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This study presents a novel topology optimization method for the robust design of structures and
material microstructures. Uncertainties are usually ubiquitous and of different sources, and especially
hybrid uncertainties widely exist in structural designs including external loads and material properties.
Firstly, an orthogonal decomposition and uniform sampling (ODUS) method will be proposed to avoid the
time-consuming double loops, in terms of load uncertainties described by upper and lower bounds.
Secondly, a non-intrusive polynomial chaos expansion (NIPCE) is implicitly implemented, in terms of
base material uncertainties subjected to Gaussian distributions. In the optimization formulation, the
robust objective function is defined according to both the expectation and standard variation of structural
compliance, and the sensitivity information with respect to the two-scale design variables are given in
detail. Finally, an effective evolutionary method is employed to iteratively find the optimal topologies
of the design. In addition, this study also defines a dimensionless index to evaluate the robustness of
deterministic and robust designs. Three numerical examples are provided to demonstrate the efficiency
of the proposed method, and 3D design results are fabricated by using appropriate additive manufactur-
ing techniques.
� 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Topology optimization has been a popular numerical approach
and applied to design various structures and material microstruc-
tures, to achieved specified properties and performance, e.g.,
[1–6,45]. So far, several types of topology optimization methods
have been developed [7–13]. In particular, the bi-directional evolu-
tionary topology optimization (BETO) method [14] shows many
advantages in practical engineering practice, such as conceptual
simplicity and implementation easiness. However, most existing
studies pertaining to multi-scale topological designs are limited to
deterministic assumption with no consideration for parameters
variations in the design [15–20]. It is noted that uncertainties such
as load disturbance, material imperfection, geometric and mod-
elling errors, and manufacturing tolerance are ubiquitous in engi-
neering practice. Conventional deterministic assumption may
result in design only meaningful in theory but not feasible in
practice [21–24]. Amongst a range of uncertainties, load and mate-
rial uncertainties are the most common ones. In most situations, it
is hard to have complete information to describe accurate probabil-
ity distribution functions related to load uncertainties by numerical
simulations and experiments, such as shocks, vibrations, noises, and
partial loads. Thus, non-probabilistic modelling approaches only
requiring upper and lower bound information can be used to
describe them [25,47]. Base material parameters such as elastic
modulus and Poisson’s ratio rarely exhibit perfect homogeneity
due to a range of factors. For instance, in traditional manufacturing,
material uncertainties can be induced by acidity variations during
steel plate preparation, time, and temperature instability during
heat processing, and different rolling procedures. In additive manu-
facturing, material uncertainties are also widespread during the
melting and cooling process [26]. However, the uncertainties of
thebasematerial properties related to elasticmodulus andPoisson’s
ratio have beenwell studied and complete information are available
for describing their probability distributions. Hence, in this paper,
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the Gaussian distributions will be directly adopted to characterize
these uncertainties, according to the engineering experiences.

Topology optimization methods considering uncertainties can be
roughly categorized as reliability-based topology optimization
(RBTO) and robust topology optimization (RTO) [27–29]. When
uncertainty information are easily obtained by experiments, simula-
tions and experiences, constraints can be defined in RBTO models to
satisfy the lowest failure probabilities [30,31], while RTO is a com-
plementary to make structures insensitive to uncertainty factors
[32,33]. Guo et al [34] established a confidence robust optimization
formulation for structures and materials, where the unknown-but-
bounded load uncertainties are considered. Wang et al. [35] investi-
gated multi-scale non-probabilistic optimization problem, conduct-
ing the RBTO at macro and reliability-based design optimization at
micro. Zheng et al [21] studied the concurrent design problem of
dynamic structures, a hybrid dimensional reduction model is pro-
posed to estimate the interval mean and variance of dynamic perfor-
mance. He et al [36] proposed an improved hybrid perturbation
analysis method to evaluate the robust objective function related
to imprecise uncertainties, where various excitation frequencies
are analyzed. Although there have been some research works related
to the multi-scale RTO problems, they are associated with draw-
backs. For instance, some studies only consider single uncertainty,
so the design results may fail to satisfy the expected performance
when suffering multiple uncertainties. Some methods involving
nested double-loop computation in evaluating robustness have
low efficiencies, which makes them difficult to solve relatively
large-scale engineering problems. Hybrid uncertainties have been
considered in the topology optimization design problems [36], but
how much influence of load and material uncertainties on the con-
current designs still remains unknown.

To address the abovementioned drawbacks, this study performs
concurrent design of structures and material microstructures, by
considering both the load and material uncertainties. In terms of
uncertainties (or variations) of the externally applied loads featured
with unknown-but-bounded variables [27], an orthogonal decompo-
sition and uniform sampling (ODUS) method is proposed to quantify
them. Orthogonal decomposition can separate the uncertainty vari-
ables into several coefficients unrelated to finite element analysis to
save the computational costs. By using uniform sampling, the origi-
nal uncertainty problem is transformed into an augmented deter-
ministic one with multiple cases, and then explicit sensitivities can
be obtained to avoid the conventional double-loop procedure [37].
In terms of material uncertainties subjected to Gaussian distribu-
tions, a non-intrusive polynomial chaos expansion (NIPCE) is intro-
duced to quantify the elastic modulus and Poisson’s ratio
uncertainties. The objective function is formulated to minimize the
structural compliance subjecting to two-scale volume constraints.
Additionally, an efficient BETO method is employed to find the final
topologies of structures and material microstructures, the macro-
scopic equivalent properties of material microstructures are evalu-
ated by using the homogenization method. A dimensionless index
is also defined to evaluate the robustness of deterministic and robust
designs. Three numerical examples are provided to illustrate the
effectiveness of the proposed method, 3D design results are fabri-
cated by the additive manufacturing.
2. Problem statement and homogenization theory

2.1. Deterministic topology optimization formulation

For simplicity but without losing any generality, this paper
investigates the concurrent design of structure periodically fash-
2

ioned by one type of identical microstructures. Based on the BETO
method, the problem to minimize the mean compliance subjecting
to volume constraints can be defined as

Find : q ¼ qm; qn½ �T m ¼ 1; 2; � � � ; M; n ¼ 1; 2; � � � ; Nð Þ
Minimize : C qð Þ ¼ UTKU

