, a train driven by SLIM as illustrated in Fig.1, 

usually called as linear metro, has been paid more attention by 

academia and industry than before. It can be seen that the SLIM 

primary is hanged below the redirector, which is supplied by the 

inverter on the vehicle. The secondary is flattened on the railway 

track, which consists of a 5 mm thick copper/aluminum 

conductance fleet and a 20 mm thick back iron. When the primary 

three-phase windings are input with AC current, they can build 

up air gap flux linkage and induce eddy current in the secondary 

sheet. This eddy current will react with aforementioned air gap 

flux linkage so as to produce horizontal electromagnetic thrust 

that can drive the vehicle forward directly without friction 

between wheel and track. 

By now, there are more than 20 commercial linear metro lines of 

about 400 kilometers in the world, such as the Kennedy air line in 

America, the linear metro in Japan, the Vancouver light train in 

Canada, the Guangzhou subway line 4 and the Beijing airport 

rapid transport line in China, and so on. The SLIM drive system 

has the following merits compared with the RIM drive [9-16]. 

Firstly, it can achieve direct propulsive thrust, which is not 

dependent on the friction between wheel and rail. Secondly, it 

has smaller turning radius, smaller cross -sectional area for 

requirement of a tunnel, larger acceleration, and stronger 

climbing ability. By investigations from some Japanese experts, 

the typical SLIM drive system has 40-60 m turning radius, 22 m
2
 

cross-sectional tunnel area, 1.2 m/s
2
 acceleration, and 6-8% 

gradient ability compared with the 80-120 m turning radius, 41 m
2
 

cross-sectional tunnel area, 0.8 m/s
2
 acceleration, and 3-4% 

gradient ability in a typical RIM drive system. Thirdly, it has 

lower noise and less maintenance. Hence, the SLIM drive system 

is very suitable to the transportation in large cities. 

The SLIM’s special structure means that its performance is a 

little different from that of an RIM [17, 18]. As we know, in the 

RIM, an accurate equivalent circuit model can be derived easily 

based on the symmetrical geometry per pole. Unfortunately, it is 

not as straightforward to gain the equivalent circuit for an SLIM 

mainly for the following three causes. 

(1) As the SLIM primary moves, a new flux is  continuously 

developed at the primary entrance side, while the air gap flux 

disappears quickly at the exit side. By the influence of the 

sudden generation and disappearance of the air gap penetrating 

flux density, an amount of eddy current in anti-direction to the 

primary current will occur in the secondary sheet, which 

correspondingly affects the air gap flux profile along the 

longitudinal direction (x-axis) [9, 15]. This phenomenon is called 

“longitudinal end effects”, which could increase the copper los s, 

and decrease the mutual inductance as the velocity goes up. In 

the end, the effective electromagnetic thrust will be reduced 

because of its attenuated air gap average flux linkage [16].  

(2) The different width between primary lamination and 

secondary sheet can result in non-uniform flux density, which 

may increase the secondary equivalent resistance. The 

phenomenon is named as “transversal edge effects”. 

(3) For the cut-open primary magnetic circuit, there exist 

half-filled slots in the primary ends. Hence, three-phase magnetic 

circuits are not symmetrical with each other. Three-phase 

currents are not symmetrical even when excited by three-phase 

balanced voltages. The half-filled slots will affect the air gap flux 

density distribution so as to result in some alteration in mutual 

inductance, leakage inductance, and secondary equivalent 

resistance. 

 
(a) 

 
(b) 

Fig. 1.  Simple vehicle system diagrams propelled by the SLIM. (a) Photo 

of an SLIM driven vehicle. (b) Diagram of the drive system. 

Thanks to many researchers’ work in the past several 

decades, plenty of papers have been available on the analysis of 

the SLIM equivalent circuit. Ref. [19] developed a simple model 

for SLIM high performance control, which requires only several 

structure or equivalent circuit parameters, i.e. number of poles, 

pole pitch, primary resistance & leakage inductance, 

magnetizing inductance, and secondary resistance & leakage 

inductance. However, the model is not suitable to 

electromagnetic performance analysis for its coarse 

approximation of longitudinal end effect and without 

considering equivalent airgap variation. Ref. [20] proposed a 

simple equation for the end effect factor to modify the airgap 

EMF, which is sufficiently accurate to be used for design studies 

of SLIMs. However, the end effect factor without considering 

the half-filled slot effect is closely dependent on the designer 

experience, which could bring some calculation error especially 

in high speed region. One comprehensive model using coupled 

FEM and control algorithm taking into account the movement 

was proposed in [21]. In finite element region instead of the 

voltage equation, the primary flux linkage affected by 

longitudinal end effect can be calculated directly. This model can 

be adapted to study SLIM performance with reasonable 

accuracy, but it is not efficient to design SLIM for its great time 

consumption, especially in optimal design procedure. Ref. [22] 

presented a single phase T-model equivalent circuit to study the 

SLIM steady performance. Based on the one dimensional 

numerical analysis, two coefficients are derived to describe the 



 3 

influence of the longitudinal end effect on the mutual inductance 

and secondary equivalent resistance. This model can be 

adopted in a wide speed region and with different air gap  

lengths. Unfortunately, the coefficients dependent of 

experimentation cannot be gained accurately in most cases, 

which might bring great error to the performance analysis. Refs. 

