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Abstract—The paper deals with modelling of propagation
medium for molecular communication, which consist of composite
biological environments with multiple regions each with distinct
diffusion properties for the understanding of the transport of
information molecules. For this, we propose a generalized
analytical approach for modelling a composite, diffusive,
molecular communication channel for arbitrary placement of the
transmitting and receiving nano-machines. Using this approach,
we derive a generalised closed-form expression for the channel
impulse response of a three dimensionally (3D) diffusive medium
having multiple regions with an aim to act as a benchmark solution
to validate simulations as well as to optimize the design of
molecular communication systems. The pulse peak amplitude,
pulse peak time and pulse width are derived to evaluate the system
performance. In addition, a particle-based simulator for modelling
a diffusive medium with multiple regions under three-dimensional
diffusion is proposed and validated with the analytical results. It is
shown that the channel impulse response and other
communication metrics are significantly affected by the diffusion
coefficients, regions thickness, properties of region interfaces as
well as the positions of transmitter and receiver nano-machines
with respect to the interfaces.

Index Terms—Bio-nano machine, channel impulse response,
composite medium, diffusion, molecular communication, multiple
regions.

I. INTRODUCTION

OLECULAR communication (MC) is a new

communication paradigm in which the information is
exchanged through chemical molecules (e.g., ions, proteins,
DNA etc.,) [1]-[2]. The biocompatibility and low energy
requirement makes it highly suitable for applications involving
engineered biological systems where the use of electromagnetic
(EM) waves is neither possible nor desirable [3]-[4].

In the literature, various forms of molecular communication
have been described viz., molecular communication via
diffusion (MCvD) [5], bacterium-based communication [6],
and microtubules [7] etc. Among these, the MCvD offers a
simple method of propagating information molecules from a
transmitter bio-nano machine (TN) to a receiver bio-nano
machine (RN) that are located in a fluidic biological medium,
without requiring additional infrastructure or external energy
[2]. The information molecules propagate in the medium (i.e.,
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propagation channel) following the Brownian motion and the
number of received molecules can be estimated by the channel
impulse response (CIR) [8]-[9]. The CIR also helps to estimate
other channel characteristics that may be required for the design
of the bio nano-machines and/or suitable equalization and
detection schemes [10]-[11].

The propagation channel usually is the aqueous cellular
medium inside a human body consisting of biological tissues,
blood vessels, etc., that helps with the transport of information
molecules. The most common and simplifying assumption on
the modelling of the molecular propagation channel that has
widely been employed in the MCvD literature, is to consider it
as a single homogeneous region with constant viscosity and
medium temperature which thus, lead to constant diffusion
coefficients, [3]-[5], [10]-[11], [12]. However, in nature,
stratified or composite cellular environments with multiple
regions each with different and distinct properties exist in which
molecules may propagate from a source to a destination. Some
of the examples of molecular propagation in stratified
composite biological media include the transport through the
cell membrane consisting of almost entirely of a lipid bilayer
[13], the diffusion of oxygen from the alveolus into the red
blood cells, diffusion of carbon dioxide in the opposite direction
throughout the layers of the respiratory membrane [14],
transport of drugs across the blood-brain barrier [15], and the
medium involved with Drug-Eluting Stents (DES) [16].

In general, for modelling such composite MCvD
environments, the CIR is required for obtaining both the
diffusive channel characteristics and the variation of molecular
concentration levels with time [17]. Almost all cells in a
biological in vivo environment are surrounded by other cells as
well as extracellular matrix (ECM) and it is possible that the
molecules can diffuse in any arbitrary direction [18]. Thus, it is
important to model the molecular channel considering diffusion
in all three directions (3-D). A training-based estimation
technique to estimate the CIR for MC based on the observed
number of molecules at the receiver using Poisson distribution
was presented in [9]. However, this work examined the
performance of different estimators for a homogeneous medium
of single diffusion coefficient without providing any insight
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about modelling a multiple-region medium. Recently, in the
literature, the channel impulse response (CIR), delay spread
etc., have been derived for a MCvD medium with multiple
regions with different diffusion properties by replacing it with
an equivalent homogeneous medium having a single region
with an effective diffusion properties [19]-[20]. The effective
(average) diffusion coefficient is derived in [19]-[20] by
averaging the diffusion coefficients of all the multiple regions.
However, the assumptions under which the average diffusion
coefficient was derived in [19]-[20] are valid only for one-
directional diffusion and under steady-state when the time
derivative of molecular concentration is equal to zero [21].
Then the authors substitute this average diffusion coefficient in
a simple concentration expression for homogeneous medium of
single region, i.e., [19, Eq. 11]. Moreover, simple averaging
approach of the diffusion coefficients of a multiple region
biological medium is not accurate, as it does not properly model
the effect of interfaces between various regions on the
molecular diffusion. In particular, it fails to include the specific
nature of these interfaces, which may be either fully or partially
permeable.

Thus, there is a need to derive expressions for CIR for
accurately modelling the stratified, composite molecular
propagation media. In the mathematical theory of diffusion, any
diffusion problem can be solved for either transient or steady-
state. However, the transient analysis provides more
information on the channel characteristic with time. It is
important to know how the channel impulse response or
concentration profile changes within a short time and not just at
very large time (i.e., at steady state). For example, in drug
delivery system, it is important to analyze how the released drug
molecules can affect the targeted site with time. Thus, we can
stop delivery of drug and measure the toxic level with time.
Moreover, in communication nanonetworks, the transient
modeling is required to estimate the various characteristics of
the channel such as inter-symbol inference (I1SI), delay spread,
and other metrics. It is important to realize that the derivation
of closed form expressions even for a two-region MCvD
channel can be significantly more complex than the simple
averaging approach in [19]-[20]. The challenges are mainly
posed by the finite, non-zero time derivatives of the
concentration as well as the boundary conditions, which must
be satisfied at the interfaces between different regions that may
have different diffusion properties. In addition, obtaining exact
analytical expressions for CIR for such scenarios are necessary,
as they can act as reference solutions with which simulations
and any other approximations can be compared. As far as
simulations for modelling the multi-region molecular channel
are concerned, the authors in [19]-[20] reported the use of
existing ‘N3Sim’ simulator [22]. However, the ‘N3Sim’
simulator can only simulate a homogeneous medium only and
cannot handle composite molecular communication channels
with multiple regions. Hence, researchers resort to averaging
approach to derive effective single region channel model and as
a consequence compromise with poorer predictions which in
turn can adversely affect the design a molecular communication

system to operate in a multiple region channel and particularly,
if the receiver (RN) uses peak amplitude detection technique
[11]. Hence, there is also a need for the development of a
composite, multiple-region channel simulator that can model
molecular diffusion in any arbitrary direction.