Subject to : F MAð Þ ¼ K qð ÞU MAð Þ

VMA� �PS
a¼1

Vava qmð Þ ¼ 0

VMI� �PT
b¼1

Vbvb qnð Þ ¼ 0

qm; qn ¼ 0 or 1

ð1Þ

where q is the interpolation points to be solved, qm and qn denote
the design variables at macro and micro level, respectively. M and N
are the total number of interpolation points at both macro and
micro scale, respectively. C is the structural compliance, U is the
structural displacement, K is the macroscopic stiffness matrix, and
F is external force applied at the macrostructure. S and T are the
total number of elements discretized at two scales. VMA* and VMI*

are the defined material usages. Va and Vb are the a-th and b-th ele-
mental volume at the macro and micro scale, respectively, va and vb
are the changing volumes related to a-th and b-th elements. It is
noted that Va and Vb are constant values when mesh sizes are given,
va and vb are iteratively determined by the appearing and disap-
pearing of interpolation points at two scales. qm and qn are the bin-
ary design variables, representing the statuses of interpolation
points during the optimization.

2.2. Robust topology optimization formulation

If material uncertainties for the elastic modulus and Poisson’s
ratio are subjected to E � NðlE; r2

EÞ and t � Nðlt; r2
tÞ, where lE

and r2
E denote the expectation and variance of the elastic modulus,

and lt and r2
t are the expectation and variance of the Poisson’s

ratio. The deterministic formulation defined in Eq. (1) can then
be transformed to the following one:

Minimize : Jðq; E; tÞ ¼ x1lðCÞ þx2rðCÞ ð2Þ
where lðCÞ and rðCÞ are expectation and standard deviation of
structural compliance, x1 and x2 correspond to the weight
coefficients (1 in this study). Consider the uncertainties of
applied loads described by unknown-but-bounded variables,
the structural compliance can be described as an interval
variable:

½C� ¼ ½C; �C� ¼ fCiÎRjCiCi
�Ci; i ¼ 1; 2; Lkg ð3Þ

Then mean and deviation of interval compliance should be writ-
ten as

Cm ¼ ðC þ �CÞ=2; Cd ¼ ð�C � CÞ=2 ð4Þ
The upper bound of the interval objective function, known as

the worst-case condition, is usually considered as the robust objec-
tive function, such as

Minimize : J ¼ q; E; t; ½p�; ½h�ð Þ ¼ lð�CÞ þ rð�CÞ ð5Þ
Traditionally, all vertexes of interval parameters should be enu-

merated by comparison. However, this process is time consuming.
With the help of ODUS method, this study transforms the RTO
problem to a deterministic one with multiple cases, and the aver-
age performance of interval compliance can be used as a new
objective function:
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Minimize : J ¼ q; E; t; ½p�; ½h�ð Þ ¼ lðC
�
Þ þ rðC

�
Þ

C
�
z½ � ¼ 1

L

PL
i¼1

UT zið ÞK zið ÞU zið Þ

Subject to : FðMAÞ ¼ KUðMAÞ

VMA� �PS
a¼1

VavaðqmÞ ¼ 0

VMI� �PT
b¼1

VbvbðqnÞ ¼ 0

qm; qn ¼ 0 or 1

ð6Þ

where C
�

indicates the average performance of structural compli-

ance corresponding to the interval variable [z]. lðC
�
Þ and rðC

�
Þ are

expectation and standard variation related to C
�
, and L is the selected

sample numbers. Other parameters are consistent with the ones
defined in Eq. (1).

2.3. Energy-based homogenization method

If periodic unit cell of material microstructure is small enough
than the geometric size of the macrostructure, homogenization
theory can give us a way to evaluate the effective properties of
microstructures involved in the concurrent design of structures
and materials [38,39]. This study adopts the energy-based homog-
enization method to predict the macroscopic equivalent elastic
properties of material microstructures, which is based on the crite-
rion of energy conservation with respect to stress and strain. Under
the framework of linear elasticity theory, the macroscopic dis-
placement of 2D microstructures periodically configured in the
design space can be expressed as

stðxÞ ¼ s0ðx; yÞ þ ts1ðx; yÞ þ t2s2ðx; yÞ þ L ð7Þ
where e ¼ y=x is a scale factor, periodic unit cell will approach to be
a point when e � 0. Leveraging the trade-off between computa-
tional efficiency and accuracy, this study only considers the first-
order term in Eq. (7). One of the homogenized elastic tensor of E2

can be obtained by averaging the strain energy:

EH
ijkl ¼

1
Yj j
Z
Y
Eprrsðe0ðijÞpq � e�ðijÞpq Þðe0ðklÞrs

� e�ðklÞrs ÞdYði; j; k; l ¼ 1; 2; L; DÞ ð8Þ
where Epqrs is an elastic tensor with respect to isotropic solid mate-

rial, D denotes the design dimension of periodic unit cell, e0ðijÞpq and

e0ðklÞrs are the initial unit test strain. The unknown item e�ðklÞrs is the
Y-periodic solution of the following equilibrium equation:Z
Y
Eijrse�ðklÞrs

@wi

@yj
dY ¼

Z
Y
Eijrse0ðklÞrs

@wi

@yj
dY ð9Þ

where e�ðijÞpq can be also obtained in the same way owing to the sym-
metry of Eq. (9), w is the virtual displacement field. If a periodic unit
cell is divided into Ne elements, the homogenized elastic property
shown in Eq. (9) can be calculated through the finite element anal-
ysis and summation:

EH
ijkl ¼

1
Yj j
XNe

e¼1

ðu0ðijÞ
e � u�ðijÞ

e ÞTkeðu0ðklÞ
e � u�ðklÞ

e Þ ð10Þ

where u�ðijÞ
e and u�ðklÞ

e are elemental displacements to be solved, ke is
elemental stiffness matrix. If the induced unit strain fields

expressed in brackets of Eq. (10) are written as eDðijÞpq and eDðklÞrs , Eq.
(10) should be abbreviated as follows in terms of elemental mutual
energy:
3

EH
ijkl ¼

1
Yj j
XNe

e¼1

ðuDðijÞ
e ÞTkeðuDðklÞ

e Þ ð11Þ
3. Hybrid uncertainty quantification method

One difficulty in solving the RTO problem given in Eq. (6) is how
to efficiently quantify the hybrid uncertainties [29], this section
proposes a novel ODUS-NIPCE method to simultaneously quantify
the load and material uncertainties.