[1] and [23] presented one useful function according to the 

secondary eddy current average value and energy conversion 

balance theorem. The function is affected by the SLIM speed, 

secondary resistance, secondary inductance, and some 

structural parameters, such as the primary length. However, the 

function derivation process supposing air gap flux in decaying 

exponential form is not accurate, which brings an increasing 

error in some key parameters like torque as its velocity goes up. 

One model by using space harmonic method can theoretically 

simulate SLIM performance with comparatively high accuracy 

[2]. However, it requires substantially more computing time to 

gain some useful information, and the calculation accuracy 

depends closely on some initially given parameters. If some key 

values are not initialized rationally, the final solution cannot be 

obtained due to non-convergence. 

This paper uses the air-gap flux density equation to develop 

an improved series equivalent circuit which considers the 

influences of the entry and exit end-wave flux waves in the 

air-gap, as well as transversal edge effects, half filled slots and 

air-gap leakage flux. The equivalent circuit based on one 

dimensional model is comparatively simple and reasonably 

accurate to analyze the performance of SLIM applied in linear 

metro.  

This paper is organized as follows. The SLIM physical model 

is described in Section II. The equivalent series circuit is 

developed in Section III. In Section IV, the results of simulation 

and experimentation are discussed in detail. Finally, the paper is 

summarized in Section V.  

The notation used in the paper is fairly standard. One 

plural is expressed in the form of A x jy  ,where x is the 

real part, y the imaginary part, and j the notation of 

imaginary part. One vector is expressed in the form of 

A ix jy kz   , where i , j , k  are the notations of x-, y-, 

z-, axis directions. 

II. PHYSICAL MODEL 

To simplify the analysis, some assumptions are used [22-30]: 

(a) The stator iron has infinite permeability. The material of 

stator iron is silicon-steel sheet with 0.5 or 0.2mm thickness, 

whose permeability is about 2 000 times that of air gap or larger, 

so in most cases, the permeability of stator iron can be 

considered infinite. 

(b) Skin effect is neglected in the secondary. The primary 

rated frequency of SLIM especially applied in transportation is 

about 50 Hz, and the typical slip is near 0.2. Hence, the secondary 

frequency (slip frequency) is close to 10 Hz. Skin effect of the 

secondary in such low frequency is not obvious. 

(c) Winding space harmonics are negligible. Winding space 

harmonics is related with the primary winding distribution, which 

can be reduced by optimal winding arrangement during the 

electromagnetic design procedure. Furthermore, it can be further 

reduced by relative harmonics elimination control schemes. 

(d)The primary and secondary currents flow in infinitesimally 

thin sheets. By field theories of electrical machine, the winding 

current or eddy current can be usually represented by current 

sheets without thickness. The primary or secondary eddy 

current is actually discrete quantity, while the current sheet is 

continuous. If they can produce the same magnetomotive force, 

they will be equivalent to each other. 
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Fig. 2. The structure and one-dimensional analytic model of SLIM. (a). 

Structure. (b).Model. 

The structure and one-dimensional representation of the 

SLIM are shown in Fig. 2. The model described in [26] derives 

several relevant coefficients for the secondary sheet current and 

air-gap flux density. The analysis from [27] can be used to 

analyze the system. From Ampere’s Law (with reference to the 

geometry in Fig. 2): 

1 2
0

ybg
j j

x


 


 (1) 

where j1 is the primary current, j2 the secondary current, by y-axis 

airgap magnetic flux density, g the airgap equivalent length, and 

μ0 the air permeability. We can implement a one-dimensional Curl 

function for the secondary plate - the air-gap electric field has to 

be referred to the secondary [26, 27]: 

/
y y y yz

b b b be x
v

x t x t t x

    
   

     
 (2) 

where the second term on the right hand side is the speed term. 

Referring the secondary current sheet to the primary, we can 

obtain an expression for the air-gap flux density in terms of the 

(measureable) primary current. The secondary normally consists 

of a copper or aluminum conducting sheet and we will assume 

that the current is resistance-limited. Then 
/
ze  can be expressed 

by the secondary current j2 and surface conductivity σ: 

/ 2
z

j
e


  (3) 

where σ = d/ρ (in ohm) , d is the thickness of secondary 
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conductance sheet, and ρ is the volume resistivity (in ohm-m). 

