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Abstract 1 

Scrap tyres are a significant source of pollution and pose a grave threat to the environment and 2 

human health. The present study aims to examine the application of Tyre Derived Aggregate 3 

(TDA) in a concrete slab track and ballasted track and compare its performance in both track 4 

forms. In this study, long-term performance of slab track and ballasted track subjected to train 5 

induced loading is demonstrated based on the three-dimensional finite element modelling. The 6 

most suitable constitutive hyperelastic model for TDA has been identified. Subsequently, the 7 

most suitable position for the location of TDA is determined for both track types. A 8 

comparative analysis between slab track and ballasted track, with and without TDA, is 9 

presented in terms of stress transfer, vibration reduction and displacement (elastic and plastic). 10 

It is shown that TDA helps in reducing up to 50% vibration levels of both track types. The 11 

influence of train speed and axle load on the vertical and horizontal displacement and stress 12 

response of both track forms is shown for a large number of load cycles. Overall, it is observed 13 

that the long-term performance of TDA is better in slab track compared to ballasted track. 14 

Keywords: Tyre derived aggregates, finite elements, slab track, ballasted track, scrap rubber 15 
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1. Introduction 1 

The railway tracks have been under development since their inception, and their components 2 

are modified to satisfy various design requirements. There are two types of railway tracks: 3 

ballasted and ballastless (also known as slab track). In traditional ballasted track, the rails are 4 

attached to sleepers, which are cushioned by crushed rocks called ballast. However, in a slab 5 

track, the rails are fixed to the concrete slab. The ballasted railway track has been the most 6 

preferred railway track owing to its low initial construction cost and ease in maintenance 7 

(Kaewunruen and Remennikov, 2008). However, they incur high maintenance cost as 8 

compared to the slab tracks (Bian et al., 2014; Woodward et al., 2014) and generally, show 9 

poor performance with increasing train speeds (Cebasek et al., 2018). This poor performance 10 

of ballasted track is due to reduction in resilient modulus of ballast with an increase in train 11 

speed (or loading frequency) (Sun et al., 2018). Besides, research has shown that the slab track 12 

proves to be more economical over a long period as compared to ballasted track (Schilder and 13 

Diederich, 2007). These factors have led to increased usage of slab tracks for high-speed 14 

railways across the globe. The low maintenance cost associated with a slab track is due to the 15 

absence of ballast, which has a major contribution towards settlement in a ballasted track (Li 16 

et al., 2016). Although maintenance requirement is significantly reduced in a slab track, it 17 

should be ensured that differential settlement does not occur; otherwise, significant damage 18 

can occur to the concrete slab (Cebasek et al., 2018). 19 

 The noise and vibration problem are among the significant drawbacks associated with 20 

a High-Speed Rail (HSR). The stiffness of the substructure of a HSR can impact the inception 21 

of vibration and its transmission to the subgrade (Ho et al., 2013). During the past few years, 22 

resilient materials, such under-sleeper pads and ballast mats are being used in railway tracks 23 

(Alves Costa et al., 2012; Navaratnarajah and Indraratna, 2017; Nimbalkar et al., 2012; Sol-24 

Sánchez et al., 2015a). These resilient materials with higher damping characteristics aid in 25 



4 

 

better energy dissipation, increased contact area, and reduced stresses, which minimise the 1 

track damage (Abadi et al., 2015; Indraratna et al., 2014; Sol-Sánchez et al., 2015a).  2 

 Presently, various elastic elements, such as under-sleeper pads, Under-Ballast Mats 3 

(UBMs) and other new materials are being used as an isolation layer in the railway track. Waste 4 

tyres represent one of the most eminent elastic wastes used to manufacture railway pads (Sol-5 

Sánchez et al., 2014). Different materials are used as an isolation layer, for example China 6 

railway track system III uses Ethylene Propylene Diene Monomer (EPDM), geotextile, and 7 

polyethylene film as an isolation layer. The main functions of the isolation layer include 8 

limiting the deformation between the concrete slab and underlying components, providing easy 9 

maintenance options, and reducing the vibration and noise (Sheng et al., 2020). Recently, a 10 

study investigated the use of UBM rubber as an isolation layer in a slab track and concluded 11 

that proper selection of UBM is required to achieve the desired performance (Sheng et al., 12 

