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Reaction rate distribution across porous electrodes in Li-ion battery applications largely determines the overall
battery performance. In the present work, expressions for the reaction rate distribution across porous electrodes
are analytically derived and analyzed for small current and short time applications. The dependency on the
effective ionic and electronic conductivities is systematically investigated and discussed. It is found that in the
case of equal effective electronic and ionic conductivities, the reaction rate distribution is symmetric around the
electrode mid-point. Small conductivities induce the charge-transfer reaction to preferentially occur at the
interface of the current collector and separator, while high conductivities make the reaction rate distribution
uniform across the electrode thickness. In the case of unequal conductivities, a decrease in the effective electronic
conductivity shifts the reaction rate distribution towards the electrode/current collector interface. In contrast, a
decrease in the effective ionic conductivity shifts the reaction rate distribution towards the electrode/separator
interface. It is also found that the reaction rate distribution shows saturating behavior when the effective elec-
tronic or ionic conductivity grows infinitely. A further increase in the effective ionic or electronic conductivity
does not lead to any further reaction rate distribution changes.

1. Introduction

Lithium-ion batteries (LIB) with high energy density are highly
demanded in our present-day society. Various efforts have been made to
increase the energy density of these batteries [1], such as increasing the
materials tap density [2,3], electrode thickness [4,5], etc. One of the
drawbacks of increasing the thickness or tap density is the limited use of
active materials inside porous electrodes at a fixed (dis)charging win-
dow [6,7]. Consequently, the non-uniform (de)lithiation processes
across the electrode thickness play an important role.

The (de)lithiation reaction rate distribution across the porous elec-
trode thickness is, in general, not uniform due to many factors [8]. Some
experiments have been designed to display the non-uniformity of the
charge-transfer reaction during operations [9-14]. The effective ionic
conductivity of the electrolyte and the effective electronic conductivity
of the electrode are proven to be highly responsible for these reaction
rate distributions [15,16]. Although these experimental results are
promising, they need a unique design of equipment and careful exper-
iment planning. Moreover, it is not easy to discern the reaction rate or

current distribution across the porous electrode thickness especially at
short time scales. Using mathematical models are, therefore, highly
advantageous as these offer a reliable way to analyze these properties by
determining the physical and chemical parameters of LIB.

Porous electrode models [17-25] have been successfully adopted to
analyze the reaction rate distribution in rechargeable batteries. The
Tafel approximation [17] was applied to the Butler-Volmer equation at
high overpotentials to derive analytical equations for the reaction rate or
current distribution without considering any concentration gradients in
the electrolyte and electrodes. On the other hand, a linear approxima-
tion has been applied to the Butler-Volmer equation at low over-
potentials, and a general solution was presented at short time intervals
as an inverse Laplace transform and asymptotical expression [19]. Four
dimensionless ratios [17-19,23] were proposed to determine the reac-
tion rate distribution across porous electrodes, namely the dimension-
less current density, the dimensionless exchange current, the ratio of the
charge-transfer coefficient, and the ratio of effective conductivities.
Three of these four dimensionless ratios are involved in the effective
conductivities of both the solid matrix and solution phase. Tang et al.
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[26] numerically investigated the various values of these effective
conductivities.

In the present work, the charge-transfer reaction rate and current
distribution across the porous electrodes are analytically derived, and
explicit closed-form solutions are obtained, considering a linear
approximation of the Butler-Volmer expression at low overpotentials
and short-time interval. With this analytical solution, it was possible to
study the separate effects of the effective conductivities of solid elec-
trode matrixes and electrolytes on the reaction rate and current distri-
bution inside porous electrodes. When studying these dependencies,
four interesting limiting cases are discerned. These analyses are highly
useful for further optimizing the electrolyte and electrode properties of
LIB and as interesting limiting cases for testing battery modeling
software.

2. Model development

To reduce battery modeling complexity, a single porous electrode
system has been adopted in the present work. Fig. 1 presents the layout
of a C-based porous electrode/Li cell which includes a Li metal foil, a
separator membrane and a C-based porous electrode filled with elec-
trolyte. The larger gray solid circles denote the electrode active particles,
and the smaller black circles the conducting additives. § represents the
thickness of the separator membrane, and L is the thickness of the whole
cell. The thickness of the C-based porous electrode is equal to L —6. The
Li metal/separator interface is defined at x = 0, the separator/C-based
porous electrode interface at x = § and the C-based electrode/current
collector interface at x = L. The governing equations used to describe
the pseudo two-dimensional (P2D) model are summarized in Table S2,
where the various physical and electrochemical processes occurring in
this specific LIB are listed.