We can combine the aforementioned equations so that 

2
1

0 0 02

y y yb b b j
g v

x t xx
  

   
  

  
 (4) 

If we assume that the primary current j1 in form of cosine 

function can be expressed by, 

 ( / )
1 1 1( , ) Re j t xj j x t J e      (5) 

then we can obtain an expression for the air-gap flux density by 

combining (4) and (5): 
2

( / )
0 0 0 12

Re
y y j t x

y

b b
g v j b j J e

xx

  
   




   

    
    (6) 

where 0 yj b  comes from the differential operation of by  to 

time.  

The solution of by  based on (4) is  

1 2

0 1 2( , ) Re e e

x xx xx j jj
j t

y yb b x t B e B e e B e e e

 
   


  
       
  
  

                                                                                     (7) 

The flux density by  includes three parts: b0, b1 and b2 [22, 

28-32]. b0 is the normal traveling wave which moves forward in a 

similar manner to the fundamental flux density wave in a rotating 

induction machine (RIM). The fundamental wave b0 in the same 

amplitude transmits with synchronous speed, 2fτ. b1 and b2, the 

entrance and exit end-effect waves, are determined from two 

boundary conditions, which are discussed in appendix I. 

Generally speaking, b1 is a gradually attenuating wave traveling 

along the x-axis. Its attenuation constant is 1/α1 and the 

end-effect half-wave length is τe. b2 travels along the x-axis in the 

negative direction with an attenuation constant of 1/α2 . The 

transmitting speeds of forward and backward waves, b1 and b2, 

are 2fτe [27, 31]. 

We can derive the air-gap fundamental flux density coefficient 

0B based on the homogeneous equation of (4), which can be 

described as 

 
0 1

0
1

j J
B

g jsG







                                                     (8) 

where G is goodness factor deduced as in appendix II, 

2
0

2
G

g

 


 , and the slip s = (vs – v)/vs. we need to define the 

synchronous velocity vs = ωτ/π with pole pitch τ. The 

coefficients of entrance and exit waves, 1B  and 2B , can be 

gained by two boundary conditions in primary area based on 

introducing magnetic barrier surface, which is discussed in 

appendix I. Briefly, the expressions of 1B  and 2B  can be 

summarized here. 

1 0
1

1

e

B j j B
 

  

 
  

 
 (9) 

where 1
0

2g

Xg v






, and 

2
e

Y


  .We can define 

2
0 04
v

X jY j
g g

   
   

 
. 

In a similar fashion 

2

1

2 0
2

1p

e

j L

e

B j e j B



  

  

 
  
 

 
   

 
 (10) 

where 2
0

2g

Xg v






. 

We now have a complete definition of the air-gap flux-density 

wave in terms of the stator surface current density. Most 

parameter definitions from (1) to (10) are given in Nomenclature. 

The curves for α1, α2 and τe are shown in Fig. 3, which are similar 

to those of [25]. It is assumed that the SLIM operates from zero to 

100 m/s, and the secondary copper sheet equivalent surface 

resistivity (=ρ/d) is 5.6310
-5

 ohm where the sheet thickness d is 

3 mm. From Fig. 3 (a), the length of the entry wave penetration 

coefficient α1 increases with motor velocity v. It is close to 0.4 m 

when the equivalent air-gap length g is 10 mm and v is 10 m/s. 

However, the length of the exit wave penetration coefficient α2 in 

Fig. 3 (b) decreases with increasing motor velocity, and it is 

almost 2 mm when g is 10mm and v is 10 m/s. From Fig. 3 (c), the 

half-wave length τe of the end-effect wave increases with 

velocity, is close to 0.1 m when g is 10 mm and v is 10 m/s. Hence, 

the entry end effect wave, b1, can transmit along the primary 

length area which is almost equal in amplitude and opposite in 

phase to the normal wave, b0. The former wave can reduce the 

average air gap flux density so as to bring negative effect to the 

performance. The exit end effect wave, b2, can only transmit in a 

very limited distance close to the exit end, which could bring 

comparatively small influence to SLIM operation. 
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(c) 

Fig. 3. Penetration coefficients and half-wave length versus motor 

velocity. 

(a) Entry penetration coefficient α1. (b) Exit penetration coefficient α2. 

(c) Half-wave length τ e. 

 
Fig. 4. Air gap flux density distribution in the primary length (6-pole wave 

progression illustrated). 

Fig. 4 shows a SLIM air-gap flux density distribution for the 

machine studied here over the primary length area in different 

time. The final flux wave is not sinusoidal because of the 

influence of the entry and exit flux waves. 

The electric field intensity in the air-gap is denoted by (2). 