3.1. Odus method

3.1.1. Orthogonal decomposition
This study focuses on the linear elastic structure, uncertain

force Fi in 2D scenarios can be expressed by a linear combination
of horizontal and vertical force vectors, such as

Fi ¼ F1
i ; F

2
i

h iT
¼ picoshi; pisinhi½ �T ð12Þ

where i denotes the i-th uncertainty force, F1
i and F2

i are horizontal
and vertical components decomposed by uncertainty force, respec-
tively. pi and hi are load magnitude and direction, respectively. Fig. 1
shows the decomposition of two uncertainty forces in 2D scenarios.

The nodal force vector generated by Fi can be expressed by two
unit forces, such as

Ri ¼ ½R1
i ; R

2
i �

T ¼ ½R
�1

i picoshi; R
�2

i pisinhi�
T

¼ ½R
�1

i ; R
�2

i �
T

Fi ð13Þ
Correspondingly, the nodal displacement vector generated by Fi

can be also expressed by the decomposed unit displacements in
two directions:

Ui ¼ ½U1
i ; U

2
i �

T ¼ ½U
�1

i ; U
� 2

i �
T

Fi ð14Þ
Suppose there are K uncertain loads, structural compliance

should be expressed as:

C ¼PK
i ¼ 1
j ¼ 1

UT
i Rj ¼

PK
i¼1

PK
j¼1F

T
i ½U

�1

i ; U
�2

i �
T

½R
�1

j ; R
�2

j �Fj

¼PK
i¼1

PK
j¼1F

T
i cijFj

ð15Þ

Eq. (15) can be further separated into two parts using mathe-
matical operations, such as
Fig. 1. Illustration for the decomposition of two uncertainty forces in 2D scenarios.
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C ¼PK
i¼1

Fk
i F

l
ic

kl
ii þ 2

PK
i¼2

Pi�1

j¼1
Fk
i F

l
jc

kl
ij

¼PK
i¼1

pk
i coshi

� �
pl
isinhi

� �
cklii þ 2

PK
i¼2

Pi�1

j¼1
pk
i coshi

� �
pl
jsinhj

� �
cklij

ð16Þ

The coefficients related to the uncertain forces Fi and Fj do not
involve the finite element analysis, since their calculation pro-
cesses are limited to mathematical operations, and cij cij is the
mutual compliance with a size of 2 � 2 for each element, which
is a deterministic one calculated by the product of unit force and
unit displacement. To separate the uncertainty coefficients, a point
function tsðhÞ is introduced to facilitate the following derivations:

ts hð Þ ¼ cosh; if s ¼ 1
sinh; if s ¼ 2

�
ð17Þ

Structural compliance should be further expressed as

C ¼
XK
i¼1

p2
i tk hið Þ � tl hið Þ� �

cklii þ 2
XK
i¼2

Xi�1

j¼1

pipj t
k hið Þ � tl hj

� �� �
cklij ð18Þ

where the coefficients pertaining to interval uncertainties are sepa-
rated into two parts: one is related to load magnitude, the other is
related to load direction.

3.1.2. Uniform sampling
R signifies an arbitrary real set, and interval variables related to

load magnitude and direction pi 2 R can be defined as two pairs of
ordered real numbers, such as

p½ � ¼ pl
i; p

r
i

� � ¼ pi 2 R pl
i < pi < pr

i ; i ¼ 1; 2; � � � L		
 �
h½ � ¼ hli; h

r
i

h i
¼ hi 2 R hli < hi < hri ; i ¼ 1; 2; � � � L

			n o
8<
: ð19Þ

where pl
i and pr

i are the left and right bounds of load magnitude,

respectively, hli and hri are the left and right bounds of load direction,
respectively. If we select L samples equally spaced to calculate the
structural compliance, pi and hi can be naturally divided into L-
1M� 1 subintervals, and pik and hik related to the k-th sample pik

should be expressed as

pik ¼ pl
i þ

pr
i
�pl

i
M�1 � k� 1ð Þ

hik ¼ hli þ
hri�hli
M�1 � k� 1ð Þ

8<
: ð20Þ

To separate the magnitude uncertainty and directional uncer-
tainty, Eq. (19) should be written as

C
�
p ¼

PK
i¼1a1 tk hið Þ � tl hið Þ� �

cklii þ 2
PK

i¼2

Pi�1
j¼1a2 tk hið Þ � tl hj

� �� �
cklij

C
�
h ¼

PK
i¼1p

2
i b1cklii þ 2

PK
i¼2

Pi�1
j¼1pipjb2cklij

8<
:

ð21Þ
where the coefficients a1, a2, b1 and b2 defined in Eq. (21) can be
obtained by the following formulations according to uniform
sampling:

a1 ¼ 1
L

PL
k¼1

PK
i¼1 pl

i þ
pr
i
�pl

i
L � k� 1ð Þ

� �2
a2 ¼ 1

L

PL
k¼1

PK
i¼1 pl

i þ
pr
i
�pl

i
L�1 � k� 1ð Þ

� �
� pl

j þ
pr
j
�pl

j

L�1 � k� 1ð Þ
� 


8>><
>>:

ð22Þ

b1 ¼ 1
L

PL
k¼1

PK
i¼1t

k hri�hli
L�1 � k� 1ð Þ

� �
� tl hri�hli

L�1 � k� 1ð Þ
� �

b2 ¼ 1
L

PL
k¼1

PK
i¼1t

k hri�hli
L�1 � k� 1ð Þ

� �
� tl hrj�hlj

L�1 � k� 1ð Þ
� 


8>><
>>: ð23Þ
4

Structural compliance related to the magnitude and direction of
the uncertainty can be calculated through Eq. (21)-(23). It should
be noted that sample numbers of load magnitude and direction
can be different during the optimization, according to the accura-
cies. When load uncertainties exist in both the magnitude and
direction, structural compliance can be analytically expressed as