Consider the cell kept in equilibrium, such that no concentration
gradients are present and no currents are flowing. Then, at t = 0 the
constant current density I is applied. The question is how to determine
the reaction rate distribution inside the porous C-based electrode at the
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where i; and ®@; represent the electronic current density (A-m~2) and
electrical potential (V) in the porous electrode, i> and ®, are the ionic
current density (A-m’z) and electrical potential (V) in the electrolyte
inside the porous electrode. Note that subscripts 1 and 2 represent the
properties of the electrode and electrolyte, respectively. o¢ and x¢
denote the effective electronic conductivity of the electrode and the
effective ionic conductivity of the electrolyte (S-m™1), respectively. The
effective conductivities account for the actual moving pathways of
species in the porous media, for which more detailed information can be
found in literature [24,25]. a is the pores specific area (rn_l), jc the
reaction rate (mol-m’z-s’l), and ig is the exchange current density
(A-m~2). Note that jc becomes current density when multiplied by the
Faraday constant F (C-mol ™). n& is the charge-transfer overpotential
(V), U the equilibrium potential of the electrode (V), ¢} the Li con-
centration at the electrode particle surface (mol-m~3) with space-
dependence, I the applied current density (A-m~2), and R and T the
universal gas constant (J -mol’lK’l) and absolute temperature (K),
respectively.

Suppose that the current density (I) is applied, and the consequent
overvoltage is sufficiently small so that the Butler-Volmer equation can
be reduced to a linear relationship according to
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Fig. 1. The layout of a P2D model for a C-based porous electrode/Li cell.
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Differentiating Eq. (9) and substituting the derivatives of ®; and ®@,,
by using Egs. (7) and (8), leads to
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Note that the derivative of U¢(c}, T) vanishes because Li concentra-
tions at the solid surface are constant at the beginning of applying a
current. Eliminating i; with Eq. (10) gives
dziz_Fa<i2 1712
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Rewriting the right-hand side of Eq. (12) to obtain homogeneous
ordinary differential equation (ODE) yields
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Using these new definitions, Eq. (12) is reduced to the following
boundary value problem
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which has a solution of the following form
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where sinh(y) = 52", Consequently, the solution of Eq. (12) can be
written as

Lo N ysinh(g(6 —x)) + (1 —y)sinh(g(L — x))
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Considering Eq. (3) leads to the following expression for the charge-
transfer reaction rate

A dis g peosh(g(3—x)) + (1—r)cosh(g(L—x)
sinh(g(L — 8)) ’

jelx) = Fa dx  Fa as
where cosh(y) = 2%~ After back-substitutions of y and g (Eqs. (14)

and (15)), the reaction rate distribution takes its final form
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Table 1

Parameter values used in the simulations.
Parameters Values Units
a 2.0455-10° m?
i 0.6328 A-m™?
R 8.314 J-mol!.K™?
T 298 K
F 96,500 C-mol~!
5 25.107° m
L 95.107° m
I -9 A-m~?
oc 107%-107! S.m™!
K¢ 107*-107! S.m!

the effective electronic conductivity of the porous electrode (o¢), the

scaling multiplier Ffa(iJri) and the (rescaled) flux related to

P \ kc oc

applied current density (I, /7~ (1 + é) ). Eq. (19) shows that the reac-

Fap Q

tion rate is a weighted sum of two positive terms proportional either to

loc 1/xc
1/kc+1/0c 1/kc+1/oc”

increasing function of x, and the second term is monotonically
decreasing.