However, this now needs to be referred to primary where the 

coordination is relatively still to the primary. Hence, the speed 

term in the right side of (2) can be ignored, and then we can get 

1

2

0 1

2

( , ) Re
e

e

xxx
j tj t
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xx
j t

b E e E e e
e x t x

t

E e e

 







      
   

 
 

 

 
 

  
    

  
  



 (11) 

With the knowledge of the air-gap flux density distribution, 

the electric field intensity produces three terms: E0, E1 and E2 

which are deduced in appendix I. These individually produce an 

induced electromotive force in the machine windings so that 

0 0E B





  , 
 

1 1
1

1

e

e

j B
E

j

  

 
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
, and 2 2

2

2

e

e

j B
E

j

  

 



. 

III. EQUIVALENT CIRCUIT  

The equivalent circuit is essential for analyzing the motor and 

predicting its performance. It is particularly necessary for the 

initial SLIM electromagnetic design procedure. Here the induced 

electromotive force is used to compute the fundamental-wave 

impedance. The complex power and electric-magnetic thrust 

methods are adapted to derive the entrance- and exit-wave 

impedances, which are utilized to calculate the SLIM thrust, 

power factor, efficiency and other performance parameters. 

A. Fundamental-wave Impedance 

The fundamental elements such as excitation current, electric 

field intensity and flux density are assumed to be sinusoidal 

shown below. From [27, 32], the entrance and exit-wave elements, 

such as b1(x,t), b2(x,t), e1(x,t), e2(x,t), have similar forms. In order 

to simplify the derivation procedure, we can use the following 

equations to represent the current, air-gap flux density and 

electric fields: 

1 1( , ) Re

x
j t

j x t J e






 
 

 

 
 

  
 
 

 (12) 

00 ( , ) Re

x
j t

b x t B e






 
 

 

 
 

  
 
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 (13) 

00( , ) Re

x
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e x t E e






 
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 

 
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 (14) 

The magnetic motive force F(x, t) is of a similar form: 

1( , ) Re

x
j tg

F x t j J e








 
 

 

 
 

  
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 (15) 

The relationship between primary current sheet J1 and phase 

current I is 

1 1
1 1

2 wmw K
J J I

P
   (16) 

where P is the factual number of pole pairs. The equivalent 

continuous current sheet can produce the same sinusoidal 
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magnetomotive force as that of the primary discrete 

concentrative winding current. If we assume that the reference 

current is a real value, the induced phase electromotive force is  

0 1 1 02 w wj w K l E   (17) 

The fundamental-wave impedance can be calculated: 

0

(1 )

m
m

jX
Z

I jsG


 


 (18) 

where Xm is  

1

2

1 04 ( )w w

m

mf w K l
X

P g




  (19) 

The fundamental-wave thrust Fe0 is denoted by 

 
*

2

0 0 1

0

Re
Re .

2

p
x xL

j j mw
e

s

mI Zl
F B e J e dx

v

 

 
  

 
  

  


 (20) 

where the integral length along the primary length Lp = 2Pτ. The 

mechanical power can be obtained from (20) by multiplying the 

speed v. But v= (1 – s)vs so that the mechanical power becomes 

  2
0 Re 1m mP mI s Z   (21) 

We can investigate Zm in (18). If we follow through some 

rearrangement of (18), we can obtain 

2

2

2

(1 )
1

m
m m

m
m

m

r
jX

sjX jX
Z

r sjXjsG
jX

s r

 
 
 

  
        

   

 

From this the rotor resistance (referred to the stator) is  

 
2

1 1

2

2
w w

m w K l
r

P
  

This derivation illustrates that the theory is similar to the 

standard equivalent circuit analysis for rotating machines. 

Because the secondary is a simple copper plate, the secondary 

inductance is assumed negligible and the current is resistance 

limited. 

B. Entrance-wave Impedance 

The electromagnetic power Pm1 for the y-axis entrance flux 

wave is the power flowing into the rotor through this wave: 

1

*

1 1 1
0

Re . .
2

p
e

xx xj jL
w

m

l
P E e e J e dx

 
 

  
   

 
   (22) 

so that 

  2
11 Rem mP mI K Z  (23) 

where 

 
1

1

12

e

e e

K
P j



    

 
      

. (24) 

However, the entrance-wave thrust Fe1 can be used to derive 

how much of Pm1 is converted into mechanical power. This is 

similar to (20): 

 
1

* 2
3

1 1 1

0

Re
Re

2

p

e

L xx xj j mw
e

s

mI K Zl
F B e e J e dx

v

 
 

  
  

 


 (25) 

which becomes 

 2
31 Re (1 )e mP mI s K Z   (26) 

where 

 

 1
3

1

1 1

2

e

e e

j
K

P j j

   

     


  

 
 . (27)  