C
�
ph ¼

XK
i¼1

a1b1cklii þ
XK
i¼2

Xi�1

j¼1

a2b2cklij ð24Þ
3.2. Nipce method

In traditional finite element method, the relationship between
material uncertainty and structural response is implicitly
expressed, so the RTO problem defined in Eq. (6) cannot be solved
directly. Although the Monte Carlo simulation can be used to quan-
tify probability uncertainties, the calculational cost is prohibitive.
This study introduces the NIPCE model to calculate the statistical
moments of the robust objective functions, which is based on the
rigorous Polynomial Chaos theory. NIPCE is able to describe any
input and output probability relationships, without involving the
traditional topology optimization framework [40]. When the con-
sidered uncertainties subjected to Gaussian distributions, their
orthogonal basis corresponding to NIPCE should be the Hermit
polynomials, such as

Y hð Þ ¼ a0H0 þ
P1
i1

ai1H1ðni1 ðhÞÞ þ
P1
i1

Pi1
i2¼1

ai1 i2H2ðni1 ðhÞ; ni2 ðhÞÞ

þP1
i1

Pi1
i2¼1

Pi2
i3¼1

ai1 i2 i3H3ðni1 ðhÞ; ni2 ðhÞ; ni3 ðhÞÞ þ � � �

ð25Þ
where h is an arbitrary random variable, Hnðni1 ðhÞ; . . . ; nin ðhÞÞ
denotes the Hermit orthogonal polynomial with n order, nin ðhÞ and
ai1 i2 ...in are the standard Gaussian random variable and NIPCE coeffi-
cient, respectively. For an easy expression, Eq. (25) can be abbrevi-
ated as

Y ¼
X1
i¼0

âiwiðnÞ ð26Þ

where âi and wi correspond to the NIPCE coefficients and orthogonal
basis functions with different orders. Generally, Eq. (26) should be
truncated in practical applications because of its infinities, the trun-
cated NIPCE model with p order should be expressed as

Y � Y
�
¼
XP
i¼0

âiwiðnÞ ð27Þ

this study employs the second-order truncation of the Hermit poly-
nomial expansion. Owing to the orthogonality of polynomials, their
tensor products should be written as

hwiðnÞwjðnÞi ¼ hw2
i ðnÞidij ð28Þ

where h�i represents inner product, and dij is the Kronecker delta
function.

dij ¼
1; i ¼ j

0; i–j

�
ð29Þ

The following inner product to be solved is related to Gaussian
random variables, because n is a standard Gaussian random vari-
able [41].

hf ðnÞgðnÞi ¼
Z

f ðnÞgðnÞWðnÞdn ð30Þ
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The weight function related to random variables should be cal-
culated by:

WðnÞ ¼ e�nTn=2 ð31Þ
To obtain satisfactory accuracy, this paper adopts twice as many

sample points as the unknown NIPCE coefficients. On substituting

the sample points nS ¼ nS1; � � � ; nSN
� �T

and their corresponding func-

tion responses G ¼ gðXS
1Þ; � � � ; gðXS

NÞ
h iT

in Eq. (27), yields

w0ðnS1Þ w1ðnS1Þ � � � wPðnS1Þ
w0ðnS2Þ w1ðnS2Þ � � � wPðnS2Þ

..

. ..
. . .

. ..
.

w0ðnSNÞ w1ðnSNÞ � � � wPðnSNÞ

2
666664

3
777775

â0

â1

..

.

âP

2
66664

3
77775 ¼

gðXS
1Þ

gðXS
2Þ

..

.

gðXS
NÞ

2
666664

3
777775 ð32Þ

Eq. (32) can be abbreviated as

wâ ¼ G ð33Þ
According to the least square’s method, NIPCE coefficients

should be calculated by

â ¼ ðwTwÞ�1
wTG ð34Þ

NIPCE models can be successfully constructed when their coef-
ficients are obtained, the previous two NIPCE coefficients corre-
spond to the expectation and standard deviation of the objective
function, which can be written as

lz ¼ â0

rz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPk

i¼1â
2
i hw2

i i
q

8<
: ð35Þ
4. Sensitivity analysis and algorithm implementation

To solve the RTO problem defined in Eq. (6) using the mature
optimization algorithm, the sensitivities with respect to design
variables should be obtained [42]. In BETO, the required volume
fractions at two scales can be satisfied automatically [43], so
there is no need to calculate the derivatives of the volume con-
straints with respect to design variables. Since the interpolation
points q ¼ qm; qn½ � are discontinuous, this section defines ele-
mental densities x ¼ xa; xb½ � as auxiliary variables to facilitate
derivations.

4.1. Macroscopic sensitivity

According to the chain rule, the derivative of RTO objective
function with respect to the macroscopic design variables can be
written as

@J
@xa

¼ @â0

@xa
þ 1
rC

Xk
q¼1

âq
@âq

@xa

 !
@ C

�

@xa
ð36Þ

where @â0=@xa and @âq=@xa are the derivatives of the 0-order and q-
order coefficients related to macroscopic design variables, rC is the
standard deviation of structural compliance to be solved, âq

denotes the q-th NIPCE coefficient of macroscopic sensitivity,

@ C
�
=@xa is the derivative of structural compliance related to macro-

scopic design variables, k = 2 is the order of polynomial chaos
expansion. This section will derive @â0=@xa, @âq=@xa and @C=@xa,
respectively.

First, the partial derivative of the robust objective function with
respect to the macroscopic design variables can be directly repre-
sented as
5

@ C
�

@xa
¼
Xk
q¼0

@ a
_

q

@xa
wq ð37Þ

Second, the macroscopic sensitivity will be regarded as another
probability distribution, and can be expressed as a summation of
orthogonal basis functions according to NIPCE:

d qmð Þ ¼
Xk
q¼0

b̂qwq ð38Þ

By comparing Eq. (37) and (38), it is easy to see that @ a
_

q
=@xa

given in Eq. (37) can be obtained by using the sensitivity expansion
as follows:

@âq

@xa
¼ b̂q ð39Þ

On substituting Eq. (39) into Eq. (36), the sensitivity of the
robust objective function with respect to the macroscopic design
variables should be written as

@J
@xa

¼ b̂0 þ
1
rC

Xk
q¼1

âqb̂q

 !
@ C

�

@xa
ð40Þ

where @ C
�
=@xa can be easily obtained with the ODUS method,

because they are explicit expressions for the magnitude uncer-
tainty, directional uncertainty and combined uncertainties, such as