The next two figures illustrate the dependencies of the reaction rate
distribution and the ionic current in the electrolyte on the effective
electronic and ionic conductivities (k¢ and o¢) for a set of parameter
values given in Table 1, where a and i2 are the optimized values inferred
from experimental data described elsewhere [27], § and L are measured
values, I is the applied current density (approximately 0.2C, 1C = 45
A-m™2), and T is the temperature at which all simulations are per-
formed. Figs. 2 and 3 are obtained by simulating Egs. (19) and (17),
using MATLAB R2018b as the software. Fig. 2 shows the simulated re-
action rate profiles jc(x) across the electrode thickness as a function of ¢
and oc, keeping the other parameters as listed in Table 1. Fig. 2a ex-
plains the choices of the parameters used in the subsequent plots. The
colored lines marked by letters (b-f) in Fig. 2a indicate the parameters
selection in Fig. 2b-f, respectively. Each line represents a subset of pa-
rameters k¢ and o¢ used to show the corresponding surface plot. The
conductivities are effective conductivities and are in the range of 10~*to
107! S-m™L. If the porosity of the porous electrode (¢) is equal to 0.25
and the Bruggeman coefficient (Brugg) is 2, then according to the rela-
tion k¢ =k €5%, the electrode and electrolyte conductivities range of
1.6-10°% to 1.6 S-m L. In Fig. 2b, the reaction rate jc(x) inside the

The first term of Eq. (19) is a monotonically

I/xc+1/oc
je(x) I 1 1 i 1
X)) = — RN S —
Je Fap Kc Oc

3. Results and discussion

From Eq. (19), it can be concluded that a combination of five
material-related parameters essentially determines the charge-transfer
reaction rate: the thickness of the porous electrode (L —6), the effec-
tive ionic conductivity of the electrolyte inside the porous electrode (x¢),

< h( B (L) <M>) v ]/Ki/:f/ﬁccosh( (L) (Lx>)
sinh( £ (iJﬁ) (L—5)>

19

porous electrode is plotted from the normalized position x = 0.26 on-
wards to x = 1 for the case where k¢ = oc¢. It can be seen that in this
specific case, the reaction rate is symmetric with respect to the electrode
mid-point (x = (L + 8)/2). When both x¢ and o¢ are very small, the
reaction rate dominates at the two interfaces at x = 0.26 and x = 1.
When both conductivities start to increase, the reaction rate starts to
move inside the porous electrode, while its values at both interfaces are
decreasing. When both «¢ and o are large, for example, 0.1 S-m~! or
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Fig. 2. Reaction rate distribution (j¢) as a function of normalized position x inside the porous electrode, k¢ and o¢. (a) Selections of value ranges of k¢ and o¢ in (b-f).
(b) Symmetric case 6¢ = kc. Dependence on o¢ for (c) k¢ = 0.001 S.m ! and (d) k¢ =0.05 S-m . Dependence on k¢ for (e) o¢c = 0.001 S.m~! and (f) o¢c =

0.05S-m™ %,

above, j¢ is close to uniform.

Fig. 2¢ and d show the dependence of jc(x) on o¢ for two cases when
x¢ has a negligibly small value of 0.001 S-m™! (¢), or has a moderate
value of 0.05 S-m ™! (d). When the effective electronic conductivity o¢
increases from small to large values, the dominant reaction rate at the
electrode/current collector interface (x = 1) starts to decrease to finally
disappear in both cases. It can be seen that a small value of k¢ makes the
reaction rate more dominant at the electrode/separator interface at x =
0.26 when o¢ becomes large (Fig. 2c). For a moderate value of k¢ such a
prominent effect is absent (Fig. 2d).

Fig. 2e and f show the dependence of jc(x) on k¢ when o¢ is either
small at 0.001 S-m™~! (e) or has a moderate value of 0.05 S-m~" (f).
When ¢ increases, the dominant effect of reaction rate at the electrode/
separator interface at x = 0.26 starts to decrease and finally disappears
in both cases. The small value of 6 makes the reaction rate more

dominant at the electrode/current collector interface at x = 1 when x¢
becomes large (Fig. 2e). A moderate value of o¢ does not show such an
effect (Fig. 2f). Apparently, Fig. 2e and f mirror Fig. 2c and d flipped
around the mid-point of the electrode. In all four figures (c-f) the thin
white lines correspond to a situation where k¢ and o are equal. Thus the
white lines represent all the symmetric cases with respect to the elec-
trode mid-point.