In view of its significance, in this paper, we propose, a
rigorous mathematical approach for obtaining generalised
channel impulse response (CIR) for composite MCvD channel
involving three-dimensional (3-D) diffusion. In this work, we
model the molecular diffusion between the transmitter and
receiver in multiple-region channel using molecular
communication paradigm. We first derive closed-form
analytical expressions for CIR of a composite molecular
communication channel having multiple regions with differing
diffusion properties and fully permeable interfaces considering
arbitrary three directional (3-D) diffusion. The aim here is to
present a benchmark, reference solution with which the
simulations can be verified and validated as well as to evaluate
various system performance metrics. We then propose a 3-D
particle-based simulator for a composite MCvD medium and
verify simulations with exact results for composite molecular
channels having two, three, and four regions respectively.
Further, the three important communication metrics, viz., pulse
peak amplitude, pulse peak time, and pulse width are evaluated
for different values of system parameters. To the best of our
knowledge, neither the closed-form exact analytical model nor
any particle-based simulator for MCvD in three-dimensionally
(3-D) diffusive, multiple region medium are available yet, in
the literature.

The rest of this paper is organized as follows. In Section I,
we propose a generalised mathematical formulation for the
channel impulse response (CIR), and then we derived exact
closed form analytical expressions for CIR for a two-region and
multiple region diffusive medium. The metrics for assessing the
communication performance are discussed in section Ill. In
section 1V, a comprehensive simulation framework for multiple
region, 3-D diffusive molecular channels is presented which is
then verified with results computed using analytical
expressions. Finally, we highlight the key contributions in
section V.

Il. SYSTEM MODEL

The system considered in this paper includes a transmitter bio
nano-machine (TN) communicating to a receiver bio nano-
machine (RN) to transfer information using chemical molecules
via a composite, molecular diffusive propagation channel,
which has multiple regions as shown in Fig.1. Each region is
assumed to have different diffusion properties. The information
molecules emitted by TN are assumed to diffuse independently
in all three directions (3-D) within the propagation channel
following Brownian motion to reach the RN. Here, we consider
a cylindrical coordinate system to obtain mathematical solution
for the proposed molecular propagation channel. We assume
that the axis of the cylinder coincides with the z-axis and its
radius goes to infinity. This channel consists of different



TCOM-TPS-17-0364.R2

regions i, and each region except first and last regions is
assumed to have a finite thickness i with different viscosities
and/or temperatures resulting in different diffusion coefficients
Di, and different molecular concentrations, Pi, fori=1,2,3,...,N.
The thicknesses of first and last regions are assumed to be semi-
infinite.
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Fig. 1. MCvD in a composite propagation medium that has multiple regions.

There are (N-1) interface boundaries between the regions that
have permeability coefficients o; at the locations z for
j=1,2,3,...,N-1. Furthermore, we assume that an instantaneous
point-like TN is located in the region-1 (£21) at the position (Xo,
Yo, Zo) and releases ‘Q’ information molecules into the channel
at time t=to. The size of TN is assumed negligible compared
with the relative distance ‘d’ between centres of TN and RN.
Moreover, the RN is assumed to be a 3-D passive sphere with
radius Ryx and volume Vi and it is located at any general
position (X, y, z) in any of the regions. It is also assumed that the
RN can count the number of received molecules at any time
instant and does not restrict the movement of the information
molecules. The information molecules are chemical compounds
such as Insulin, which are assumed to diffuse independently
carrying information from TN to RN following Brownian
motion.

A. Mathematical Formulation for Composite (Multiple-Region)
Medium

In this work, we assume each region to be isotropic meaning
that the diffusion properties within each region to be same and
invariant irrespective of the diffusion direction. The diffusion
of molecules in a fluidic medium where they move
independently from each other without collisions is described
by the Fick’s second law of diffusion [21] as

APy(r.tro.te)

ot = DLVZPL(T, t, o) to) (1)

where, Pi(r,t;ro,to) is the molecular concentration for i region
in (mol/m3) at the location r=(x,y,z) and at time t due to
molecules initially emitted at location ro=(Xo,Y0,20) and at time
to, V2 is the Laplacian operator, and D; is the diffusion
coefficient of i region in (m?/s) given by [23],

Kp Ta

- 6T N 'm (2)

i

where, Kz is the Boltzmann constant, T, is the medium absolute
temperature in (Kelvin), #i is the dynamic viscosity constant of
the i™ fluid region, and ry is the hydraulic radius of the
information molecules.

Employing a similar mathematical approach as in [24], we
derive the channel impulse response (CIR) for the propagation
channel with multiple regions. The expression for molecular
concentration for i region can be represented as a
superposition of two functions in the Laplace-Transformed
domain as

Pi = ﬁi + ﬁi (3)

where, the function ; is the Laplace transform of the molecular
concentration wu; for a single, unbounded, 3-D isotropic
diffusive medium received at a passive RN due to instantaneous
TN that is given by [25]-[26],

_ lir=moll? )’ t>t, (4

1
Ui = G ie—to))/2 exp( 4Dy (t~to)

where, the distance between TN and RN is d = ||r — rp|| =

JR2+(z — zp)2and R = \/(x — x0)% + (¥ — y,)? is the radial

distance.

The parameter ¥; is the solution of the diffusion equation (5)
that vanishes at t=t; and together with %; enables (3) to satisfy
the boundary conditions (6)-(9). Assuming that the diffusion to
be symmetrical about the z-axis in a cylindrical coordinate
system and is independent of the azimuth angle 0, the Laplace
transform of the diffusion equation [21, eq. (1.7)] for i" region
can be expressed as

%v; | 10v; |, 9%y 2%
oz Y ror T o2 AV =0 ©)

where, the function¥; is the Laplace transform of the
concentration v;, A2 = s/D;, and “s” is a complex frequency
parameter.

The boundary conditions at the interface between two-
regions [21], [27] are extended for N regions medium in the
Laplace domain:

615] _ aﬁj+1 _

b5 =Dm=, 275 ©)
oP; - <

Do, =P —kiFsa) 2=z (1)

The boundary condition (6) imposes continuity of flux at the
interface between the regions where the flux entering the
interface equal to the flux flowing out. Moreover, it ensures that
there is no accumulation of molecules at the interface between
the regions assuming that the thickness of interface to be
negligible. The boundary condition (7) allows for possible
changes in molecular concentration at the interfaces in relation
to the permeability of the interfaces via the permeability
coefficient ;. The change in the concentration at each interface
is equal to the difference between the concentrations on the both
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sides of that interface and the flux is also proportional to that.
The permeability determines ability of the interface to allow the
molecules to pass through it to the adjacent region. As special
case, when gj—o, the interface becomes fully permeable where
all the molecules pass through it without any physical or
chemical reactions.

