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ABSTRACT 

 
Remote error sensing is required in active noise control 
systems when they are used to create a quiet zone in a noisy 
environment with the constraint that the error microphones 
cannot be inside the zone. The challenge in remote error 
sensing is to estimate the sound pressure in the target zone 
with a small number of physical microphones outside it. The 
spatial harmonic decomposition method uses wave domain 
sound field parameterisation to reduce the required number 
of the error microphones but can only provide accurate 
estimation below a certain frequency. This paper presents an 
improved approach to increase the effective frequency range 
based on the acoustic modelling. The simulation results 
demonstrate the proposed method can provide more than 20 
dB noise reduction up to 1650 Hz for a quiet zone with a 
radius of 0.1 m by using only three microphones under the 
studied situations. 
 

Index Terms— Active noise control, remote sensing, 
sound field representation, spatial harmonic decomposition, 
singular value decomposition 
 
 

1. INTRODUCTION 
 
It is sometimes difficult to put microphones near a listener’s 
ears to monitor the received sound directly. The sound 
pressure at these positions can be estimated using remote 
sensing methods with an array of remote microphones [1, 2]. 
These techniques require a preliminary training stage [3] or 
an acoustic model [4] to determine the transfer functions 
between the sound pressures at the measured points and those 
at the control points. However, the noise reduction 
performance is quite sensitive to the accuracy of the 
preliminary measurement or the acoustic model estimation. 
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An alternative approach is to parameterise the primary 
and secondary sound fields over a region by superposition of 
basis functions [5, 6]. The basis functions can be plane wave, 
cylindrical wave, or spherical wave functions. They are the 
solutions of the homogeneous wave equation in different 
coordinate systems and contain wave propagation properties 
[5]. This parameterisation transfers the estimation of 
continuous sound field distribution to the estimation of 
coefficients of the associated basis functions. 

The spatial harmonic decomposition (SHD) uses spatial 
harmonics (cylindrical/spherical wave functions) to describe 
two/three-dimensional sound fields over a region. The spatial 
harmonics provide the basis set which is mostly concentrated 
within a given finite circular/sphere region. Therefore, the 
SHD method allows the minimal number of basis functions 
(and also boundary samples) to describe a regional sound 
field with random sound directions, where the number is 
proportional to the product of the wavenumber and radius of 
the region [7]. This method can provide efficient active noise 
control performance over a space and has received significant 
attention in recent years [6, 8, 9].  

In this paper, an acoustic modelling based singular value 
decomposition (SVD) method is proposed to estimate the 
primary and secondary sound field over a region with a few 
microphones. This method constructs the acoustic model 
based on the primary sound source direction and the 
secondary sound source locations. Then, the basis functions 
are derived through SVD to estimate the responses between 
the sound pressures at the boundary samples and those 
throughout the region of interest. The simulation shows that 
the proposed method performs similar to the SHD method 
when the sound direction of the primary sound sources is 
unknown. However, the proposed method can facilitate 
effective local active noise control over a broader frequency 
band than the SHD method when the primary sound sources 
are from a known range of directions. 



2. BACKGROUND 
 

This section will formulate the remote error sensing 
technique for active noise control over a region first and then 
introduce the spatial harmonic decomposition method. 
 
2.1. Active noise control 
 
The energy of the error signal 𝒆 over a region is minimised to 
create a quiet zone 

minimise  ‖𝒆‖ଶ,                                 (1) 
where 𝒆 is a V-element column vector and V is the number of 
control points over the region of interest. The error signal can 
be written as  

𝒆 ൌ 𝑷୔୉ ൅ 𝑷ୗ୉ ൌ 𝑷୔୉ ൅ 𝐇ୗ୉ ∙ 𝒘,                  (2) 
where the V-element column vectors 𝑷୔୉ and 𝑷ୗ୉ represent 
the primary sound pressures and the secondary sound 
pressures at the control points, respectively, the V × L matrix 
𝐇ୗ୉  represents the transfer function matrix between the 
secondary sources and the control points, and the L-element 
column vector 𝒘  contains the weights for the secondary 
sources. Substituting (2) into (1), the weights of the 
secondary sources are derived as 

𝒘 ൌ െ𝐇ୗ୉
ା ∙ 𝑷୔୉,                                 (3) 

where the superscript “+” denotes the Moore-Penrose 
inverse. The weights depend on both the sound pressure 
distribution information of the primary sound field and the 
spatial transfer function information of the secondary sound 
sources in the control region. 