2020). 13 

 Globally, around 1.5 million tyres are manufactured each year (Pelisser et al., 2011; 14 

Song et al., 2019). It is estimated that in some cities of the United States, such as California 40 15 

million tyres (Ghaaowd et al., 2017), and in Australia approximately 50 million tyre equivalent 16 

passenger units are discharged each year (Indraratna et al., 2017). The annual production of 17 

tyre-derived material in Europe and USA is 6.4 and 12.6 kg/resident/year, respectively 18 

(Rodríguez et al., 2018). Lately, the accumulation of waste tyres across the globe has 19 

necessitated the reuse of scrap tyres in the construction industry. It is known that construction 20 

of embankment over soft soil is problematic due to low bearing capacity (Meena et al., 2020). 21 

Consequently, the recycled tyres have been used in the construction of embankments over soft 22 

soils. Recycled tyres have performed similar or better than the conventional fill (Meles et al., 23 

2013; Mills and McGinn, 2010). Besides, studies have been carried out on the application of 24 

recycled tyres or Tyre-Derived Aggregates (TDA) in ballast and sand (Asadi et al., 2018; 25 

Fathali et al., 2017; Ghazavi, 2004; Jamshidi Chenari et al., 2019, 2017; Sol-Sánchez et al., 26 
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2015a). Some studies suggest that the addition of 10% TDA by weight reduced the ballast 1 

particle breakage and settlement by 47% and 6%, respectively (Fathali et al., 2017). Moreover, 2 

the track settlement reduced on the addition of 10% crumb rubber by volume in ballast (Sol-3 

Sánchez et al., 2015b). However, other studies report enhancement in settlement of sand fouled 4 

ballast by 142%, 280%, and 633% on addition of TDA in 5%, 10%, and 15% (by weight), 5 

respectively (Esmaeili et al., 2017), which suggests a discrepancy in the results of available 6 

literature on the use of TDA in ballast, demanding further and more in-depth research in this 7 

area.  8 

 Numerical modelling has proved to be very useful in evaluating the performance of 9 

railway tracks. Numerical modelling has been used to study the behaviour of ballasted track 10 

embedded with geocell at the interface of ballast-subballast layer, and it has shown promising 11 

results in reducing vertical deformations (Leshchinsky and Ling, 2013). A multi-model 12 

framework consisting of analytical, hybrid analytical-numerical, 2.5D numerical and 3D 13 

numerical approach has been used to develop further understanding of railway ground 14 

dynamics (Connolly et al., 2020). Recently, numerical modelling has been used to capture the 15 

behaviour of full-scale structures under cyclic loading. The short-term behaviour of the railway 16 

track was assessed by calibrating the Young modulus and Poisson’s ratio of various track layers 17 

till the displacement output of the numerical model matched with the experimental results. The 18 

long-term behaviour of the railway tracks was simulated by calibrating the empirical permanent 19 

deformation model (Ramos et al., 2021). Finite Element (FE) analysis has been employed to 20 

evaluate the impact of varying TDA proportion, TDA aspect ratio, and relative density on the 21 

settlement of TDA-sand mixture (Jamshidi Chenari et al., 2017). FE analysis has also been 22 

used to develop design charts for the use of TDA in highway embankments (Meles et al., 2016). 23 

Studies using the technique of numerical modelling have been performed to investigate the 24 

dynamic response of a TDA-ballasted track. The ability of TDA in reducing vibrations has 25 

been demonstrated by some studies (e.g., Wolfe and Humphrey, 2000). While some FE studies 26 
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consider TDA mixed with ballast in varying proportions (Esmaeili et al., 2017), others use 1 

TDA as a layer below the ballast layer (Humphrey and Blumenthal, 2010). Esmaeili et al. 2 

(2020) used TDA as subballast over a bridge structure and observed up to 63% reduction in 3 

peak acceleration of the sleeper, depicting the excellent performance of TDA in vibration 4 

reduction. However, as per the authors’ knowledge, there is no previous FE study on the use 5 

of TDA in a slab track. 6 

 Most of the previous studies model TDA as an elastic material (Gong et al., 2019; 7 

Jamshidi Chenari et al., 2017) and few studies (Ni et al., 2018) consider TDA as a hyperelastic 8 

material. However, as per the authors’ knowledge, previous studies do not specify the most 9 

suitable hyperelastic constitutive model (strain energy potential) for TDA. The present study 10 

attempts to determine the most suitable hyperelastic model for TDA in ABAQUS.  11 