The total input impedance of the entrance wave is 1 mK Z . For 

(26), the thrust (main) impedance is 3 mK Z . Therefore the 

impedance (which does not contribute to the thrust) can be 

defined as 1 3( ) mK K Z ; this is called the entrance-wave 

leakage impedance. These are illustrated in the series equivalent 

circuit in Fig. 5(a), where r0 is  primary resistance, and x0 is 

primary leakage reactance. By the theory of electric machine [22], 

r0 can be calculated by  

0 1 /
w av wr L w s    (28) 

where ρw is the primary winding resistivity, Lav the average 

length per turn winding, w1 the number of per phase winding in 

series, and sw the cross section area of per turn winding.  

x0 can be described by 

pri2

0 10.158 s t e d
W

x fw
q P

     
    (29) 

where f is primary source frequency, Wpri width of primary 

lamination, and λs , λt , λe , λd are the leakage magnetic 

conductances of primary slot, primary tooth termination, primary 

winding termination, and primary winding harmonics , 

respectively. 

mZ  in absence of secondary leakage inductance and iron loss 

resistance can be composed of mutual reactance xm and the 

secondary virtual resistance in parallel, as illustrated in Fig. 5(b).   

 

U

 

0r 0jx
mZKK )( 31  mZKK )( 42 

mZ
mZK 3mZK 4

I

  
(a) 

sr /2

mjx

a

b
 

(b) 

Fig. 5. Series equivalent circuit. (a) Per-phase circuit. (b) mZ  

representation. 

C. Exit-wave Impedance 

The exit-wave electromagnetic power Pm2 for the exit-end flux 

density wave can be obtained in a similar manner: 
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 2
22m mP mI K Z  (30) 

where the constant is  

2
2

22 ( )

e

e e

K
P j



    
 

 
. (31) 

The exit-wave thrust Fe2 is 

 2
4

2

Re m
e

s

mI K Z
F

v
  (32) 

where  

 

 
21

4

2 22

e

e e

j
K j

P j

   

      


 

   

. (33) 

Again, we can divide the impedances into two parts. The 

exit-wave equivalent impedance is  2 mK Z , but the exit-wave 

main impedance is  4 mK Z , while the exit-wave leakage 

impedance is 2 4( ) mK K Z . These are illustrated in Fig. 5(a). 

D. Equivalent Circuit and Calculation 

The total equivalent circuit is shown in Fig. 5. From (24), (27), 

(31) and (33) it can be shown (after considerable manipulation) 

that  

 

1 2 3 4

2
1 2 1 2

1 2

( ) ( )

[( ) 2 ]

2 [ ][ ( )]

e e

e e e e

K K K K

j

P j j

     

         

   

  

   

 (34) 

This illustrates that the sum of entrance and exit leakage 

impedances is zero because the total secondary input power 

( 1 2( )K K  term) is equal to the total mechanical output power 

( 3 4( )K K  term). Therefore the total equivalent longitudinal 

end-effect impedance ZL is 

LL mZ K Z  (35) 

where 

1 2LK K K   (36) 

It is necessary to adjust the z-axis current in the secondary 

conducting sheet and y-axis flux density in the air-gap. These 

corrections are called the transversal different-width correction 

coefficient tK  and the air-gap flux density correction coefficient 

bK . These are analogous to end-ring and fringing effects in 

rotating induction motors. The half-filled slots at the ends of the 

machine are accounted for by use of the half-filled slot correction 

coefficient Kp. These coefficients lead to small corrections in the 

fundamental and longitudinal end-effect impedances which 

make the performance analysis more accurate [27, 32]. Because 

the derivation procedures are interminable, we could summarize 

their brief expressions here. 

The transversal different-width correction coefficient tK  is 

1 0.767 ( )t

g sGT
K j g

a a




                               (37) 

where a is half of primary width, 1 jsG   , T  is one 

function of machine structures and electric parameters described 

by 

2 /

2 /

1 ( ) ( ) (1 )

( ) ( ) ( ) ( )

( ) ( )(1 )

c g

c g

g th c g e

T

cth a th c jsg Gth c cth a

jsG g cth a e

  

  
    

  
    

 


 





  


 

    
 
  
  

 (38) 

where c is half of difference between secondary- and primary- 

widths.  

The air-gap flux density correction coefficient 
bK  is  

1 ( 1 )
2 2

b

g g
K jsG th jsG

 

 
                      (39) 

The half-filled slot correction coefficient Kp is  
2

2

1 1

(2 1)

4 2 /
p

P
K

P P Py m q




 
                                        (40) 

where y1 the short pitch, q number of coil sides per phase per 

pole. For the influence of half-filled slots, pK  is smaller than 1.  