We assume that the concentration for first and last regions
vanishes at infinity and thus the corresponding boundary
conditions in the Laplace domain turnout to be

lim P, =0 (8)
Z—00
Z——00

However, for fully permeable interfaces between regions
(i.e., gj—>), the molecules can move across the interfaces
without any physical or chemical reactions and thus the
condition (7) can be reduced to

1:3' = k] F)]'+1, zZ = Zj (10)

The constants kj are the ratios of the uniform concentration in
the region Q; to that in region Q;+1 when final equilibrium is
attained [21].

The transmitter (TN) releases information molecules at time
to in the form of an impulsive signal and thus the initial
condition in the Laplace domain can be expressed as

i=1

L= S(r —ry)eSto,
hmP":{ =) i=23..n

t-to )

where, P; is the Laplace transform of P; and §(.) is the Dirac
delta function.

However, i; vanishes for all regions except in the first region
since a single point-like source (TN) is assumed to be present
in that region. Now, the Laplace transform of concentration for
each region can be expressed as

ﬁ={ui+vi, i=1 (12)

¢ Uy, i=23..,N
The term ; for it" region can be expressed as follows [24]:
v = [, [Ai(€,)e™9% + By(§,5)e%7] Jo(ERIEE  (13)

where, Ai(¢s) and Bi(¢,s) are weighting functions, Jo(.) is the
Bessel function of the first kind of order zero, and

gi= (> +2)Y?
Ay = (s/D)?

(14)
(15)

By taking the Laplace transform of (4) using [28, eq.
(29.3.82)], ii; can be obtained as

-11 |R2+(z-20)% _
e 1 0 e sto

41tD1\/R%2+(z—20)2

iy = (16)

Following the procedure given in Appendix A, i, can be
expressed as

e—Sto

iy = oy e IRl (RE) g

17)

In general, for an N-region channel, the functions Ai(¢,s) and
Bi(¢s) can be obtained by solving the system of 2(N-1)
equations (6)-(7). Therefore, increasing the number of regions
will increase the complexity of derivation of the CIR, unlike in
the steady state case [19]-[20].

The channel impulse response is defined as the expected
number of received molecules by RN at time t after “Q”
molecules were released instantaneously by TN at time t=tq [9],
[29]. It is common to assume that the receiver is sufficiently far
from the transmitter i.e., d > Rx. Under this assumption, the
molecule concentration throughout the volume of the passive
RN can be considered to be uniform and equal to that expected
at its centre [29]. Based on this assumption, the channel impulse
response can be concluded directly from [9, Eqg. 1] or [29, Eq.
20] and can be expressed as

N=QV,P, i=12.,N (18)

where, P; is the concentrations in it region given by the inverse
Laplace transform of (12), and V., = (4/3) m R3, is the
volume of the spherical RN. For a homogeneous diffusive
medium of infinite extent, given that TN emits “Q” molecules
instantaneously at time t=to, the CIR can be expressed by
replacing P;i in (18) by the concentration of an infinite
homogeneous medium given by (4).

The values of kj can be obtained after attaining the
equilibrium when the concentrations in the regions do not
change with time and the time derivative of concentrations
vanishes i.e.,, 0Py /0t = 0P, /0t = -+ =
0Py /0t = 0. Knowing that D;V?P; = D;,,V?P;,4 from (1),
and substituting P;=k; Pj+1 from (10), we get,

Kj=Dj+1/Dj (19)

Equation (19) is an important result for evaluating the final
expression for CIR.

B. Exact Closed-Form CIR Expressions for Two-Region
Medium

The formulation in the previous subsection will be used to
obtain exact, closed-form expressions for the channel impulse
response (CIR) of a two-region, MCvD channel with fully
permeable interface boundaries. The fully permeable interfaces
between regions allow all molecules to pass through the
interface without any physical or chemical reactions and thus
the permeability coefficient value is very large e.g., it goes to
infinity. These exact closed-form expressions will be used as a
benchmark to compare, verify and validate the simulations and
other approximations in addition to computation of various
system performance metrics. Referring to Fig.1, we assume that
the number of regions ‘N’ is equal to two and the region-1 (Q1)
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is defined in the region z > z; with diffusion coefficient D, and
concentration P; while the region-2 (Qz) is defined in the region
z<z; with diffusion coefficient D, and concentration Pa.

Now, the concentrations in region-1 and region-2 in Laplace
domain can be evaluated by substituting (13) and (17) in (12)
as follows:

h=1

P, = fom[Aze_gzz + B,e92%] Jo(§R)§dE

sto g e~ 91lz-z + A e 917 + Blegiz]]o §R)§dS (20)

4nD;y g1
(21)

where the variables (&s) are omitted just to simplify the
notation.

Applying the boundary conditions (6)-(9) for (20)-(21) and
following the procedure indicated in Appendix B, we get the
following weighting functions for a partially permeable
interface:

Az = Bl = 0 (22)
L= k101D191-D292(01-D191) 291(221-20) g =sto 23)
4mD1g1(k101D191+D292(01+D191)]
20
B, = 1 e91(21-20)=g221 o —sto 24
2 ™ 4mlki01D191+D292(01+D191)] (24)
For a fully permeable interface (61—®), (23) and (24)
reduces to following:
— k1D1g1-D2g> 291(221-20) g —sto (25)
1™ 4mDyg1lk1D1g1+D295]
B, = e91(21-20)=9g221 o =5to (26)

2m[kq D1g1+D292]

Now, the expression for concentration in region-1 (Q1) with
a fully permeable interface can be evaluated by substituting (22)
and (25) in (20) given by
e—sto

o mprdo gre9ule 0l (RE) £ag
P = >
f1

e~91(Z0+2-221) jo(gR)EAE

e —sto
+ “amDq fo 91°

f2
2kie” sto

L ~91(z0*2=221) 1, (¢R)¢ag

fo [k1D191+D292]

fa

(27)

The terms £; and £, in (27) are evaluated in the time domain
using [28, eq. (29.3.84)] along with the time and complex
shifting properties of Laplace transform. Then, using [28, eq.
(11.4.29)] and substituting v=0, we get

—R2+(Z'Z°)2) t>t, (28)

fi = %exp (_
(4mDy (t—t0))3/2 4D (t—to)

R?+(zg+z—221)?
4Dq(t—tg)

— 1 —
f2 = = vty exp( ) t=t, (29)

Substituting g,and g,from (14)-(15), f; in (27) can be
expressed using [30, eq. (3.310)] as

—sto

f f exp( ( Dil)%[mle1+zo+z_
221]) X exp (— (2 + Diz)l/2 sz) x J,(ER)édédm  (30)

The inverse Laplace transform of (30) is evaluated in
Appendix C and the final expression is given below:

_fa Cxp< 2R >
fo = Jp o A et g yay (31)
(v=to)Z(1-v=10)2 ((1-v-to)+a? (v-to))
where,

where, erfc(.) denotes the complementary error function and
V=ka*(1l-v)+v.