 From the preceding paragraphs, it is evident that while a lot of studies have explored 12 

the use of various elastic elements such as under-sleeper pads, UBMs, geotextile, EPDM, and 13 

polyethylene in ballasted and slab tracks, few studies have investigated the use of TDA in a 14 

ballasted track and as per authors’ knowledge no investigation has been performed on the use 15 

of TDA in a slab track.  16 

The three-dimensional (3-D) finite element models of the ballasted and slab tracks have 17 

been developed using the finite element software, ABAQUS (Dassault Systems, 2018). The 18 

distribution of stress and displacement has been shown for both track types. Hyperelastic model 19 

has been used for TDA and validated against a one-dimensional study on the compression 20 

behaviour of TDA (Meles et al., 2013). The influence of TDA on the track response is 21 

investigated by introducing it at different positions in the ballasted and slab tracks. The most 22 

suitable location for the placement of TDA is then determined for ballasted and slab track based 23 

on maximum allowable displacement. A parametric study has been conducted to evaluate the 24 

influence of train speed and axle load on the performance of slab track and ballasted track, with 25 
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and without TDA. The developed models have been validated against previous experimental 1 

work of Cebasek et al. (2018). 2 

2. Finite element (FE) analyses 3 

2.1. Slab track and ballasted track geometry 4 

The 3D models of a section of concrete slab track and the ballasted track were developed in 5 

ABAQUS software (Dassault Systems, 2018). The dimensions of various layers of a slab track, 6 

that is concrete slab, grout mass, base layer, subbase layer, and subgrade, are shown in Figure 7 

1 (a). The dimensions of different layers of a ballasted track; viz. sleeper, ballast, subballast, 8 

and subgrade, are shown in Figure 1 (b). The length, width, and depth of the concrete slab is 9 

2.8 m, 2 m, and 0.2 m, respectively. The distance between the rails is 1.435 m in both tracks. 10 

The sleepers are assumed to be embedded in the concrete slab of the slab track and are spaced 11 

0.65 m centre to centre in both tracks. The cut rail parts used in both the tracks is 60E1 (UIC 12 

60) confirming with British standard BS EN 13674-1 (2011).  13 

2.2. Material models and properties 14 

A majority of the material properties of various components of the slab track and ballasted 15 

track used in the FE analysis have been taken from the work of Cebasek et al. (2018), as shown 16 

in Table 1 and Table 2. The steel and concrete are modelled as elastic material as non-yielding 17 

behaviour is anticipated for rail, concrete slab, grout mass, and base layer. The subbase layer 18 

is modelled as non-associative elastic-plastic material, adhering to 3D Drucker-Prager (D-P) 19 

yield criterion. The subgrade layer is modelled as a linear elastic-perfectly plastic material with 20 

a Mohr-Coulomb failure criterion. The substructure in this study consists of limestone, which 21 

is a granular material, and it is known that the strength and yield of granular material depend 22 

on the volumetric strain and stress level.  Previous studies report the use of  D-P yield criterion 23 

to model granular materials; viz. ballast and subballast (Leshchinsky and Ling, 2013). The 24 

basic equations (equations A-1 to A-7) for the D-P model are given in Appendix. The friction 25 
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and dilation angle for the subbase, subballast, and subgrade are based on typical values for a 1 

hard limestone. The damping ratio for TDA has been adopted as 0.2 (Fox et al., 2018). 2 

 3 

 4 

 5 

 6 

(a) 
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  1 

Figure 1. Isometric and the cross-sectional view of the superstructure and substructure modelled in 2 

ABAQUS (a) slab track (b) ballasted track 3 

Table 1. Material parameters for a slab track (Cebasek et al., 2018; Hall, 2003) 4 