Therefore, the modified fundamental impedance mcZ  is 

t bmc p mZ K K K Z  (41) 

and modified longitudinal end-effect impedance LcZ  becomes 

LLc p mZ K K Z  (42) 

This leads to the total impedance tZ  where 

0 0t mc LcZ r jx Z Z     (43) 

and the total thrust F is modified so that 

 2 Re mc Lc

s

mI Z Z
F

v


  (44) 

The power factor cos φ is important in induction machines and 

this can be obtained from 

1
Im( )

cos cos tan
Re( )

t

t

Z
Z

 

  
   

  
 (45) 

with the efficiency η calculated from 

 
 

(1 )
Re

Re
mc Lc

t

s
Z Z

Z



                                           (46) 

IV. SIMULATION AND EXPERIMENTATION 
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Fig. 6. SLIM prototype. 

TABLE I   

DIMENSIONS OF THE SLIM 

Quantity Value Quantity Value 

Pole pitch
 113 

mm 
Number of pole pairs 3 

Secondary 

width  

170 

mm 

Secondary sheet 

thickness 
3 mm 

Frequency 50 Hz Primary length/width 450/100mm 

Air gap length 7 mm Primary phase voltage 220 V 

In order to validate the series equivalent circuit analysis 

developed in the previous section, the algorithm was simulated 

and experimentally verified by the measurements on a SLIM 

prototype. The test rig is shown in Fig. 6. A rotating copper 

wheel arrangement was used to represent an infinitely long 

secondary sheet. The dimensions of the machine are given in 

Table I. The machine was a 4 kW 220 V 3-phase 50 Hz 6-pole 

linear induction machine with a synchronous speed of 13.3 m/s 

at 50 Hz. The supply was a variable-frequency inverter source so 

that a set of torque/speed curves could be obtained for a variety 

of frequencies.  

The machine was loaded with a DC machine connected to the 

SLIM via belts. The DC machine could operate at any desired 

speed including operation at the synchronous speed (driven by 

the load in motoring mode). The system could measure the SLIM 

velocity, load power and thrust. Other variables such as the 

primary phase current and phase voltage were recorded using a 

power analyzer. 

The simulation and experimental results for the thrust, power 

factor, and efficiency are given in Figs. 7 (a)-(d) for a constant 

input primary voltage of 220 V and a frequency of 50 Hz. The 

thrust/velocity curves shown in Fig. 7(a) are very similar to those 

of a rotating cage induction machine. The entry-wave thrust is 

negative except over a small slip region. The exit-wave thrust is 

very small over the whole operational region. The total 

calculated thrust curve, which is the sum of the three derived 

thrust components, agrees well with the measured points. The 

net thrust curve is lower than the fundamental curve due to the 

entry-wave thrust (apart from close to synchronism where the 

entry-thrust becomes positive). This illustrates that 

consideration of the fundamental flux wave only is insufficient 

for accurate analysis. In Figs. 7 (b) and (c), the power factor and 

efficiency are influenced slightly by the end effects in the lower 

speed region. As the velocity increases, the entry-wave thrust 

becomes positive near the synchronous speed, the end effects 

do begin to affect the power factor and efficiency to a greater 

extent. As the speed goes up, the air gap flux begins to distort 

affected by the end effect, and the secondary leakage 

inductance is bigger than that of low area. Hence, the 

experimental results of power factor deviate from the simulation 

results in certain degree for neglecting the secondary leakage 

inductance. These simulations are similar to the results found in 

[28]. A peak efficiency of about 60 % was found. While this 

seems low it is reasonable for a small robust induction machine. 

Fig.7 (d) shows the thrust curves with a constant primary 

current of 15 A at varying frequencies from 0 to 40 Hz. The solid 

lines represent the thrusts without end effects in the simulation, 

the dashed lines represent the thrusts with end effects in the 

simulation and the markers represent the measured. The thrusts 

at low velocity (high slip) are not affected by the end effects. As 

the speed increases, the end effects have an increasing influence 

on the thrust across all the different constant-frequency curves. 
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Fig.7 The simulation and experimental results. (a). Thrusts resulted from 

different air gap flux densities. (b). Power factor curves. (c). Efficiency 

curves. (d). Thrust  curves in constant current and different frequencies. 

V. CONCLUSION 

This paper uses an equation for the air-gap flux density and 

develops an improved series equivalent circuit to calculate the 

performance, including thrust, efficiency and power factor, for a 

single-sides induction machine. The model is comprehensive 

and considers the longitudinal end-effects, transversal 

edge-effects and half-filled slots. Test data from a 4 kW SLIM 

prototype is put forward to validate the simulation results and 

good correlation was found. This model could also be 

implemented to simulate high power SLIMs and would be useful 

for designing linear machines for applications such a rapid 

transport or even low-speed low-head hydro water wheels where 

it would be used in generating mode. 