The dimensionless parameters are defined below:

s _Z17Zo 5 _Z1—Z p _ R _ [Py _to
2= o AT e R e O T b 0T
Assuming that the TN emits the information molecules
initially at time t,=0, the molecular concentration in the region-
1 (©1) can be obtained by summing of (28), (29), and (31) given

by

(33)

sinh(20% R%24+22+22
= e ()
4(mD4t)2
exp<_ﬂ)
kq 1 4(1-v+a?v)
8m2(D,t)3/2 Y0 p1/2(1-1)1/2 (1-v+a? v) Pr(v) dv (34)

where, sinh(.) is the hyperbolic sine function and P; (v) is given
in (32).

The concentration for region-2 (Q) with a fully permeable
interface can be evaluated in a similar way by substituting (22)
and (26) in (21) to get

) © e~ Sto

- e " 591(21-20)—g221+922
& fo 2”(k1D191+D292)e ' ' JoGR)SdE

(35)

The expression for molecular concentration in region-2 (Q»)
can also be expressed as

eﬂ,(_ﬂ)
2= 8n2(t1)2)3/2 fol v1/2(1_y;51/;1g:fi:)[12v) P(v)dv  (36)
where,
P,(v) = k§a4(1;12;)z‘—uz‘o ex (_ z‘é(;ﬂtﬁz‘zu)
Pl o (i)’
x |1 - Bz o (2 nt=)) ()

The finite integrals appearing in (34) and (36) can be easily
evaluated numerically.
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It is important to note that we have verified that the CIR for
the medium with two regions gets reduced to that of an
unbounded single homogeneous medium given by (4), when
D=D;=Dy, g = g1 = g, and ky=1 are substituted in (25)-(26)
to evaluate the inverse Laplace transform of (20)-(21).

If the number of regions exceed two, i.e., for N>2, it is
difficult to evaluate the inverse Laplace transform in exact
closed form and therefore require numerical approximations
[40]. This will be discussed in the next subsection.

C.CIR for Composite Medium with Multiple Regions (N>2)

In this subsection, we will derive a closed-form expression
for CIR in a diffusive medium with multiple-regions that is
N>2. As mentioned earlier, in this case we cannot invert
Laplace transform in exact closed form and hence we resort to
the use of Zakian's method for numerical inversion of Laplace
transform [40]. After substituting (13) and (17) in (12), the
general expression for molecular concentration (12) in Laplace
domain for any region can be rewritten as

e—St

By= [ [B o emoteol 4 A0 + Bieoi| [y (gR)gdg (38)

where, §;, is the Kronecker Delta function equal to one when
i=1 and zero otherwise.

Applying the boundary conditions (6)-(9) for (38), we get

. . o=Sto
Dj 8170 ,-gj(zj=20) _ g;(Aje™9% — Bjegjzf)]
9j+1Dj+1 | 4mDj
_ Giv1Zi _ —Gis1Zi
= Bj €74 — A e 91 (40)
egj(zj_zo)e_StO Aj -giz; Bj giz;
n———————+ Le 9% + Ledi%
4TL'ngjkj kj kj
_ —gii1Zi Gis1Zi
= Ajy €794 4+ By @9 (41)

In general, the functions A; and B; can be obtained by solving
the system of 2N equations (40)-(41) for j=1,2,...,N using
mathematical software packages such as Matlab or
Mathematica. Therefore, the complexity of derivation an
expression for the concentration will increase with the increase
in the number of regions N, unlike the simplistic averaging
scenario considered in [19]-[20].

The inverse Laplace transform of the concentration given by
(38) for any region can be evaluated using numerical inversion
of Laplace Transform through Zakian's method as [40]

2

P = ;ern=1 Re{K(m)P;(s)} (42)

where, s = a(m)/t and the complex constants, K(m) and a(m),
are listed in Table 9.2 in [40]. The expression (42) gives good
numerical accuracy in the evaluation of the inverse Laplace
transform, which can be evaluated numerically using Matlab.

The concentration expression (42) will be used for evaluating
CIR for composite diffusive media having any number of
regions by substituting (42) in (18). The results in section IV
show that the expressions predict accurate results and matches
well with the simulation results in spite of numerical
approximations made during the evaluation of inverse Laplace
Transform.

I1l. COMMUNICATION METRICS

Here, we discuss the procedure for obtaining the important
communication metrics for a MCvD channel that may have
either single or multiple regions. The communication metrics,
viz., the pulse peak time, pulse peak amplitude and pulse width
for an unbounded homogeneous MCvD channel with impulsive
TN and passive RN are already available in the literature [11].
The pulse peak amplitude (Npeak) varies over separation
distance, which may be interpreted as the channel attenuation.
This has significant impact on the detection of molecular
signals. Furthermore, the pulse peak time (tyeak) determines the
communication delay between the transmission and reception
of molecular signals. The pulse peak amplitude for a
homogeneous unbounded MCvD channel does not depend on
the diffusion coefficient D while the pulse peak time is
inversely proportional to it [11]. This suggests that any increase
in the diffusion coefficient results in a corresponding increase
in the speed at which molecules diffuse, thus, causing a
corresponding decrease in the pulse peak time. Another
important metric is the pulse width, which mainly affects the
achievable transmission rate in a molecular communication
system. Similar to EM communications, the pulse width of a
received signal is defined as the time duration at which the
signal level is greater than its half-maximum value (i.e., 1/2
Npeak). FOr RN to correctly decode the molecular pulse data
emitted by TN, the separation between the transmitted pulses
need to be approximately equal to the pulse width, assuming
perfect synchronization. Thus, the transmission rate can be
approximately expressed as the inverse of the pulse width [11].

However, finding the communication metrics in closed form
for a diffusive medium consisting of two or more regions
require analytical time derivatives of the concentration e.g.,
(34), (36), or (42), which could lead to additional mathematical
complexities. To avoid this, in this paper, we numerically find
the maximum value (peak amplitude) of (18) for both (34) and
(36) for a medium with two-regions and record the
corresponding time instant (peak time) for various TN-RN
separations. Furthermore, the pulse width for region-1 and
region-2 can be numerically evaluated by finding both their
amplitudes and the corresponding time instants at which the
concentration calculated using (34) and (36) exceed values
greater than the half-maximum value. The pulse width is then
equal to the difference between these two time instants.
Through this, we establish that, the pulse peak amplitude
depends on the diffusion coefficients, which will be further
discussed in the next section.
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IV. ANALYTICAL AND SIMULATION RESULTS

In this section, verification and validation of the simulations
with the analytical results calculated from Sections Il-111 are
carried out. The simulation results are averaged over number of
independent realizations and in general, we observe a perfect
match between the simulation and the analytical results. The
parameters considered for the simulation are listed in Table-I.