@ C
�

@xa
¼PY

i¼1a1 tk hið Þ � tl hið Þ� �
cklii

@ckl
ii

@xa
þ 2

PY
i¼2

Pi�1
j¼1a2 tk hið Þ � tl hj

� �� � @ckl
ij

@xa

@ C
�

@xa
¼PY

i¼1p
2
i b1

@ckl
ii

@xa
þ 2

PY
i¼2

Pi�1
j¼1pipjb2

@ckl
ij

@xa

@ C
�

@xa
¼PY

i¼1a1b1
@ckl

ii
@xa

þ 2
PY

i¼2

Pi�1
j¼1a2b2

@ckl
ij

@xa

8>>>><
>>>>:

ð41Þ
All parameters defined in Eq. (41) are consistent with those

given in Section 3.1. For self-compliance and mutual compliance
which have nothing to do with uncertainties, their derivatives
related to macroscopic design variables can be expressed as [14]

@ckl
ii

@xa
¼ va þ 1� vað Þxmin½ � uk

i

� �T
keul

i

@ckl
ij

@xa
¼ va þ 1� vað Þxmin½ � uk

i

� �Tkeul
j

8<
: ð42Þ

where va is the a-th elemental volume, xmin is a low density
assigned to void elements, ke is elemental stiffness matrix of solid
element filled with microstructure. ui and uj are displacements to
be solved for the i-th and j-th element.

4.2. Microscopic sensitivity

In this study, the design space of the macrostructure is period-
ically configured with one identical material microstructure, so
there is only one type of microscopic sensitivity to be calculated.
Similar to Eq. (40), the derivative of the robust objective function
with respect to microscopic design variables should be written as

@J
@xb

¼ f̂0 þ
1
rC

Xk
q¼1

ĉqf̂q

 !
@ C

�

@xb
ð43Þ

where xb denotes any of the microscopic design variables, f̂0 and f̂q
are derivatives of the 0-order and q-order NIPCE coefficients related
to microscopic design variables, ĉq is the q-order NIPCE coefficient

of microscopic sensitivity, @ C
�
=@xb is the derivative of structural



Fig. 2. Flow chart of algorithm implementation.

Fig. 3. Boundary conditions for a Michell-type structure.
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compliance related to microscopic design variables. Obviously, f̂0, ĉq
and f̂q can be obtained by NIPCE.

Additionally, the derivatives of the self-compliance cklii and
mutual compliance cklij related to microscopic design variables
can also be obtained. Under deterministic parameters, the sensitiv-
ity is equivalent to the summation of the derivatives of the objec-
tive function related to the macroscopic design variables as [37]:
Table 1
Parameters under different cases.

Analysis case q

Case 1 Deterministic 2
Case 2 Magnitude uncertainty [1.6, 2.4]
Case 3 Directional uncertainty 2
Case 4 Hybrid uncertainty [1.6, 2.4]

6

@ckl
ii

@xb
¼PS

a¼1 va þ 1� vað Þxmin½ � uk
i

� �T @ke
@xb

ul
i

¼PS
a¼1 va þ 1� vað Þxmin½ � uk

i

� �T R
A B

T @EH

@xb
BdAul

i

@ckl
ij

@xb
¼PS

a¼1 va þ 1� vað Þxmin½ � uk
i

� �T @ke
@xb

ul
j

¼PS
a¼1 va þ 1� vað Þxmin½ � uk

i

� �T R
A B

T @EH

@xb
BdAul

j

8>>>>>>><
>>>>>>>:

ð44Þ

where ke is elemental stiffness matrix depended by the microstruc-
tural configuration, EH is the equivalent elastic property of material
microstructure, other parameters are the same as the macroscopic
sensitivity explained in Section 4.1, B is the stress-strain matrix.

The derivative of the equivalent elastic tensor related to the
microscopic design variable can be expressed by [46]

@EH

@xb
¼ vb þ 1� vbð Þxmin½ � 1

Yj j uA ijð Þ
b

� �T
k0u

A klð Þ
b ð45Þ

where k0 is the elemental stiffness matrix related to base material,
which can be calculated by the Gaussian integration. On substitut-
ing Eq. (44–45) into Eq. (43), finally the sensitivity of the robust
objective function related to the microscopic design variables can
be obtained.
h E m

�90� 1 0.3
�90� 1 0.3
[�105�, �75�] 1 0.3
[�105�, �75�] 1 0.3



Table 2
Topological results and equivalent properties of the Michell-type structure.

Macrostructure Periodic arrays Microstructure Equivalent properties

Case 1
0:1840 0:0928 0
0:0928 0:1628 0

0 0 0:0802

2
4

3
5

Case 2
0:1840 0:0928 0
0:0928 0:1628 0

0 0 0:0802

2
4

3
5

Case 3
0:1866 0:0788 0
0:0788 0:1964 0

0 0 0:0751

2
4

3
5

Case 4
0:1866 0:0788 0
0:0788 0:1964 0

0 0 0:0751

2
4

3
5
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4.3. Algorithm implementation

To avoid the potential numerical instabilities, previous experi-
ences show that filter operation is a simple but efficient numerical
skill to stabilize the optimization process [44], which can be writ-
ten as

âb ¼
XT
a¼1

xabaa=
XT
a¼1

xab ð46Þ

where âb is the sensitivity number related to the b-th node, T signi-
fies total number of nodes interpolated in the design domain, xab is
a linear weighting factor to measure the contribution of elemental
sensitivity aa to âb. To be precise, the greater the distance between
element a and node b, the greater the influence of aa on âb. xab can
be expressed as

xab ¼ max rmin � r a; bð Þ; 0ð Þ ð47Þ
where rmin is a specified filter radius, r a; bð Þ is the distance between
element a and node b.