Fig. 3 shows the ionic current profiles iz(x) in the electrolyte along
with the electrode thickness as a function of parameters ¢ and o¢. The
relationship between i(x) and jc(x) in the porous electrode is given by
Eq. (18). Essentially, the reaction rate jc(x) is the re-normalized deriv-
ative of ip(x). Fig. 3a illustrates the parameter choices used in the sub-
sequent plots, similar to Fig. 2a. Fig. 3b shows the specific case that k¢ =
o¢c. When both k¢ and o¢ are small, the ionic current has sharp increases
at both interfaces and a well-defined flat part in between. This
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Fig. 3. Ionic current density inside the porous electrode (iz) as a function of k¢ and o¢. (a) Selections of value ranges of k¢ and o¢ in (b-f). (b) Symmetric case 6¢c =
x¢c. Dependence on o¢ for (¢) k¢ = 0.001 S.m ! and (d) kc = 0.05 S.m L Dependence on «¢ for (e) oc = 0.001 S.m~! and (f) oc = 0.05 S.m L.

dependence is symmetric with respect to the electrode mid-point and
can be called inverse sigmoidal. When both k¢ and o¢ increase, the ionic
current converges to a linear function at 0.1 S.m L.

Fig. 3c and d show the dependence of the ionic current profile on o¢,
when «¢ is either 0.001 (c) or 0.05 S.m~! (d). Fig. 3c shows that in the
case of a small value of k¢, increasing o¢ transforms the shape of iy(x)
from inverse sigmoidal to concave, with a sharp increase near the
electrode/separator interface at x = 0.26. In contrast, in the case of a
more moderate value for «¢ (Fig. 3d), increasing o¢ changes the profile
from convex with a sharp increase near the electrode/current collector
interface at x = 1 to linear dependence. Fig. 3e and f show the depen-
dence of iz(x) on k¢ when o¢ is changing from 0.001 (e) to 0.05 S.m~!
(f). Fig. 3e shows that small values of 6¢ and x¢ lead to a concave shape
with sharp increases near the electrode/separator interface at x = 0.26.

When k¢ grows, iz(x) converges to the convex limiting function with an
apparent increase near the electrode/current collector interface at x = 1.
Fig. 3f shows how the concave limiting distribution with a sharp in-
crease at the electrode/separator interface at x = 0.26 and almost con-
stant values inside the electrode transforms into a linear dependence at
large values of k¢. The thin white lines in Fig. 3c-f correspond to cases
where k¢ and o¢ are equal, similar to Fig. 2c-f.

The main conclusion from Figs. 2 and 3 is that both the ionic and
electronic conductivities are essential for the reaction rate distribution
and ionic current density distribution inside porous electrodes. Small
values of k¢ cause the reaction rate to become dominant at the elec-
trode/separator interface (Fig. 2f), while small values of o make the
reaction rate more intense at the electrode/current collector interface
(Fig. 2d). When both «¢ and o¢ are small, the reaction rate will be
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Fig. 4. Four limiting cases can be distinguished for the reaction rate distribution j¢ (a) and the ionic current distribution i, (b). Case (i) corresponds to a low effective
ionic conductivity (k¢ << ksat), but good effective electronic conductivity (6¢>054); case (ii) holds for the opposite condition, a low effective electronic conductivity is
combined with a good effective ionic conductivity (kc=ksqr and o¢ << 05q); case (iii) describes a situation when both effective conductivities are low (k¢ << ksqr and
oc << 0sq); case (iv) corresponds to the situation when both effective conductivities are high (k¢>ks: and 6¢=05q).

dominant at both interfaces (Fig. 2b, c, and e).

Interesting features can be observed when studying Figs. 2 and 3 in
more detail. When the values of k¢ and o¢ increase above a certain
saturation value, denoted as ks, and 644, the jc(x) and iz (x) functions are
not changing anymore (see Supporting Information for a more detailed
explanation). The saturation values ks, and oy, are defined as

Bp BRT

1 1
2(L—68)°Fa  2(L—5)*Fai®

Ksat  Osar

(20)

where f denotes a saturation level, which makes cosh(f) become close to
1. For example, if cosh(f) = 1.01, ie. 1% larger than 1, then g =
cosh™1(1.01) = 0.1413. From Eq. (20) ks and o are directly propor-
tional to the (squared) thickness (L —6), the specific area (a) of the
porous electrode, and the exchange current density (i2) of the charge-
transfer reaction, and other constants R, T°!, F. Fig. S2 in the Sup-
porting Information illustrates the reaction rate distribution with larger
exchange current density, thicker electrode, or larger specific area when
all other parameters kept the same as used for the simulations shown in
Figs. 2 and 3.