TABLE |
THE SIMULATION PARAMETERS (UNLESS STATED OTHERWISE)
Parameter Value Description
Q 10°mol. No. of released molecules by TN.
T, 330K Absolute medium temperature.
Nwater 0.6913 g/m.s Water viscosity [31].
NBiood 2.46 g/m.s Blood viscosity [32].
Nair 18.27x10°%g/m.s  Air viscosity [32].
Dyyater 131.3 um?ls Water diffusion coefficient using (2)
Daiood 36.9 um¥s Blood diffusion coefficient using (2)
Dyir 5000 pm?/s Air diffusion coefficient using (2).
T 2.5n1m Radius of insulin molecule [33].
R, 2 um Radius of RN.
(%0, Yo, 20) (5,5, 10) um Coordinate of TN center.
x,y,2), (1,1, 25) um Coordinate of RN center in region 1.
x,¥,2), (1,1, -5) um Coordinate of RN center in region 2.
d 530 um Distance between TN and RN.
Zsep, Z'sep) 1-10 um Separation from the interface to TN
and RN along z-axis, respectively.
At 0.1 ms Simulation time step.
T 4s Total simulation time.
| 100 Number of realizations.

We also propose a comprehensive framework for particle-
based simulation of 3-D diffusion in a composite, molecular
communication channel with distinct multiple regions. These
simulations, which are developed using MATLAB, will be
validated for a two, three, and four region MCvD channel using
the analytical CIR derived in the section II. In the proposed
simulator, the simulation time Ty is divided into N, time steps
with At step width. The emission of molecules by the TN at the
beginning of simulation time and at an initial location (Xo, Yo,
Zo0) is modelled using an impulse function. Then, the molecules
are made to move independently of each other, in all directions
following Brownian motion. The coordinates of the molecule
(xi,yi,Zi) at the time z=i At are updated using [34]

(x0, yi,2) = (Xi—1, Yi-1, Zi-1) + (Ax;, Ay;, Azy) (43)

where i=1, ...., Ny, N is the total number of simulation time steps,
(Xi-1, Yi-1, Zi-1) are the coordinates of the molecule at the time
t=(i-1)At, (Axi,Ayi,Az)~N(0,6%) are the random displacements
over each spatial axis during At which follows the normal
distribution with zero-mean and variance o = 2D;At for j=1,
2,....N.

When a molecule moves from its current position in the j
region to a new position in the (j+1)™ region across the
boundary interface, its displacement will be impacted by the
diffusion coefficient of the new (j=1)™ region. If it falls within
the RN’s sensing range, it will be counted without absorption
and the RN counter will be increased by one at the end of time
step. The RN counter value at each time step represents the total
number of received molecules at that time. Here, it is assumed

that RN has the capability of counting the number of received
molecules during a time slot [35]. Once the received CIR is
obtained from the simulation, the communication metrics are
evaluated following the procedure given in section Ill. In this
paper, all simulation results are obtained by averaging over 100
independent realizations from which the samples are chosen for
the plots.

The insulin hormone molecule is chosen as an information
molecule [36], [37]. In the rest of the paper, air, water, and
blood within the cells are assumed to be a separate distinct
regions for computation and comparison. The transmitter (TN)
is assumed to be always placed in region-1. Moreover, we
compare our CIR results with those obtained using an effective
diffusion coefficient at steady state as given in the literature
[19]-[20] and demonstrate the latter’s inability in examining the
time dependent channel characteristics which may be only
useful to measure the effective properties of diffusive media
with multiple regions [21]. The following notation will be
employed for a two-region medium: (i) “W-B” to indicate water
in region-1 and blood in region-2 and (ii) “B-W” to indicate the
reversal of the above. Similar notation for a medium with three-
regions is followed meaning “A-W-B” indicating “Air-Water-
Blood” forming the three regions in that order respectively. We
will also investigate the effect of the location of interface
boundary with respect to TN (Zsep) and RN (Z'sep), respectively
and also the effects of the thickness of different regions. Note,
to indicate the CIR for i region, we just use CIR;, e.g., CIR, for
region-2.
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Fig. 2. Molecular concentration for two-region media with equal diffusion
coefficients.

It is expected that the CIR derived for a MCvD medium with
multiple regions should reduce to that of a single homogeneous
medium, when the diffusion coefficients of all regions are made
equal. To verify this, in the two-region analytical expressions,
we make both the diffusion coefficients equal (D;=D,=1x10"°
m2/s) and obtained the molecular concentration as a function of
time. These are compared then, with analytical results obtained
for a single region with D=1x10"° m?/s along with simulations
as shown in Fig.2. For this, the TN-RN separation distance is
considered to be 3 pum, the number of released molecules is
Q=5x10°, and the radius of RN is 0.4 um [11]. The simulation
results obtained for a single realization are also compared with
results that are averaged over 100 independent realizations in
Fig.2.
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The CIR in region-2 (CIR) for a medium with two-regions
is computed assuming that the RN is placed in region-2 using
(18) and (36). The CIR; is evaluated for both ‘W-B’ and ‘B-W’
cases and by varying interface separations Zsep and Z'sep With
respect to TN and RN, respectively. For computing the two-
region results shown in Fig. 3, we assume constant TN-RN
separation, the TN is placed in region-1 and RN in region-2.
The CIR results are plotted in Fig. 3(a) and (b) along with those
obtained from particle-based simulation. It can be observed
from the plots that the CIR> largely depends on Zsep and Z'sep.
For W-B medium, with increasing Zsp, the pulse peak
amplitude of CIRzincreases while the pulse peak time and pulse
width decrease. However, the trend appears to be reversed with
increasing Z'sep. This may be due to increase in the thickness of
the water region between TN and the interface, which has
higher diffusion coefficient than blood. Thus, as Zs, increases,
the probability of the molecules to diffuse faster from region-1
(Water) towards region-2 (Blood) increases, and as a result,
larger numbers of molecules reach the RN faster to increase the
peak amplitude but with corresponding reduction in the peak
time and pulse width. When the regions are reversed, i.e., for
the B-W case, as expected, the trend reverses since the thickness
of blood region that lies between TN and the interface increases.
In addition, blood’s diffusion coefficient is lower than that of
water.
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We now demonstrate using comparisons as to why a CIR of
a multiple-region MCvD channel cannot accurately be modeled
by an averaged equivalent medium with averaged diffusion
coefficient as suggested in [19]-[20]. In Fig.3, these results are
compared with those obtained by the average diffusion
coefficient approach [19]-[20]. As shown in Fig. 3, for all
interface separations Zsep and Z'sep, the CIR results obtained
using averaging approach [19]-[20] deviate significantly from
the actual CIR results of a two-region medium (both for W-B
and B-W). This large deviation in CIR suggests that the
averaging approach given in [19]-[20] cannot accurately model
the CIR of a two-region MCvD channel. We find that it even
holds true for a multi-region channel as will be discussed later.