To achieve noise reduction over the entire spatial region, 
the control points should be spatially distributed and 
sufficiently sampled over the region to be controlled. The 
conventional method [10] requires the spacing between 
control points to be less than half a wavelength. For a 2D 
circular region with a radius of R, the number of control 
points 𝑉 ൒ 𝜋𝑅ଶ/ሺ𝜆 2⁄ ሻଶ ൌ ሺ𝑘𝑅ሻଶ/𝜋 , where 𝜆  denotes the 
wavelength, 𝑘 ൌ 2𝜋𝑓/𝑐 denotes the wavenumber, 𝑓 denotes 
the frequency and 𝑐  is the speed of sound in air. With 
increased frequency or size of the region, the required number 
of control points increases dramatically. Unfortunately, it is 
hard in practice to do measurements at a large number of 
control points due to hardware cost and inconvenience.  
 
2.2. Remote error sensing 
 
The remote sensing technique uses a small number of 
microphones on the boundary of the controlled region to 
estimate the sound pressure distribution over the region 𝑷୉ 
from the measurement values 𝑷୑, so it has  

𝑷෩୉ ൌ 𝐓𝑷୑.                                   (4) 
where the matrix 𝐓 contains the relationship between 𝑷୑ and 
𝑷୉ . The M-element column vector 𝑷୑  represents the 
measured sound pressures at M measured points on the 
boundary of the controlled region, and the V-element column 
vector 𝑷෩୉  represents the estimated sound pressures at V 
control points over the controlled region. The number of 

measured points is much smaller than that of the control 
points (𝑀 ≪ 𝑉) for broadband applications. 

In the active noise control, the remote error sensing is to 
estimate the error signals over a region using a small number 
of microphones on its boundary. The estimated error signal is 

𝒆෤ ൌ 𝑷෩୔୉ ൅ 𝐇෩ୗ୉ ∙ 𝒘.                           (5) 
Specifically, for the primary sound field, the estimated 
primary sound pressures 

𝑷෩୔୉ ൌ 𝐓୔ ∙ 𝑷୔୑,                             (6) 
where 𝐓୔  is the sensing matrix and 𝑷୔୑ represents the 
measured sound pressures of the primary sound field. For the 
secondary sound field, the M × L transfer function matrix 
measured over the region boundary is  

𝐇ୗ୑ ൌ ሾ𝒉ୗ୑,ଵ 𝒉ୗ୑,ଶ   … 𝒉ୗ୑,௅ሿ,                (7) 
where 𝒉ୗ୑,௟ (l = 1, 2, …, L) represents the transfer functions 
between the lth secondary source and the measured points. 
Then the transfer functions between that source and the 
control points are estimated as  

𝒉෩ୗ୉,௟ ൌ 𝐓ୗ,௟𝒉ୗ୑,௟,                            (8) 
where 𝐓ୗ,௟ is the sensing matrix for the sound field of the lth 
secondary source. The estimated V × L transfer function 
matrix is 

𝐇෩ୗ୉ ൌ ൣ𝒉෩ୗ୉,ଵ 𝒉෩ୗ୉,ଶ   … 𝒉෩ୗ୉,௅൧.               (9) 
So the remote error sensing is actually a problem of 

determining the matrices 𝐓୔  and 𝐓ୗ,௟  (l = 1, 2, …, L) for 
estimating the primary sound field and the secondary sound 
source transfer functions over the region, respectively. 
 
2.3. Spatial harmonic decomposition (SHD) method 
 
In the SHD method, the sound pressure within a circular 
region is estimated by a series of cylindrical waves. Consider 
that the measured points are evenly distributed over the 
boundary of a circular region with a radius of R. In a polar 
coordinate system, the measured points are located at (R, m), 
where m = 2πm/M, m = 1, 2, …, M. According to the spatial 
Fourier transformation [5], the coefficients of the local sound 
field using the cylindrical waves are  

𝒂 ൌ 𝐅ଵ𝑷୑,                                (10) 
where 𝐅ଵ  is a (2N + 1) × M matrix, N = ⌈e𝑘𝑅/2⌉ and ⌈∗⌉ 
denotes the ceiling function [7]. The nth row and mth column 
element of 𝐅ଵ is e୨ሺ௡ିேିଵሻఏ೘/ሾ𝑀 ∙ 𝐽௡ିேିଵሺ𝑘𝑅ሻሿ, n = 1, 2, …, 
2N + 1 and m = 1, 2, …, M. According to the inverse 
transformation, 

𝑷୚ ൌ 𝐅ଶ𝒂,                                 (11) 
where 𝐅ଶ is a V × (2N + 1) matrix and its vth row and nth 
column element is 𝐽௡ିேିଵሺ𝑘𝑟௩ሻ eି୨ሺ௡ିேିଵሻఏೡ, and (rv, v) is 
the location of the vth control point in the polar coordinate 
system. Therefore, 