Although the sensitivity filtering is adopted, the objective func-
tion and structural topology may still experience convergence
issue. To further stabilize the optimization process, nodal sensitiv-
ities of two adjacent iterations will be averaged by

a
�
b

� �
z
¼

âbð Þz þ a
�
b

� �
z�1

2
ð48Þ

where a
�
b

� �
z
is the averaged sensitivity number of element b in the

z-th iteration, âbð Þz is the filtered sensitivity number in the z-th iter-

ation, a
�
b

� �
z�1

is the averaged sensitivity number in the (z-1)-th iter-

ation. Obviously, nodal sensitivity in this iteration contains all the
sensitivity information of the previous iterations.
7

In BETO, the target volume to be given before each iteration will
be used to determine the amount of material that will be removed:

Vz ¼ min Vz�1 1� erð Þ; V�½ � ð49Þ
where Vz and Vz�1 denote the structural volumes in the z-th and (z-
1)-th iterations, er is the evolutionary ratio, V� is the required vol-
ume. It is noted that Eq. (46) to (49) need to be applied at two scales
separately. Additionally, convergence should also be defined to ter-
minate the whole optimization process, such as

error ¼
XS
l¼1

Cz�lþ1 � Cz�S�lþ1ð Þ
					

					=
XS
l¼1

Cz�lþ1

 !
6 s ð50Þ

where Cz�lþ1 and Cz�S�lþ1 are the structural compliances in the (z-
l + 1)-th and (z-S-l + 1)-th iterations, respectively, z is the current
iteration number. S = 5 indicates that the objective function needs
to iterate at least 10 times before termination of the algorithm. s
is the specified error accuracy, which is selected as 0.01% in this
paper.

Algorithm implementation for the robust design of structure
and material microstructure is given in Fig. 2. It is easy to see that
the ODUS procedure is implement in a single loop, independent of
finite element analysis, this saves a lot of computational costs and
enables the algorithm to deal with large-scale optimization prob-
lems. The NIPCE quantification process related to material uncer-
tainties is not involved in the topology optimization loop, which
works like a black box. It should be noted that both the robust
objective function and sensitivities are evaluated by using the
NIPCE models that have different coefficients.

5. Numerical examples

This section provides 2D and 3D examples to discuss load and
material uncertainties on the concurrent designs. For a fair com-



Fig. 4. Iteration curves related to case 1 and case 4. (a) Case 1; (b) Case 4.

Table 3
Numerical results of the Michell-type structure.

Uncertainty case Deterministic condition Robust condition

Maximum compliance Mean compliance CV Maximum compliance Mean compliance CV

Case 2 448.9584 315.9833 0.3846 448.9584 315.9378 0.3846
Case 3 500.1573 375.2122 0.2320 361.3750 319.8637 0.0965
Case 4 703.7292 379.9789 0.5568 515.0030 324.1819 0.4584
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parison, the scanning method is employed to calculate the maxi-
mum and average value of deterministic solutions, when subject
to the same uncertainties considered in robust conditions. This
study defines a normalized index to evaluate the structural robust-
8

ness, which contains both the maximum compliance Cmax andmin-
imum compliance Cmin related to interval uncertainties, such as

CV ¼ Cmax � Cmin

Cmax þ Cmin ð51Þ



Fig. 5. Design results under material uncertainty.

Fig. 6. Boundary conditions for cantilever beam.
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5.1. Michell-type structure

A Michell-type structure is shown in Fig. 3. To discuss single
load and material uncertainties on the design of structure and
material microstructure. The two-scale design domains are set to
10 � 4 and 0.1 � 0.1 (dimensionless), and with 100 � 40 and
40 � 40 quadrilateral elements are used, respectively. Four cases
including deterministic, magnitude uncertainty, directional uncer-
tainty and hybrid uncertainty are considered, their parameter set-
tings are listed in Table 1. P and h are the load magnitude and load
direction, respectively; E and t are the elastic modulus and Pois-
son’s ratio, respectively. Additionally, filter radiuses at two scales
are set to 3, and volume ratios at two scales are set to 0.4. Table 1
lists topological results of structures and material microstructures,
and the equivalent properties. Fig. 4 gives the convergence curves
related to case 1 and case 4, and the numerical results under uncer-
tain cases are listed in Table 3.

As illustrated in Table 2, the obtained topologies at two scales
possess distinct and smooth boundaries. In case 1, macrostructural
topology exhibits a semicircular arc configuration, four supports
between force and arc are symmetrically distributed. The
microstructure appears like a diamond with horizontal supports,
with the compression resistance better than the shear resistance.
This compares well with the macroscopic boundary condition. In
case 2, topological designs and equivalent properties are the same
with case 1, showing that magnitude uncertainty has little effect
on the concurrent designs. In case 3, some porous materials trans-
form to diagonal supports, to resist the load uncertainty in the hor-
izontal direction. Microstructural topology is completely different
from the previous two cases. Furthermore, the tensile and com-
Table 4
Parameter settings for cantilever beam.

p

Case 1 Deterministic 3
Case 2 Magnitude uncertainty [2.5
Case 3 Asymmetrical magnitude asymmetry [3, 3
Case 4 Directional uncertainty 3
Case 5 Asymmetry direction 3
Case 6 Hybrid uncertainty [2.5

9

pression performances in two main stress directions are improved.
In case 4, topological solutions and equivalent properties are the
same as the corresponding ones under directional uncertainty. It
is easy to find that directional uncertainty affects the concurrent
designs more than magnitude uncertainty when single load is
applied.

As given in Table 3, in case 3 and case 4, robust results are smal-
ler than the corresponding deterministic ones; especially for CV in
case 3, where the robust value is 0.416 times of that under deter-
ministic condition. In case 2 related to magnitude uncertainty,
numerical results under deterministic and robust conditions are
almost the same, which illustrates that directional uncertainty
affect the concurrent designs more.

As shown in Fig. 4, volume ratios converge to the prescribed
values stably, and the algorithm terminates within 110 iterations,
which shows the BETO method has a good efficiency to implement
concurrent designs. It should be noted that two-scale volume
ratios are always consistent, owing to the same amounts of mate-
rial removed in each iteration. Moreover, the objective function in
case 1 shocks at the step 49, because the microstructure undergoes
a major change at this step, even if the corresponding macrostruc-
tural topology evolved steadily. Case 4 related to hybrid uncer-
tainty is stable enough during the whole optimization.

Subsequently, the influence of material uncertainty on the con-
current designs is analyzed. Elastic modulus and Poisson’s ratio are
assumed to subject to Gaussian distributions E ~ N(1, 0.112) and
t ~ N(0.3, 0.042), respectively. Other parameter settings are the
same as case 1, design results under material uncertainties are
shown in Fig. 5. It is easy to find that there are little differences
between material uncertainty and deterministic solutions, which
shows that material uncertainty has little effect on the concurrent
stiffness designs, compared to the topological optimization of
metamaterial design reported in [41].