For comparison sake, the CIR of a single region case is
computed using diffusion coefficient of region-2 (D) where the
RN is located and it is compared with the CIR of a two-region
medium. As shown in Fig. 3, a larger mismatch in results can
be seen when the TN in region-1 is moved far away from the
interface (e.9., Zsep=10pm) but, it reduces when the TN moves
closer to the interface (e.g., Zsep=1pum). This may be due to
decrease thickness of region between TN and the interface as
the TN moves closer to the interface, which in order makes most
of the molecules to move to region-2 and diffusing most of time
in region-2 where the RN is located. Thus, the diffusion
coefficient of region-2 plays a dominant role in this case.
However, when the RN in region-2 is moved far from the
interface (e.g., Z'sep=10pum), initially, the mismatch appears to
be smaller but as RN gets closer to the interface, it eventually
has increased. This due to fact that, when the RN moves closer
to the interface, it appears that the molecules that contribute to
CIRz will mainly be influenced by the diffusion coeffcent of
region-1 (D1) most of the time because the thickness of region
between RN and the interface decreases.

It can be seen in Fig. 3 that both approaches, i.e., the CIR of
averaging approach [19] and the CIR of a single homogeneous
region, result in the same pulse peak amplitude since, for a
single homogeneous medium, the peak amplitude of CIR does
not depend on the diffusion coefficient.
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Fig. 4. The time dependence of CIR; for region-2 when diffusion coefficients
(D4, D,) are varied in integer multiples of Dwater and Dgjood fOr Zgep=10pm.

Fig.4 illustrates how the diffusion coefficient of each region
influences the temporal behaviour of CIR, when the diffusion
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coefficients are varied in integer multiples (m=1, 2, 3) of water
and blood viz., D1= mXDwater and D2= mXDgiood. When the RN
is located in region-2, one can observe from Fig. 4, that the
diffusion coefficients influence the CIR,, peak amplitude, peak
time, and pulse width significantly.

Fig. 5(a) shows the pulse peak amplitude of CIR; versus TN-
RN separation for D1=mXDgiood and Do=mXDwater Where m=1,
2 is an integer multiple. Here, we assume fixed TN-RN
separation, the TN is placed in region-1 and RN in region-2. An
increase in D; increases the probability for the molecules to
diffuse faster across the interface from region-1 into region-2,
which causes the pulse peak amplitude to increase at the RN in
region-2. The peak amplitude of CIR, decreases with increase
in D2, because it increases the probability for the molecules to
return back from region-2 to region-1 which contribute to
reduction of the pulse peak amplitude at RN in region-2. More
importantly, these results establish that in a two region diffusive
medium, the pulse peak amplitude is highly dependent on the
diffusion coefficients unlike in a single region medium where it
is independent of the diffusion coefficient [11]. Consider a
specific example where the RN is located at distance d=14pum
from the TN that is positioned near the interface with Zsep=1pm.
The CIR peak amplitude for this case, as in Fig. 5(a), shows an
increase by a factor of 1.2 when D3;=2XDsgiood but when
D,=2XxDwaer, it decreases by a factor of 0.7. However, when the
TN is placed far from the interface i.e., for Zs;=10pm, the pulse
peak amplitude increases by a factor of 1.8 for D1=2X Dgjeod but
it decreases by a factor of 0.4 for D2=2XDwatr. It can also be
seen that the pulse peak amplitude decreases with the increasing
separation between TN and RN since only a few molecules can
reach the RN. For “B-W” medium, when the TN is placed near
the interface (Zsp=1pm), doubling the TN-RN separation
reduces the pulse peak amplitude approximately by a factor of
1/8 (i.e., Npeak & 1/d3).

Fig. 5(b) shows the pulse peak time of CIR; as a function of
TN-RN separation when D1 and D5 are following D1=mXDwater
and Do,=mxDgiood (M=1, 2 is an integer multiple). It can be
observed that for any increase in either D, or D, or both, the
peak time of CIR, decreases. However, the effect of the
diffusion coefficient D, is dominant on the peak time of CIR;
since the RN is located in region-2. Thus, we can see that the
pulse peak time is mainly influenced by D». As D; increases, the
pulse peak time sharply decreases because the molecules in
region-2 will diffuse faster to reach the RN, which co-
incidentally, concur with the literature [11]. Results also
indicate the influence of D1 on the peak time of CIR; is smaller
when the TN is placed closer the interface (Zsep=1pm). This
may be due to the increased probability for the molecules
released by TN to move into region-2 under the influence of
diffusion coefficient of region-2, most of the time. For example,
when the RN is separated at a distance d=28um from the TN
which is placed closer to the interface (Zsp=1pm), the pulse
peak time decreases by a factor of 0.97 for D1=2XDwater and by
a factor of 0.5 for D,=2xDgioeg. On other the hand, when, the
TN is placed far from the interface (Zs;=10pum), the pulse peak

time decreases by a factor of 0.9 for D1=2XDwaer and by a
factor of 0.6 for D2=2XDgiood.

The pulse peak time also increases with the increase in the
separation between TN and RN because it will take longer time
for the molecules to reach the RN. For example, for the “W-B”
medium, if the TN-RN separation is doubled, the pulse peak
time is four times longer when the TN is placed near the
interface (Zsep=1pm) and six times longer when the TN is
placed far from the interface (Zsep=10um) as indicated in Fig.
5(b).

Fig. 5(c) illustrates the changes in CIR pulse width in region-
2 with TN-RN separation when the diffusion coefficients D1
and D; are varied in multiples of Dwater and Dgiood, respectively.
It can be seen from the plots that the pulse width follows similar
trend as that of the pulse peak time. The separation between the
transmitted pulses need to be approximately equal to the pulse
width for RN to correctly decode the received molecular pulse
data. Unlike the EM communication where the pulse width does
not depend on the transmission distance, the pulse width in MC
increases with the increase in the transmission distance
resulting in lower data rates. As an example, if the transmission
distance is doubled, the pulse width becomes approximately
four times wider and correspondingly the transmission rate
decreases by 25% as shown in Fig. 5(c). Furthermore, in a two
region diffusive channel, our results suggest that the pulse
width can be reduced to half (50%) by doubling the diffusion
coefficient D so that the transmission rate can be doubled.