𝐓ୗୌୈ ൌ 𝐅ଶ𝐅ଵ.                             (12) 
In the SHD method, the primary sound field and the 

secondary sound source transfer function estimation use the 
same sensing matrix, so it has  

𝐓୔,ୗୌୈ ൌ 𝐓ୗ,ଵ,ୗୌୈ ൌ 𝐓ୗ,ଶ,ୗୌୈ ൌ ⋯ ൌ 𝐓ୗ,௅,ୗୌୈ ൌ 𝐓ୗୌୈ. (13) 



The number of measured samples needs 𝑀 ൒ 2𝑁 ൅ 1 , so 
[11] 

𝑀 ൒ e𝑘𝑅 ൅ 1.                              (14) 

 
3. ACOUSTIC MODELLING BASED SINGULAR 

VALUE DECOMPOSITION (SVD) METHOD 
 
In some applications, the sound propagation direction of the 
primary source(s) towards the controlled region is known or 
can be detected using other methods such as microphone 
array techniques [12]. Based on this prior information, an 
acoustic model can be constructed for the primary sound field 
sensing. Based on the equivalent source methods, the primary 
sound field can be modelled by a group of monopole point 
sources that generate the same sound propagation direction 
towards the controlled region. The transfer function matrices 
between the monopole point sources and the measured points 
or the control points, 𝐇୔୑ି୅୑  and 𝐇୔୉ି୅୑ , can be 
theoretically calculated. Then, it has 

𝐓୔,ୗ୚ୈ ൌ 𝐇୔୉ି୅୑ ∙ 𝐇୔୑ି୅୑
ା .                   (15) 

Using SVD, the transfer function matrices 𝐇୔୑ି୅୑  and 
𝐇୔୉ି୅୑ can be decomposed as  

𝐇୔୉ି୅୑ ൌ 𝐔୔୉ି୅୑𝚺୔୉ି୅୑𝐕୔୉ି୅୑
ୌ ,             (16) 

𝐇୔୑ି୅୑ ൌ 𝐔୔୑ି୅୑𝚺୔୑ି୅୑𝐕୔୑ି୅୑
ୌ .            (17) 

Substituting (16) and (17) into (15), there is  
𝐓୔,ୗ୚ୈ ൌ 𝐔୔୉ି୅୑ ∙ 𝐎,                            (18) 

where 𝐎 ൌ 𝚺୔୉ି୅୑𝐕୔୉ି୅୑
ୌ 𝐕୔୑ି୅୑𝚺୔୑ି୅୑

ା 𝐔୔୑ି୅୑
ୌ . Due to 

the feature of SVD, 𝐔୔୉ି୅୑  is a unitary matrix and its 
columns represent orthogonal components (basis functions) 
of the local sound field sampled at the control points, when 
the sound is generated from a known direction. The matrix 𝐎 
is the operator to calculate the coefficients of these basis 
functions for the primary sound field from the measured 
primary sound pressures 𝐏୔୑.  

The basis functions in the SVD method are similar to 
those of the SHD method when the acoustic model is assumed 
as monopole point sources evenly distributed over a circular 
boundary surrounding the controlled region. However, the 
basis functions in the SVD method are inherently more 
flexible and readily adapted to acoustic model of sources 
from known sound propagation direction [13]. Thus, the SVD 
method can provide more efficient basis functions to 
represent a local sound field, with prior information 
incorporated. 

The matrices 𝐓ୗ,௟,ୗ୚ୈ, l = 1, 2, …, L, for the secondary 
sound field sensing can be derived in the similar way. 
Because the location of a secondary source can be pre-
defined, the acoustic model can be a set of randomly 
distributed monopole point sources around the known 
location of the lth loudspeaker to estimate the transfer 
function 𝐡ୗ୉,௟  using (8). This transfer function sensing 
method has been reported in the authors’ previous work [14]. 

Different from the SHD method, the proposed acoustic-
modelling-based SVD method enables the remote sensing to 
be geometrically adaptive to the locations of the sound  

 
Fig. 1. System setup for active noise control of a circular 
region with a radius of 0.1 m. Three microphones are evenly 
distributed over the boundary of the region for remote error 
sensing. The primary sources are 48 monopole point sources 
located randomly within a square region x [1.24, 1.44] m 
and y [0.88, 0.68] m. The secondary sources are eight 
monopole point sources surrounding the controlled region. 
Two acoustic models are applied in the SVD method 
separately. One model constitutes 16 monopole point sources 
over an arc to cover the sound direction of the primary 
sources. The other constitutes 16 monopole point sources 
over a circle to cover the sound waves from an unknown 
direction. 