To explain the potential use of saturation values, two examples are
presented here. The electrolyte generally used in LIB has an ionic con-
ductivity in the range of 0 to 1 S-m™, depending on the electrolyte
concentration and temperature [28,29]. The electronic conductivity of
LiFePQ4 (LFP) particles is generally as low as ~10778.m™ ! [30,31]. The
effective electronic and ionic conductivities in the porous electrode need
to be further modified considering the electrode porosity (¢) and Brug-
geman coefficient (Brugg), leading to even smaller values. When no
conductive coatings are deposited onto the LFP particles and no
conductive additives are introduced in the porous electrodes, the low
effective electronic conductivity of the LFP electrode and comparative
large effective ionic conductivity will make the reaction rate dominant
near the electrode/current collector interface. Increasing the effective
electronic conductivity by coating conductive material on the surface of
the LFP particles or adding conductive additives to the electrode will be
a good solution to alleviate the inhomogeneity of the reaction rate dis-
tribution. However, if after such an improvement the effective conduc-
tivity of a porous LFP electrode is already beyond o, a further increase
in electronic conductivity will no longer be of any help to increase the
homogeneity of the reaction rate distribution. Optimization of the bat-
tery performance by reducing the thickness of the porous electrode,
reducing the particle size or modifying the electrode/electrolyte inter-
face will be more helpful in this situation.

For graphite electrodes, considering conducting additives and a well-
developed porous microstructure, a high effective electronic

conductivity and a low effective ionic conductivity (values smaller than
ksqt) induce the reaction rate distribution to become dominant near the
separator/electrode interface. Increasing the effective ionic conductivity
or decreasing ks will make the reaction rate distribution more uniform
across the porous electrode.

In general, the smaller values of the effective conductivities than the
saturation values will make the reaction rate even more non-uniform.
Increasing only the electrode thickness [32] will increase the satura-
tion values ks and og. Increasing the tortuosity while keeping the
porosity the same [33] will decrease the effective conductivities but do
not change k4 and osq;. In these two cases, the reaction rate will become
even more dominant near the separator/electrode interface because the
effective ionic conductivity deviates more from «;q; considering a large
effective electronic conductivity. Changing the porosity in various ways
could lead to various conclusions. Decreasing the porosity without
changing the specific area [34] can only reduce the effective conduc-
tivities with the same saturation values. Decreasing the porosity by
changing particle size of the electroactive material [34] will also change
the saturation values. In the latter case, the effective conductivities need
to be calculated and compared with the changed saturation values to
decide the reaction rate distribution.

The inaccuracy of the linear approximation for the Butler-Volmer
equation at low overpotentials is another interesting question to also
address here. A comparison between the Butler-Volmer equation and the
linear approximated relationship is presented in Fig. S3. If a 10% error is
permitted, then the overpotential-current relation in the range of —41 to
41 mV can be considered linear (x = 0.5), and the overpotential of 41
mV is corresponding to the current density of 0.36C.

Finally, concerning the value variations of k¢ and o, it is worthwhile
to mention that all limiting cases of the reaction rate and current density
distribution can be classified into four basic types. Fig. 4 shows these 4
cases where case (i) corresponds to a poor effective ionic and moderate
effective electronic conductivities; case (ii) holds for the opposite case,
low effective electronic and moderate effective ionic conductivity; case
(iii) describes the situation when both effective conductivities are low,
and case (iv) corresponds to the situation when both effective conduc-
tivities are high.

4. Conclusions

An interesting specific case of porous electrode modeling is consid-
ered, describing a rechargeable battery with a single porous electrode
and a non-porous metallic lithium electrode. The reaction rate distri-
bution inside the porous electrode is mathematically derived for short
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moment after switching on the current. Applying a linear approximation
to the Butler-Volmer equation at low overpotentials leads to an analyt-
ical solution of a relatively simple form (Eq. (19)). In contrast to the case
of the Tafel approximation [14] or asymptotic solution [16], the reac-
tion distribution depends on both the effective electronic and ionic
conductivities (o¢ and «¢). From the analyses, it has been concluded that
four limiting cases can be discerned for the reaction rate and ionic
current distribution, as summarized in Fig. 4. The present results are
essential for further optimizing the electrolyte and electrode properties
and can easily be generalized to conventional batteries using two porous
electrodes.
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