The CIR for a medium with two regions when both TN and
RN are placed in the same region, i.e., in region-1 (denoted as
CIR1) can be obtained from (18) and (34). Fig. 6 (a) compares
of CIR; as function of time for varying interface separation
distances (Zsep) from the TN. Since both TN and RN are located
in the same region-1, the effect of both of their separations from
the interface (Z'sep, Zsep) have the same dependency on CIR; and
hence not plotted here. However, the peak amplitude increases
with increase in either Zs, or Z'sp for Water-Blood medium,
while the trend gets reversed for Blood-Water medium. For W-
B medium, this may be due to the increased probability for
molecules to diffuse faster mainly under the influence of the
diffusion properties of region-1 (water). For B-W medium, the
trend gets reversed because blood has lower diffusion
coefficient than water.

These results are also compared with those of averaging
approach presented in [19]-[20] for multiple region CIR to
highlight the deficiencies of the latter. As expected, for both W-
B and B-W (two region) media, the results obtained using the
averaging approach show a large mismatch with our CIR;
results for all interface separations. The CIR; results obtained
by considering the medium to have two distinct regions do not
match with the results obtained by considering the medium to
be a single homogeneous medium. Particularly, this mismatch
is seen to increase if the TN gets closer to the interface (e.g.,
Zsep=1pm) while it decreases when the TN is placed far from
the interface (e.g., Zsep=10pum). The decrease in mismatch for
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larger separation of TN from the interface is due to increase in
the thickness of region between TN and the interface and thus
helping the molecules to diffuse most of the time in region-1.
As a consequence, the effect of region-2 almost disappears,
making the two-region medium to behave as though it is an
effective homogeneous single region with diffusion coefficient
D;. But, when the TN gets closer to the interface, effective
single region approximation cannot be employed anymore to
obtain the CIR; of a two-region medium because the molecules
will mainly diffuse in region-2 most of the time.
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Fig. 6 (b) shows the CIR; of region-1 as a function of time
when the diffusion coefficients of both the regions are increased
in integer steps viz., D1=MXDgiood aNd D2=mXDwater. The plots
specify how the variations in diffusion coefficients affect the
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CIR; peak amplitude, peak time, and pulse width when the TN
is placed far from the interface (Zse;=10pm). As shown in Fig.
6 (b), when the TN is placed far from the interface (Zsep=10um),
both the diffusion coefficients D; and D, have no impact on the
peak amplitude of CIR; since the medium acts effectively as a
single region medium for which the pulse peak amplitude is
independent of the diffusion coefficient. However, our results
have indicated that when the TN is moved closer to the interface
(e.9., Zsep=1pm), both D1 and D have slight impact on the peak
amplitude of CIR1. From Fig. 6 (b), one can observe that the
peak time of CIR; is pre-dominantly determined by the
diffusion coefficient D1 since the RN is located in region-1. As
D; increases, the pulse peak time decreases because the
molecules in region-1 will diffuse faster to reach the RN at
region-1, which concurs with the literature [11]. Also, since the
RN is located in region-1, the diffusion coefficient of region-2
(D) will have negligible impact on the peak time of CIR;. The
plots for the communication metrics of CIR; in region-1 as a
function of the separation distance are omitted here due to page
length limitations but effect of the diffusion coefficients on
these metrics can be observed from Fig. 6.
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Fig. 7 (a) shows the CIRszas a function of time for a MCvD
medium with three regions where the TN placed in region-1 and
the RN in region-3. In this figure, the CIR is evaluated using
(18) and (42) for various values of the separation distance
between the TN and the interface (Zsep). When the first, second,
and third regions are formed with air, water, and blood
respectively, the CIRs has higher peak amplitude (and lower
peak time) compared to the case when the second and third
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regions are swapped i.e., region-2 becomes blood and region-3
becomes water. The reason for this occurrence may be due to
the molecules moving faster in the region that has higher
diffusion coefficient where in this case, the region having water
has a higher diffusion coefficient than blood. For example,
when the medium is Air-Water-Blood, the molecules will move
faster in region-2 (water) and they will take shorter time to
reach region-3 (blood) and thus most of the molecules will enter
region-3 (blood) quickly and the number of molecules that
reach the RN will increase but the peak time will decrease. Also
in a three-region medium, as the separation distance between
TN and the interface, Zsp, between region-1 and region-2
increase, there is a corresponding increase of the peak
amplitude but the peak time decreases for both the cases viz.,
Air-Blood-Water and Air-Water-Blood. This is because, the
region-1, where the TN placed, is Air in both these cases which
has higher diffusion coefficient than water and blood. Thus, as
Zsep increases, the thickness of the region, which is filled by air
between TN and the interface, increases which makes most of
the molecules to move faster in region-1 (air) before they reach
region-2. To confirm this, we perform a simulation for
monitoring the number of the molecules as a function of time
in each region as shown in Fig. 7 (b). We find that the number
of the molecules in region-2 (water) reaching its peak value in
a shorter time but decreases rapidly compared to when region-
2 is filled with blood. The reason for large reduction in the
number of the molecules in region-2 when it is filled with water
is because the molecules that travel to region-3 where the RN
located increase and it appears only few of them go back to
region-1. The molecules stay only for shorter duration in
region-2 (water) before they move to region-3, while for A-B-
W medium most of the molecules take longer time to diffuse in
region-2 (blood) before reaching the region-3. This explains
why the CIR changes as the regions are swapped. Moreover, as
shown in Fig. 7 (a), the CIR using averaging approach [19]
shows high mismatch with the exact CIR results for both A-W-
B and A-B-W mediums.

Now consider a CIR of a MCvD channel with four regions.
The time dependency of the CIR4 on the thicknesses of region-
2 and region-3 when the four regions are formed by Air-Water-
Blood-Water and when the RN placed in region-4 is shown in
Fig. 8. The CIR results plotted in Fig. 8 are evaluated using (18)
and (42) which indicate that the amplitude of CIR increases
with corresponding decrease in the peak time as the thickness
of region-2 (water) increases and thickness of region-3 (blood)
decreases. This is because the water has higher diffusion
coefficient than blood. Further, with the increase in the
thickness of water region and decrease in the thickness of blood
region, most of the molecules will be influence by the water
region for majority of the time than the blood region. Thus,
number of molecules that move to region-4 increases and they
reach the RN in a shorter time as the thickness of the water
region increase. This clearly highlights the deficiencies in the
averaging approach suggested in [19], which fails to provide
accurate predictions for a four-region medium.