Properties 
Rail1 Concrete 

slab1 
Groutmass1 

Base 

layer1 

Subbase 

layer1 
Subgrade1 

Constitutive 

model 

Linear 

Elastic 

Linear 

Elastic 

Linear 

Elastic 

Linear  

Elastic 

Drucker-

Prager 

Mohr-

Coulomb 

Mass Density, 

𝜌 (kg/m3) 
7830 2700 2250 2700 2220 2220 

Elastic Modulus, 

E (MPa) 
210,000 20,000 27,000 7500 400 400 

Poisson’s Ratio, 

v 
0.3 0.167 0.167 0.167 0.25 0.25 

Friction Angle, 

∅ 
- - - - 35 35 

Dilation Angle, 

𝜓 
- - - - 2 2 

Damping Ratio, 

ζ 
- - - - 0.042 0.042 

1(Cebasek et al., 2018), 2(Hall, 2003) 5 

 6 

 7 

 8 

(b) 
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Table 2. Material parameters for a ballasted track (Cebasek et al., 2018; Hall, 2003; Nimbalkar and Indraratna, 1 

2016) 2 

Properties Rail1 Sleeper1 Ballast1 Geogrid3* Subballast1 Subgrade1 

Constitutive 

model 

Linear 

Elastic 

Linear 

Elastic 

Drucker-

Prager 

Linear 

Elastic 

Drucker-

Prager 

Mohr-

Coulomb 

Mass Density, 

𝜌 (kg/m3) 
7830 2400 1600 

 

200** 

 

2220 2220 

Elastic 

Modulus, E 

(MPa) 

210,000 30,000 110 

 

210 

 

400 400 

Poisson’s 

Ratio, v 
0.3 0.15 0.3 0.33 0.25 0.25 

Friction Angle, 

∅ 
- - 40 

 

- 
35 35 

Dilation Angle, 

𝜓 
- - 5 

 

- 
2 2 

Damping Ratio, 

ζ 
- - 0.042 - 0.042 0.042 

*used for validation purpose,** based on the mass per unit area of 300 g/m2 and thickness of 3 

1.5 mm, 1(Cebasek et al., 2018), 2(Hall, 2003), 3(Nimbalkar and Indraratna, 2016) 4 

2.3. FE mesh and boundary conditions 5 

The slab track model consists of 15,116 elements and 26,972 nodes, while the ballasted track 6 

comprises 15,262 elements and 24,249 nodes. The 8–noded hexahedral linear brick elements 7 

(first-order) with reduced integration and hourglass control (C3D8R) elements are used in the 8 

analysis for both slab track and ballasted track. The reduced integration decreases the analysis 9 

time when solving the integral as it involves a reduced number of Gaussian co-ordinates. The 10 

pinned support boundary condition is used for the base of the slab track and ballasted track, 11 

and restricted from displacements in x, y, and z directions. The x-y and y-z planes of the slab 12 

track are restricted from displacement in z and x directions, respectively. The rail, concrete 13 
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slab, groutmass, base layer, subbase layer, and subgrade are assigned global element sizes of 1 

0.05, 0.1, 0.1, 0.15, 0.15, and 0.3, respectively in a slab track. Similarly, the rail, sleeper, ballast, 2 

subballast, and subgrade are given global element sizes of 0.025, 0.075, 0.1, 0.3, and 0.6, 3 

respectively in a ballasted track.  The mesh coarseness of various parts of the slab track 4 

increased from top to bottom layers to focus on more rigorous computational analysis of the 5 

top layers. Interaction between the various layers is modelled as surface-to-surface contact with 6 

“hard” normal contact and tangential behaviour as penalty with a coefficient of friction of 0.5. 7 

The rail pad was modelled as a spring with a stiffness of 22.5 kN/mm (Cebasek et al., 2018).  8 

3. Stress transfer and displacement of ballasted and slab track 9 

Figure 2 shows the comparison of stress transfer and vertical elastic displacement of various 10 

components of a ballasted and slab track. The maximum stress due to train load (wheel load = 11 

58.86 kN) at the top of ballasted and slab track is approximately 5,400 kPa. It is evident that in 12 

a slab track, most of the stress is dissipated at 0.2 m depth from slab top whereas the same 13 

stress exists at 0.6 m from sleeper top in a ballasted track. This can be attributed to the higher 14 

toughness of reinforced concrete slab, which enhances its stress spreading ability and energy 15 

absorbing capacity. The stress level at the subgrade bottom is half in case of slab track 16 

(approximately 50 kPa) compared to ballasted track (approximately 100 kPa).   17 

 The vertical elastic displacement at the top of the slab track decreases by approximately 18 

95% compared to ballasted track. The settlement in the ballasted track (7.86 mm) is around 26 19 

times higher compared to slab track (0.3 mm) after the application of 1.2 million cycles, as 20 

shown in Figure 15. The strain level at the bottom of subgrade in both slab track and the 21 

ballasted track is negligible. 22 



12 

 