 
Fig. 2. Three measured points over the boundary of the region 
and 1257 control points evenly distributed over the region. 
The spacing between the control points is 0.005 m. 

 
source(s) and the region of interest. With prior geometric 
information, the SVD method can provide more efficient 
basis functions to represent a local sound field and result in 
improved broadband error sensing and active noise control 
over a region. 
 

4. SIMULATIONS 
 
The system setup in the simulations is illustrated in Fig. 1. 
Three microphones are used to sense the error signals over a 
circular region with a radius of 0.1 m. Eight secondary 
monopole point sources surround the region of interest. The 
primary sources are assumed to come from the direction 
around 30°. In the simulations under free field environment, 
the SVD method applies the acoustic models of monopole 
point sources either over an arc or over a circle. The former 

 y
 (

m
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Fig. 3. Error of the primary sound field sensing over the 
control region, using the spatial harmonic decomposition 
method (SHD), the singular value decomposition method 
with acoustic model of sound sources over the arc (AM 1) 
and the singular value decomposition method with acoustic 
model of sound sources over the circle (AM 2), respectively. 
 

 
Fig. 4. Error of the secondary sound sources’ transfer 
function sensing over the control region, using the spatial 
harmonic decomposition method (SHD) or the singular value 
decomposition method with acoustic model of sound sources 
around the known location of each secondary source (AM) 
[14], respectively. 
 

 
Fig. 5. Noise reduction over the control region, using the 
three measured sound pressures as error signals (3 Error 
Mics), the spatial harmonic decomposition method (SHD), 
the singular value decomposition method with acoustic 
model of sound sources over the arc (AM 1), the singular 
value decomposition method with acoustic model of sound 
sources over the circle (AM 2), and full measurement over 
the control points (Full Meas.), respectively. 

one represents the situation where the sound propagation 
direction of the primary sources is available and incorporated 
into the remote error sensing. The latter one represents the 
situation where the sound propagation direction information 
of the primary sources is unavailable. The control points over 
the circular region is illustrated in Fig. 2. 

The estimation errors of the primary sound field and the 
secondary source transfer function are evaluated in Figs. 3~4. 
They are defined as following: 

𝜖୔୉ ൌ 10 ∙ logଵ଴ሺฮ𝑷෩୔୉ െ 𝑷୔୉ฮ
ଶ

/‖𝑷୔୉‖ଶሻ,        (19) 

𝜖ୗ୉ ൌ 10 ∙ logଵ଴ሺฮ𝐇෩ୗ୉ െ 𝐇ୗ୉ฮ
ଶ

/‖𝐇ୗ୉‖ଶሻ,        (20) 
Based on the error estimation in (5), the secondary source 
weights 𝒘 ൌ 𝐇෩ୗ୉

ା ∙ 𝑷෩ୗ୉ and the error signal is  
𝒆ത ൌ 𝑷୔୉ െ 𝐇ୗ୉ ∙ 𝐇෩ୗ୉

ା ∙ 𝑷෩୔୉.                   (21) 
The noise reduction level is shown in Fig. 5, which is 

defined as 
NR ൌ െ10 ∙ logଵ଴ሺ‖𝒆ത‖ଶ/‖𝑷୔୉‖ଶሻ.             (22) 

With the geometric information of the primary/secondary 
sound sources being incorporated, better primary/secondary 
sound field sensing can be achieved. The estimation error 
using the proposed method (“AM 1” in Fig. 3 and “AM” in 
Fig. 4) is less than 27 dB from 100 Hz to 2000 Hz for both 
the primary and secondary sound fields. It results in improved 
remote error sensing than the spatial harmonic method. 
Finally, as shown in Fig. 5, the proposed method achieves the 
performance of noise reduction over the region close to that 
using full measurement over the control points. Though only 
three microphones are applied, the performance degradation 
is less than 2 dB, compared to the full measurement approach. 

Without using the geometric information, the SVD 
method performs similarly to the SHD method on primary 
sound field sensing, which leads to similar noise reduction 
performance. Since only 3 microphones are used and no 
geometric information is applied for the sound field sensing, 
they perform similarly to the active noise control that use the 
three measured point directly (without sensing).  
 

5. CONCLUSION 
 
This paper proposes an acoustic-modelling-based remote 
error sensing method for active noise control over a region. 
The proposed method incorporates the geometric information 
of the sound sources and the controlled region into the remote 
error sensing. Compared with the state-of-the-art spatial 
harmonic decomposition method, the proposed method 
provides a more efficient sound field representation and 
results in better broadband local active noise control. Future 
work includes investigating applications on primary sources 
from multiple directions and in normal rooms. 
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