5.2. Cantilever beam

This example provides a cantilever beam to illustrate the influ-
ence of multiple loads and material uncertainties on the concur-
rent designs, loads and boundary conditions are shown in Fig. 6.
The considered design domains at two scales are 8 � 5 and
0.1 � 0.1, their mesh sizes are discretized as 80 � 50 and
40 � 40, respectively. Six cases in Table 4 are analyzed, including
deterministic, magnitude uncertainty, asymmetrical magnitude,
directional uncertainty, asymmetry direction and hybrid uncer-
tainty. Volume fractions at two scales are set to 0.4, two-scale filter
radiuses are equal to 3 and 2, respectively. Table 5 lists topological
h E t

�90� 1 0.3
, 3.5] �90� 1 0.3
.5] �90� 1 0.3

[�105�, �75�] 1 0.3
[�90�, �75�] 1 0.3

, 3.5] [�105�, �75�] 1 0.3



Table 5
Topological design and equivalent elastic properties for cantilever beam.

Macrostructure Periodic arrangements Microstructure Equivalent properties

Case 1
0:0668 0:0392 0
0:0392 0:3338 0

0 0 0:0392

2
4

3
5

Case 2
0:0671 0:0441 0
0:0441 0:3216 0

0 0 0:0523

2
4

3
5

Case 3
0:0796 0:0409 0
0:0409 0:3260 0

0 0 0:0380

2
4

3
5

Case 4
0:1303 0:0366 0
0:0366 0:3083 0

0 0 0:0324

2
4

3
5

Case 5
0:1286 0:0364 0
0:0364 0:3108 0

0 0 0:0332

2
4

3
5

Case 6
0:1236 0:0433 0
0:0433 0:3003 0

0 0 0:0326

2
4

3
5
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solutions and equivalent properties. Fig. 7 depicts the convergence
curves related to case 2 and case 6, and numerical results are listed
in Table 6.

As shown in Table 5, porous materials in case 1 distribute dom-
inantly on the right side of the macrostructure, and there is not
much material between the macrostructure and the left support.
The compression resistance in the vertical direction is 0.3338,
which is much larger than that of 0.0668 in the horizontal direc-
tion, this aligns well with the macroscopic boundary condition.

Case 2 possesses support performances in both the horizontal
and vertical directions. The two vertical supports are moved from
two sides to the middle location of the microstructure, and the
diamond-shaped components are enclosed to strength its mechan-
ical performance. The pincer-shaped macrostructure, periodic
arrangements, microstructures, and the equivalent properties
obtained in case 3 are different from case 2, which illustrates the
asymmetry of magnitude uncertainty has an influence on the mul-
tiscale design.

In case 4, two-scale topological designs are completely different
from the deterministic ones, macrostructural resistance in hori-
zontal direction has been significantly enhanced, because more
10
materials appear to resist the horizontal force due to the direc-
tional uncertainty. In case 5, two-scale topological designs, peri-
odic arrangements and equivalent properties exhibit little
difference with case 4, which shows that the symmetry of the
directional uncertainty has limit effect on the concurrent design.

In case 6, horizontal components appear more than the deter-
ministic design to resist the hybrid uncertainty, the obtained
macrostructure has support performances in both the horizontal
and vertical directions, demonstrating that robust design is better
than the deterministic one.

As illustrated in Table 6, the maximum compliances, mean com-
pliances and CV values under deterministic condition are larger
than the corresponding robust ones, especially for case 2 and case
3 related to the magnitude uncertainty. Their compliances reach
up to 100 billion under deterministic condition, which explains
that the robust designs are better than the deterministic ones. In
case 4 and case 5 related to directional uncertainty, the CV values
under the deterministic condition attain the maximum value 1,
whereas the robust ones are 0.2408 and 0.1832, respectively,
which illustrates that the deterministic structure is unstable under
the directional uncertainty. In case 6, the deterministic CV value is



Fig. 7. Iteration histories related to case 2 and case 6. (a) Case 2; (b) Case 6.

Table 6
Numerical results of the cantilever beam.

Uncertainty case Deterministic condition Robust condition

Maximum compliance Mean compliance CV Maximum compliance Mean compliance CV

Case 2 3.21e12 1.75e12 0.6223 1662.1102 973.0096 0.4838
Case 3 2.70e12 2.00e12 0.323 1202.7563 987.5978 0.1920
Case 4 3.60e10 1.21e10 1 1172.5711 874.0476 0.2408
Case 5 3.60e10 1.21e10 1 1166.9638 862.4014 0.1832
Case 6 2.44e11 1.01e11 0.8228 1359.0403 1060.5799 0.2657
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3.1 times of that under the robust condition, demonstrating that
robust design is better.

As illustrated in Fig. 7, the algorithm converges to the optimal
designs within 100 iterations, iteration curves of volume fractions
are smooth enough to reach the specified values. Both the objective
11
functions in Fig. 7 (a) and Fig. 7 (b) experience some shocks during
the optimization, which indicate dramatic evolutions in
microstructures, demonstrating the effectiveness of the proposed
algorithm on the concurrent designs.



Fig. 8. Design results under material uncertainty.

Fig. 9. Load and boundary condition of 3D Michell structure.
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Subsequently, the influence of the material uncertainty on the
concurrent designs related to multiple loads are investigated. Elas-
tic modulus and Poisson’ ratio uncertainties are assumed to have
the Gaussian distributions E ~ N(1, 0.112) and t ~ N(0.3, 0.042),
respectively. Other parameter settings are the same as case 1.
Design results under the material uncertainty are shown in
Fig. 8. Two-scale topological designs, periodic arrangements and
microstructure are similar to deterministic results. The tensile
and compression performance in the horizontal direction is
0.0715, a little bigger than that of 0.0668 under the deterministic
condition. This demonstrates that material uncertainty has little
effect on the concurrent designs when related to multiple loads.
5.3. 3D Michell structure

This example provides a 3D Michell structure illustrated in
Fig. 9, design domains at two scales are set to L � W � H = 3 � 2
� 3 and 0.1 � 0.1 � 0.1, discretized as 30 � 20 � 30 and
20 � 20 � 20 elements, respectively. In two scales, the prescribed
volume fractions are set to 20% and 30%, filter radiuses are set to 3
and 2, respectively. Three cases are considered, whose parameter
settings are listed in Table 7, topological designs and equivalent
elastic properties are shown in Table 8, iteration curves corre-
sponding to case 2 are given in Fig. 10. Additionally, Table 9 exhi-
bits numerical results under uncertain cases.