1 

Figure 2. Distribution of vertical stress and vertical elastic displacement of various components of a slab 2 

track and ballasted track. 3 

4. Model calibration for TDA  4 

The uniaxial compression test was simulated in ABAQUS, replicating the dimensions of the 5 

compression equipment used by Meles et al. (2013), as shown in Figure 3. A uniform pressure 6 

of 200 kPa is applied at the top of the compression cell containing TDA. The simulated density 7 

state of the TDA is dense with a unit weight of 6.5 kN/m3, which is the typical value of the 8 

field-compacted unit weight of TDA (Meles et al., 2013). The experimental stress-strain 9 

behaviour of TDA measured by Meles et al. (2013) is input as uniaxial test data in the 10 

hyperelastic constitutive model available in ABAQUS. However, it is essential to adopt a 11 

proper strain energy potential function. Hence, stability analysis is performed for various strain 12 

energy potential functions, and coefficients are obtained. Trials were conducted with the 13 

coefficients of all the stable strain energy potential functions, that is Ogden (N = 1, 2, and 3), 14 

reduced polynomial (N = 1, 2, 3), and Arruda-Boyce. The stress-strain behaviour for each strain 15 

energy potential function is compared with the experimental result of Meles et al. (2013), as 16 

illustrated in Figure 4. Stress-strain output considering TDA as an elastic material has also been 17 
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examined in Figure 4. It is apparent that TDA cannot be modelled as an elastic material. It can 1 

also be observed from Figure 4 that reduced polynomial strain energy potential functions with 2 

N ≥ 2 show better match with Meles et al. (2013). Among these, Yeoh (reduced polynomial 3 

with N = 3) has been adopted for the study as there was no difference in the computational 4 

effort for N = 2 and N = 3 and slightly better accuracy is observed for N = 3. The coefficient 5 

values of the Yeoh strain energy potential function, which have been used in the present study; 6 

viz. D1, D2, D3, C10,C20, and C30 are 7.02×10-6, 0, 0, 73493.01, 177270.1, and 241047.72, 7 

respectively. The basic equations (equations A-8 to A-16) related to hyperelastic model are 8 

given in Appendix.  9 

 10 

 11 

                12 

 13 

Figure 3. 3-D model of uniaxial compression test of TDA in ABAQUS.   14 
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 1 

Figure 4. Stress-strain behaviour of various constitutive models for TDA 2 

5. Effect of constitutive model selection for TDA    3 

The adoption of the most suitable constitutive model for TDA is essential to accurately analyse 4 

the behaviour of TDA embedded track. It has been shown in Figure 4 that the hyperelastic 5 

constitutive model with the strain energy potential of at least two degree shows a good match 6 

with experimental data. Figures 5 (a) & (b) show the variation of vertical elastic displacement 7 

with load cycles when 25 mm TDA is placed below the base layer of slab track and subbase 8 

layer of a ballasted track, respectively. The trend here is shown only for ten load cycles for 9 

comparison of vertical elastic displacement in a slab track and ballasted track, when elastic and 10 

hyperelastic constitutive model is used for TDA in numerical analysis. It can be observed from 11 

Figure 5(a) that for a slab track, the vertical elastic displacement (𝛿𝑒𝑣) and vertical plastic 12 

displacement or settlement (𝛿𝑝𝑣 𝑜𝑟 𝑆𝑛) are underestimated by 59.2% and 42.4%, respectively 13 

when considering elastic constitutive behaviour for TDA. Similarly, for ballasted track, the 14 
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vertical elastic displacement and settlement are underestimated by 43.5% and 30.4%, 1 

respectively, for the elastic constitutive model compared to the hyperelastic constitutive model. 2 

Therefore, the selection of elastic behaviour of TDA for numerical modelling would lead to 3 

inaccurate assessment of stress and strains below TDA embedded track. 4 

 5 

                                (a) (b) 

  
Figure 5. Variation of vertical elastic displacement with load cycles for (a) slab track, (b) ballasted track, 6 

employing hyperelastic and elastic constitutive model for TDA.  7 

6. Optimum location of TDA placement  8 

The optimum location for placement of TDA in a ballasted and slab track is determined by 9 

placing the TDA layer of varying thickness at various locations, such as below groutmass. The 10 

model of a slab track is used to conduct a series of simulations with varying TDA thickness (0, 11 