APPENDIX I 

DERIVATION OF FLUX DENSITY AND ELECTRICAL FIELD 

INTENSITY COEFFICIENTS 

Based on the air gap flux density equation from the one 

dimensional model as illustrated in Section II, the solution of by  

can be expressed by 

1 2

0 1 2( , ) Re e e

x xx xx j jj
j t

y yb b x t B e B e e B e e e

 
   


  
       
  
  

   (A-1) 

The first part is the flux density normal wave, similar to that of 

rotary machine, whose coefficient is   

 
0 1

0
1

j J
B

g jsG







 (A-2) 

The coefficient is the same as Bs in Ref. [26]. The secondary 

part is the entry end effect wave, and the third part is the exit end 

effect wave. They involve two unknown coefficients, 1B  and 

2B , which are to be determined from two boundary conditions 

as shown below. 

v

2j

1j
y

xz

x=0 x=Lp

A

B

C

D
 

Fig. A-1 Magnetic barrier without considering the leakage flux density in 

the primary end. 

Actually, the flux densities in both primary ends attenuate fast 

to zero. Take the right end for example. In theory, we can find the 

surface outside the end that the flux density is zero, but the 

calculation is greatly complicated. In most cases, it is reasonable 

to neglect the leakage flux density in the end, which could bring 

some certain error but agree with engineering requirement. 

Hence, we suppose the surface that the end flux density is zero is 

coincident with the primary end, and the surface here is called as 

magnetic barrier surface. In Fig. A-1, there are two magnetic 

barrier surfaces, AB, CD, located at the primary ends 

respectively, which have the following fundamental traits. 

(1) The normal component of the flux density in the magnetic 

barrier inner surface is zero, but the tangential component can be 

arbitrary. 

(2) All the SLIM field quantities are distributed in the space 

between AB and CD. 

(3) The surface integral of the air gap flux density between AB 

and CD is zero. 

According to the above third trait, there is no leakage flux at 

both primary ends, and through the air gap, the flux only leaves 

and enters the back iron. Hence, we can have the first boundary 

condition as 

0
( , ) 0

pL

yb x t dx                                            (A-3) 

In the one dimensional model, the primary excited current 

density has only z component, then by the field theory, the 

magnetic vector potential, A , also has only z component 

described by, 

( , , , )ZA Ka x y z t                                              (A-4) 

Based on the Coulomb gauge, we know that,  

B A                                                           (A-5) 

0B                                                             (A-6)  

Because the flux density outside the magnetic barrier surface 

is zero, we can know that the z component of magnetic vector 

potential in this space is  

( )Z Za a t                                                       (A-7) 

Equation (A-7) indicates that aZ is constant in one definite 

time, not change with respect with the position. For the case that 

the magnetic field energy is not infinite, we can know the aZ in 

the magnetic barrier outside space is zero expressed by, 

0Za                                                              (A-8) 

dict://key.0895DFE8DB67F9409DB285590D870EDD/magnetic%20vector%20potential
dict://key.0895DFE8DB67F9409DB285590D870EDD/magnetic%20vector%20potential
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The space electric field intensity without the effect of 

electrostatic field can be described by, 

A
E

t


 


                                                     (A-9) 

So it is easy to draw another conclusion about magnetic barrier 

surface by combining (A-8) and (A-9): 

(4) The electric field intensity, E , outside the magnetic barrier 

surface is zero. 

According to the boundary condition, the tangential 

component of electric field intensity in the magnetic barrier 

surface is zero. We can draw a surface in parallel with xy, and 

make it intersect with the secondary sheet. The secondary 

current density surface integral in the cross section is zero, i.e.  

2
0

( , ) 0
pL

j x t dx                                       (A-10) 

Hence, we can get the fifth trait of the magnetic barrier surface 

described as, 

(5) The surface integral of electric field intensity between the 

two magnetic barrier surfaces, AB and CD, is zero. This is  the 

second boundary condition. 

Moreover, we can derive the mathematical expressions for the 

second boundary condition so as to gain the numerical 

equations for 1B , 2B , 0E , 1E , and 2E . 

The three fundamental electromagnetic field equations in 

SLIM are summarized as,  

B
E

t


  


                                              (A-11) 

0B                                                        (A-12) 

H J                                                       (A-13) 

In one dimensional model, (A-12) can be simplified as, 

yZ
be

x t




 
                                                      (A-14) 

Here the coordination is placed on the primary, which is 

comparatively static with the moving part. Therefore, the speed 

term,
yb

v
x




, is not included in (A-14). 

Then the z component of electric field intensity can be 

expressed by 

( )
y

Z

b
e dx C t

t


 


                                    (A-15) 

As the tangential component of electrical field intensity in the 

inner magnetic barrier surface is zero, we can acquire  

0| ( ) 0

| ( ) 0
p

y

x

y

x L

b
dx C t

t

b
dx C t

t






  


  

 





                             (A-16) 

Then Ze  between AB and CD can be described as  

0

x
y

Z

b
e dx

t




                                           (A-17) 

Based on the fifth trait of magnetic barrier surface, we can 

have  

0
0

pL

Ze dx                                          (A-18) 

Moreover, substituting (A-17) into (A-18), the mathematical 

equation for the second boundary condition can be rewritten as,  
'

'

0 0
0

pL x
yb

dxdx
t




                                 (A-19) 

Substituting (A-1) into (A-3) and (A-19) respectively, we can 

get 

1 2

1 2

1 2

1 2

1 2 02 2

1 1 2 2 0

1 1
0

1 1
( ) ( )

L L

L L

e e
B B

e L e L L
B B B

 

 

 

    

  
 




     



(A-20) 

where 0 j





  , 1

1

1

e

j



 

   , 2

2

1

e

j



 

  . 