As illustrated in Table 8, topological designs at two scales pos-
sess clear and smooth boundaries in implementing 3D concurrent
Table 7
Parameter settings of 3D Michell-type structure.

Uncertainty type p h

Case 1 2 �90�
Case 2 [1.6, 2.4] [�105�,
Case 3 [1.7, 2.3] [�120�,

12
designs. In case 1, the upper and lower sides of the macrostructure
are connected by four diagonal braces, with no horizontal compo-
nents between the fixed constraints. However, other three sides
are distributed with horizontal components to resist the load
uncertainties, and microstructure seems like a hollow cube. Its ten-
sion resistance in y-direction is greater than the ones in other
directions, and moreover the shear tensors in three directions are
weak, especially 0.0056 in z-direction.

In case 2, macrostructural topology is similar to the determinis-
tic one, in addition to the bottom support components. Microstruc-
tural topology and periodic arrangements are similar to the
corresponding deterministic ones, but their elastic tensors in the
equivalent properties are slightly different. In case 3, more compo-
nents appear at the bottom of the macrostructure to enhance the
horizontal resistance, and four corners are connected by diagonal
cross components, and the upper of the macrostructure evolves
to a flat plate without holes. Microstructure seems to like a
diamond-shaped structure with tensile resistance in x- and z-
directions 0.1189 and 0.1100, respectively, which are about 1/3
of that in y-direction. The coupling force in xz-direction is 0.1022,
larger than 0.0192 and 0.0197 in the previous two conditions.
The shear resistances in both xz- and xy-directions are enhanced,
while the one in yz-direction remains unchanged.

As illustrated in Fig. 10, iteration curves related to the objective
function and volume fraction are smooth, which denotes topolog-
ical evolutions at two scales are steadily, and the optimal designs
are obtained within 94 steps. Hence, the proposed algorithm is effi-
cient and stable to implement the concurrent design of 3D struc-
ture and material microstructure.

As illustrated in Table 9, maximum compliance, mean compli-
ance and CV values under robust conditions are smaller than the
corresponding deterministic ones, which demonstrates that robust
designs are better than the corresponding deterministic ones. To
visualize the 3D designs obtained in Table 8, this study simulates
their printing processes in HORI software to ensure manufacturing
accuracy. The printer and consumables selected are HORI z300 and
1.75MM PLA 3D FILAMENT, respectively, melting temperature is
set to 200℃, the topological designs are prototyped by the fused
deposition technique, as shown in Fig. 11. It is noted that experi-
mental testing and validation for the topologically optimized and
additively manufactured specimens are important in engineering
practice, but these are not the major focus of this paper.
6. Conclusions

This study proposed a novel robust topology optimization
method to perform the concurrent design of structures and mate-
E t

1 0.3
�75�] N(1, 0.092) N(0.3, 0.052)
�60�] N(1, 0.122) N(0.3, 0.032)



Table 8
Topological solutions and equivalent elastic properties for 3D Michell structure.

Macrostructure Periodic arrangements Microstructure Half microstructure

Case 1

0:1876 0:0620 0:0192 0 0 0
0:0620 0:3381 0:0648 0 0 0
0:0192 0:0648 0:1968 0 0 0

0 0 0 0:0665 0 0
0 0 0 0 0:0699 0
0 0 0 0 0 0:0056

2
6666664

3
7777775

Case 2

0:1943 0:0648 0:0197 0 0 0
0:0648 0:3400 0:0638 0 0 0
0:0197 0:0638 0:1911 0 0 0

0 0 0 0:0687 0 0
0 0 0 0 0:0676 0
0 0 0 0 0 0:0058

2
6666664

3
7777775

Case 3

0:1189 0:0670 0:1022 0 0 0
0:0670 0:3409 0:0643 0 0 0
0:1022 0:0643 0:1100 0 0 0

0 0 0 0:0702 0 0
0 0 0 0 0:0680 0
0 0 0 0 0 0:0868

2
6666664

3
7777775

Fig. 10. Iteration histories of case 2.
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Table 9
Numerical results for 3D Michell structure.

Analysis cases Deterministic condition Robust condition

Maximum compliance Mean compliance CV Maximum compliance Mean compliance CV

Case 2 1163.4967 537.3160 0.4510 956.0238 493.8300 0.3600
Case 3 2297.2178 792.6058 0.6784 1072.1839 469.9200 0.4465

Fig. 11. 3D printing simulation and prototypes. (a) 3D printing simulation; (2) prototypes.
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rial microstructures, under hybrid uncertainties in both loads and
base material properties. In terms of load uncertainties described
by unknown-but-bounded variables, an efficient ODUS method is
proposed to avoid the time-consuming nested double loop and
overestimation in most conventional methods. In terms of material
uncertainties subjected to Gaussian distribution, a NIPCE method is
introduced to calculate the robust objective function and two-scale
sensitivities, acting as a black box without involving the original
topology optimization framework. Thus, the robust objective func-
tion and two-scale sensitivities can be solved, with the help of the
ODUS and NIPCE methods. Smooth BETO method are proven to be
efficient to perform concurrent topology optimization. The effi-
ciency of the proposed RTOmethod has been demonstrated by sev-
eral 2D and 3D examples. The following conclusions can be drawn:

(1) For the concurrent design problems with single load, the
magnitude uncertainty does not affect their topological con-
figurations, but will worsen the numerical solutions, while
the directional uncertainty affects both the topological and
numerical solutions.

(2) For the concurrent design problems with multiple loads, the
symmetry of the magnitude uncertainty and directional
uncertainty has great influence on the topological and
numerical solutions. However, the symmetrical directional
uncertainty exhibits the same topologies but different
numerical solutions, compared to the asymmetry of the
directional uncertainty.
14
(3) Material uncertainties do not affect the topological solutions
of the structure and material microstructures, but have lim-
ited influence on their numerical solutions. Hence, material
uncertainties in concurrent designs is dependent on the
practical problems. For those with high demand of robust-
ness, material uncertainties cannot be ignored.

Although this study investigates the concurrent designs with
one type of identical microstructures, the proposed methodology
and the above conclusions are applicable to the problems with
multiple microstructures in robust topology optimization of struc-
tures and material microstructures.
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