10 mm, 25 mm, 50 mm, and 100 mm) placed below groutmass, base layer, and subbase layer, 12 

as shown in Figure 6. A similar analysis is performed for a ballasted track with TDA in different 13 

thickness located below sleeper, ballast, and subballast, shown in Figure 6. Simulations are 14 

performed for 100 cycles at 5.6 Hz frequency (equivalent to train speed of 360 km/h). 15 
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The displacement limit in case of a slab track is 2.5 mm in Japanese HSR and 2 mm in 1 

Chinese HSR (Hu et al., 2018; Zhou, 1995). On the other hand, the displacement limit for a 2 

ballasted track is 9 mm for a track of light construction (Hay, 1982). Considering the above 3 

limits on displacement, the maximum allowable thickness of TDA when it is located below 4 

various components of a slab track and the ballasted track is obtained. As shown in Figure 7, 5 

the TDA thickness corresponding to displacement limit of 2.5 mm in a slab track is 15 mm, 25 6 

mm, and 35 mm for TDA placed below groutmass, base layer, and subbase layer, respectively. 7 

The settlement corresponding to these TDA thickness is 0.3 mm, 0.6 mm, and 1.5 mm, 8 

respectively. Similarly, for a ballasted track (Figure 8), the maximum permissible TDA 9 

thickness is 35 mm, 50 mm, and 70 mm for TDA located below sleeper, ballast, and subballast, 10 

respectively. The corresponding settlement is 11.5 mm, 25 mm, and 12.5 mm for TDA located 11 

below sleeper, ballast, and subballast, respectively.  12 

 In case of a slab track, it is observed that for a particular TDA thickness, although least 13 

vertical elastic displacement is shown for TDA placed below the subbase layer, the settlement 14 

is maximum. For example, the vertical elastic displacement reduces by 50% for TDA placed 15 

below the subbase layer as compared to the case when TDA is placed below groutmass but 16 

settlement increases by a factor of 2.5. Considering this, TDA placed below the base layer 17 

provides a balance between vertical elastic displacement and settlement. Hence, the most 18 

suitable location for placement of TDA in a slab track is below the base layer (see Figure 7).  19 

In case of a ballasted track, it can be observed that the placement of TDA below subballast 20 

results in the least vertical elastic displacement and settlement, hence it is the most suitable 21 

location for its placement (see Figure 8). The reason for higher elastic displacement and 22 

settlement in the ballast layer compared to the base layer of slab track is due to higher stresses 23 

in ballast. 24 

Using Fast Fourier Transform (FFT), the peak acceleration of concrete slab of the slab 25 

track and sleeper of the ballasted track is evaluated with and without TDA. It is evident from 26 
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Figure 9 that peak acceleration reduces by 50% and 42% on introducing 25 mm TDA below 1 

the base layer of slab track and below subballast layer, respectively. These reduced peak 2 

accelerations can be interpreted as the lowered vibration levels of slab track and ballasted track 3 

due to TDA incorporation. 4 

The numerical analysis involving a large number of load cycles is computationally very 5 

expensive. Therefore, simulations of cyclic loading for a slab track and ballasted track with 25 6 

mm TDA below base layer and subballast, respectively, is performed for 1000 load cycles. 7 

Figure 10 illustrates the variation of settlement with load cycles for the concrete slab of a slab 8 

track, with 25 mm TDA placed below the base layer. Equation (1) was primarily developed by 9 

Indraratna and Nimbalkar (2013) to compute settlement of granular materials; however, this 10 

equation was not proved good fit for track with TDA. A new equation [equation (2)] was 11 

therefore proposed which provided a very good match with a R2 value of 0.97. Hence equation 12 

(2) was used to predict the settlement for both track types with TDA 13 

 𝑆𝑛 = 𝑆1[1 + 𝑎 × ln(𝑁) + 0.5 × 𝑏 × {ln (𝑁))}2]              (1) 

where 𝑆1 and 𝑆𝑛 are the settlement at the end of the 1st and nth cycle, respectively; a and b are 14 

empirical coefficients; N is the load cycle number. 15 

 𝑆𝑛 = 𝑆1{𝑎 + 𝑏 × ln(𝑁)}              (2) 

where 𝑆1 and 𝑆𝑛 are the settlement at the end of the 1st and nth cycle, respectively; a and b are 16 

empirical coefficients; N is the load cycle number. 17 

Similarly, equation (2) is used for curve fitting and to predict settlement for 1 million 18 

cycles when 25 mm TDA is placed below subballast of a ballasted track. The derived empirical 19 

coefficients for slab track and ballasted track are shown in Figures 10 and 11, respectively.  20 