Then we can get the expressions for 
1B  and 

2B  by  

1 0

2 0

x

y

B B

B B


 


 

 

                                       (A-21) 

where

1 2

1 2

1 2

2 2

1 1 2 2

1 1

1 1

p p

p p

L L

L L

p p

e e

L Le e

 

 

 

   

 

 
 

 

,
2

2 0

1pL

p

x

Le


 


   ,

1

1 0

1pL

p

y

Le


 


   , By further simplification, (A-21) can be 

described as  

2

1
1 0

2
2 01

( )

1

1

p
e

e

e

j L

j

B B

j

j

B B

j e



 



 







 










  



 






                                   (A-22) 

Furthermore, by combining (A-1) and  (A-17), we can get the 

expressions for the electric field intens ity coefficients, i.e. 

0E , 1E , and 2E , in the following.  

 

0 0

1 1
1

1

2 2
2

2

s

e

e

e

e

E v B

j B
E

j

j B
E

j

  

 

  

 




 


 



 



                                    (A-23) 
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Hence, ze , which is similar to that of flux density, also 

includes three parts , which are functions of time and x position 

that are described as  

1 20 1 2( , ) Re e e

x xx xx
j t j tj t

ze x t E e E e e E e e

   
  

           
     

 
 

   
 
 

                                                                            (A-24) 

APPENDIX II 

 DERIVATION OF GOODNESS FACTOR 

In one SLIM, the goodness factor, G, should express the 

ability of a machine to convert power from one form to another. 

Generally, power on the mechanical side is the product of force 

and velocity, and force on the electrical side is the product of 

current and magnetic flux. The electric circuit enables an 

electromotive force (EMF) to produce a current, and the 

magnetic circuit enables a current to produce a flux. Hence, G can 

be defined as 

( / )( / ')G I E I                                          (A-25) 

where /I E , named as a unitary current by EMF, is equal to 

1/ R  from Ohm’s law, and / 'I , named as a unitary flux by  

current, is the inductance L. The product of ( / )( / ')I E I , 

similar to I , can be considered as the work done by force.  

Actually, G should express the ability of the machine to 

convert the power which is the product of velocity (dependent 

on primary angular frequency ω) and force. Therefore, G that 

must contain ω can be simplified by  

L
G

r
    (A-26) 

In one dimensional model, the SLIM performance in absence 

of secondary leakage inductance is dependent on the mutual 

inductance, Lm, and secondary equivalent resistance, r2. 

Therefore, (A-26) can be rewritten by 

2

m
r

L
G T

r
                                       (A-27) 

where Tr is the time constant of secondary circuit. It is necessary 

to translate the expression of G into terms of the physical 

dimensions of a machine so as to assess the performance in the 

design procedure. It is assumed that the fundamental airgap flux 

density and secondary equivalent current sheet can be 

expressed by, 

0 0 cos( )b B x



                                  (A-28) 

2 2 sin( )j J x



                                  (A-29) 

where B0 and J2 are the amplitudes of primary fundamental flux 

density and secondary equivalent current. From the electrical 

machine theory, the amplitude of air gap fundamental 

magnetomotive force, MMF, can be described as 

2
0 2

0
0

g
MMF B j dx




                           (A-30)  

Hence, we can derive the relationship between B0 and J2 by 

(A-29) and (A-30) 

0
0 2B J

 


                                              (A-31) 

y
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Fig.A-2 Derivation of goodness factor. 

The flux surrounded by the close loop in Fig.A-2, ABCD, can 

be expressed by 

sec 0 sec 0 cos( )
x x

x
W b dx W B x x








       (A-32) 

where Wsec is the secondary width. 

Moreover, it is supposed that the resistance of ABCD is r , 

then the voltage drop of ABCD with current j2 can be deduced by 

2 sec 2 2

sec 2

[ sin( ) sin( )]

sin( )

rj W J x J x x

W J x x

 


 

 


 

    

 

(A-33) 

Supposing that the inductance of ABCD is L , then Tr in (A-27) 

can be deduced by 

2

2 2

r

jL L
T

r r j rj

  
  
  

                         (A-34) 

After substituting (A-31), (A-32), (A-33) into (A-34), Tr can be 

rewritten as  
2

0

2rT
g

 

 
                               (A-35) 

By combining (A-27) and (A-35), the goodness factor G can be 

described as 
2

0

2
G

g

 


                           (A-36) 
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