Thus, for a passive receiver, which is located in MCvD
medium having multiple regions, the results reveal that the
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diffusion coefficient has significant effect on the CIR, pulse
peak amplitude, pulse peak time, and pulse width. On the other
hand, when the medium is a single homogeneous region, the
peak amplitude does not depend on the diffusion coefficient as
predicted in [11]. In addition, the results show that thickness of
each region and the separation distance between either the TN
or RN with respect to the region interface has significant effect
on the CIR. Thus, the CIR expressions derived in this paper as
well as the proposed particle-based simulator are helpful for the
design of optimum TN and RN nano machines, equalization
schemes and detection techniques for MCvD systems in a three-

dimensional diffusive channel having multiple regions.
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V. CONCLUSIONS

The paper presents a rigorous analytical formulation to derive
a 3-D channel impulse response (CIR) for MCvD in a
composite diffusive medium having multiple regions, which
has not been addressed so far in the literature. Closed form,
analytical expressions for a 3-D CIR for a general medium with
N multiple regions are derived. Furthermore, we have also
demonstrated that the CIR for a multiple region medium
reduces to that of a single homogeneous region when the
diffusion coefficients of the regions become equal. Three
communication metrics viz., the pulse peak amplitude, pulse
peak time and pulse width have been introduced for the two
region MCvD channel model. A multiple region medium
consisting of air, water, and blood is used to demonstrate the
effects of the interface separation, diffusion coefficients, region
thickness etc., on the CIR. We have also proposed a generalised
particle-based simulator for the 3-D multiple region molecular
diffusive channel and validated the simulations for a multiple
region channel with the exact results obtained from the
analytical formulation.

Our investigations have revealed that, when TN and RN are
placed in different regions, the diffusion coefficients and the
separation distance between either TN or RN with respect to the
interface (Zsep, Z'sep) Significantly influence the CIR. However,
when both TN and RN are placed in the same region (region-
1), CIR; will be mainly affected by D; and the effect of the
interface separation appears to be negligible. In addition, unlike
the single region case, the pulse peak amplitude mainly depends
on diffusion coefficients when a passive receiver is located in a
multiple region medium. We believe that the work presented in
this paper will help to enhance the understanding of the multiple
region diffusive channel in order to design optimum
transmitting and receiving nano-machines as well as
equalization and detection techniques.

Appendix A
Derivation of Eq. (17)

To derive (17), we write (16) as an integral in terms of the
Bessel function after substituting p=0 and v=0.5 in [38, eq.
(13.47.2)], as follows

Kl/z(a\/t2+22)

(tz +22)1/4

Jy” Jo(bt) tdt

-1/
1 <\/azz+bz) K_l/z(Z e bz)

=7 (44)
where, Ky (.) is the modified Bessel function of second kind of
n" order.

Now, we expressing Kaz () and K1z (1) in (44) using the
identities [38, eq. (3.71.13)] and the fact that K2 (.) and Kap)
() are equal as follows

12
=) —ayt2+c? ) )
fO lo(bt) etﬁt dt = m e cva2+b? (45)

Finally, (17) can be obtained by substituting a=|z-z¢|, b=R,
c=A1,and =¢, and then multiplying both sides of (45) by exp(-
sto)/(4zDn).

Appendix B
Derivation of Egs. (22)-(24)

The functions A, and B; can be obtained by applying the
boundary conditions (8)-(9) for (20)-(21) as follows

oo [e~Stoe~ lz=zol
lim [ [T 4 A e 0 4B e Jy(SR)EAE = 0 (46)

z—00 "0 4mD191

lim [“[Aye=927 + B,e927] Jo(ER)EAE = O

z——00 "0

(47)

Then, after evaluating the limits in (46)-(47), we get the
following equations

e™Sto 1 — —o0 o __
prr +A,e " +B,e® =0 (48)
Azeoo + Bze_oo =0 (49)

Now, by solving (48)-(49), we conclude that A, and B; should
be vanished (A,=B1=0) and thus we get (22). The functions A;
and B, can be obtained by applying the boundary conditions
(6)-(7) for (20)-(21) after substituting (A,=B1=0) as follows

e—Sto

o e91(z1-20) _ A,D, g, e91%t = D,B, g, e92%1 (50)
e g1(z1-20) -1z
me 1#1720)(Dy gy — 01) — D1A1 g, 79171
= 0,(4, 7911 — kB, e97%1) (51)

where, the absolute value function in (20) is |z1-zo|=-(21-20)
because we assume that the TN located in the first region (i.e.,
21<zg) where z; is the location of the interface along z-axis.
Finally, (23)-(24) can be obtained by solving (50)-(51) for A;
and Bo.

Appendix C
Derivation of Eq. (31)

Using the identity [28, eq. (29.3.82)] and Convolution theorem
[39, eq. (1.25)] with helping of the time shifting and complex
shifting properties of Laplace Transform, the inverse Laplace
transform of (30) can be written as follows

fo =52 87 eap (~£2(Da(x — t0) + Dyt — T — 1))

(mk1 D1+(zo+z—221)) mD,
X ]O (ER)gdg 2\/77.'D1(T—t0)3 Zx/ﬂDz(t—T—fo)3
_ (mky D1+(zo+z—221))2 _

(sz)Z
e ) dedm  (52)

4D, (t—T—tg)

X exp(

Now, using [28, eq. (11.4.29)], (52) can be written as follows
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exp( i )
P 4(Dq(t—tg)+D2(t-T—t())

fi=——1;
3 7 16m2,/D1D3 Y0 (1—tg)3/2(t—1—t0)3/2(D1(1~to)+ D2 (t—T—t0))

X [ (m2DyD,ky —m D, (22,2 — 2))

2 (k%D1(C—T—fo)+D2(T—f0)) _ —ky(22,-29-2)
% exp( et —to) m )
(221—29—2)*
PTNCENE )dmd‘r (53)

The integral w.r.t min (53) can be written as follows

J, (bym? — bym) e~vm*=2mez=es g (54)

where,

(4]

(221-29—2)2
C3 — 1 0

(k2D (t-7-t0)+Dy(1-t0))
4(t—t—to)(r—to)

_ k1(2z4-2z9-2)
I 4(T—tg)

v by = D1 D;kq, by = D;(22,—2 — z) (55)

4Dy (T—to)

The integral (54) can be evaluated using identities [30, eq.
(3.462.5) and eq. (3.462.7)] or directly using Mathematica
software as follows

[ (bym? — bym) e—cami-2mez—c3 g — _ C2bitabs ¢,
0

2
2ct

37z (56)

3 .
23
Vet (Zc§b1
4-61

+ b, + 2c2b2) erfc (%)

C1

We assume that the TN emits the information molecules
initially at time t;=0. After substituting (55) in (56) and then
(56) in (53) and using the dimensionless parameters (33) and
interchange the variable of integration to v = 7/t , we get (31).
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