A simple approach is developed to predict settlement for 1 million load cycles. 21 

Settlement prediction factor (spf), which is the ratio of settlement at the end of 1 million load 22 
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cycle to the settlement at the end of 100th load cycle, has been obtained for both track types, 1 

with and without TDA layer. The spf is calculated using equation (3).  2 

 
𝑠𝑝𝑓 =  

𝑆
1×106

𝑆100
 

(3) 

where 𝑆1×106  and 𝑆100 are the settlement at the end of the 1 million and 100th load cycle, 3 

respectively. 4 

In the parametric studies, the settlement for 1 million load cycles is predicted by 5 

multiplying the settlement at 100th load cycle with the values of spf for slab track and ballasted 6 

track, with and without TDA. For instance, it can be observed from Figure 10 that the 7 

settlement at 100th load cycles is 83% of settlement at the end of 1 million load cycles, 8 

demonstrating that the simulation performed for 100 load cycles represent a significant amount 9 

of long-term behaviour of TDA incorporated slab track.  Hence, spf is 1.2 (1/0.83), and this spf 10 

is used to predict settlement (at the end of 1 million load cycles) for slab track embedded with 11 

25 mm TDA below base layer. Similarly from Figure 11, in case of ballasted track with 25 mm 12 

TDA below subballast, the spf comes out to be 2.5 and this spf is used to predict settlement (at 13 

the end of 1 million load cycles) for ballasted track embedded with 25 mm TDA below 14 

subballast. 15 

 16 
(a) 

(a) 
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 1 

Figure 6. Geometry showing location of TDA below different components of (a) slab track (b) ballasted 2 

track used in the study. 3 

 4 

                                (a) (b) 

  
Figure 7. Variation of (a) vertical elastic displacement and (b) settlement with TDA thickness for a slab 5 

track at train speed of 360 km/h 6 

(b) 

(a) 
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  1 

                                (a) (b) 

 2 

Figure 8. Variation of (a) vertical elastic displacement and (b) settlement with TDA thickness for a ballasted 3 

track at train speed of 360 km/h 4 

  5 

                                (a) (b) 

 
Figure 9. Comparison of peak acceleration for (a) slab track (b) ballasted track, without TDA and with     6 

25 mm TDA below base and subballast layer of slab track and ballasted track, respectively. 7 
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 1 

                                (a) (b) 

  
Figure 10. (a) Empirical coefficient predictions for the slab track model (with 25 mm TDA placed below 2 

base layer) fitted against ABAQUS (b) prediction of settlement for 1.2 million load cycles.  3 

 4 

                                (a) (b) 

  
Figure 11. (a) Empirical coefficient predictions for the ballasted track model (with 25 mm TDA placed 5 

below subballast) fitted against ABAQUS (b) prediction of settlement for 1.2 million load cycles. 6 
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7. Validation for slab track and ballasted track 1 

The 3-D models of the slab track and ballasted track developed in ABAQUS were validated 2 

against the experimental results of Cebasek et al. (2018). Figure 12 illustrates that the predicted 3 

vertical displacement for rail and concrete slab during static loading show a good match with 4 

results reported by Cebasek et al. (2018). Vertical displacement versus time plot is obtained 5 

considering static loading in two steps: a) step one – application of 63.77 kN for 620 s; and b) 6 

step two – application of 83.34 kN for 788 s on the middle sleeper. The redistribution of load 7 

per actuator in the first step is 15.94 kN, 31.88 kN, and 15.94 kN and in the second step is 8 

20.84 kN, 41.69 kN, and 20.84 kN, for the three actuators, respectively.  9 

Figure 14 shows the vertical elastic displacement versus time plot based on axle load 10 

of 117.72 kN acting on the middle sleeper with a cyclic frequency of 5.6 Hz, which represents 11 

a train speed of 360 km/h based on bogie spacing. A load of 58.86 kN is applied on each 12 

actuator with a time interval of 0.0065 seconds between sleepers. Further details on loading 13 

arrangements and test setup can be found in Cebasek et al. (2018). The modelling of cyclic 14 

loading and simulating moving train load for 1.2 million load cycles is a computationally 15 

expensive task. Therefore, in this study, the FEM predictions for 1000 load cycles are compared 16 

with the empirical models [equation (1)] developed by Indraratna and Nimbalkar (2013), and 17 

these are found to be in a good agreement. The proposed empirical models can be used to 18 

predict track behaviour for a large number of load cycles as they follow the trends of FEM 19 

predictions reported in this study. The cumulative settlement for 1000 cycles is shown in Figure 20 

13. The vertical elastic displacement and settlement values show a good match with the values 21 

reported by Cebasek et al. (2018), as shown in Figure 14 and Figure 15, respectively. 22 
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             1 

     2 
                                (a) (b) 

 
Figure 12. Model validation for static loading with the experimental work of Cebasaek et al. 2018 for (a) 3 

slab track (b) ballasted track. 4 

         5 

                                (a) (b) 

  
Figure 13. Empirical coefficient predictions for the model fitted against ABAQUS output for (a) slab track 6 

(b) ballasted track. 7 

 8 

 9 

 10 
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 1 

                                (a) (b) 
 2 

Figure 14. Model validation against the experimental results reported by Cebasek et al. (2018) for vertical 3 

elastic displacement vs. cycle for (a) slab track, (b) ballasted track. 4 

           5 

                                (a) (b) 

  
 6 
Figure 15.  Model validation against the experimental results reported by Cebasek et al. (2018) for 7 

cumulative settlement vs. the number of cycles for (a) slab track, (b) ballasted track.  8 

8. Parametric study 9 

A parametric study has been conducted to investigate the influence of train speed and axle load 10 

on the displacement (elastic and plastic) and stress response of both slab track and ballasted 11 

track, with and without TDA. For each analysis, only one parameter (train speed or axle load) 12 

is changed at an instant while others are kept constant. All the simulations are performed for 13 

the case when a 25 mm thick TDA layer is provided below the base layer and subballast layer 14 
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of slab track and ballasted track, respectively. All the simulations are performed for 100 load 1 

cycles, and then settlement is predicted for 1 million load cycles based on the methodology 2 

explained in the previous section and using equations (2–3). 3 

7.1 Effect of train speed 4 

The train speeds considered in this study are 160 km/h, 260 km/h, 360 km/h, and 450 km/h, 5 

which represent a loading frequency of 2.5 Hz, 4 Hz, 5.6Hz, and 7 Hz, respectively. The 6 

frequency of each train speed is calculated using either equation (4a) or equation (4b). 7 

 𝑓 =   
𝑣

𝜆
 (4a) 

 𝑓′ =
𝑉

3.6 × 𝜆
 (4b) 

where 𝑣 and V are the train speeds in m/s and km/h, respectively; f or 𝑓′ is the frequency in Hz;  8 

𝜆 is the vehicle geometry (or wavelength) in m, which is categorised into three types: 𝜆𝑎 as the 9 

axle spacing, 𝜆𝑏 as the bogie spacing, and 𝜆𝑣 as the vehicle length [refer Figure 16(a)]. 10 

 11 

This vehicle geometry for computation of frequency can be vehicle length, bogie 12 

spacing or axle spacing (Milne et al., 2017), as shown in Figure 16(a). Past studies have used 13 

vehicle passing frequency (Milne et al., 2017), bogie passing frequency (Cebasek et al., 2018), 14 

and axle passing frequency (Indraratna and Nimbalkar, 2013) in their research.  15 

The axle passing frequency(𝑓𝑎  𝑜𝑟 𝑓𝑎
), bogie passing frequency (𝑓𝑏  𝑜𝑟 𝑓𝑏

), and vehicle passing 16 

frequency (𝑓𝑣  𝑜𝑟 𝑓𝑣
) are represented by equations (5), (6), and (7), respectively. 17 

 𝑓𝑎  =  
𝑣

𝜆𝑎
 

(5a) 

 
𝑓𝑎
  =  

𝑉

3.6 × 𝜆𝑎
 

(5b) 

 18 

 𝑓𝑏  =  
𝑣

𝜆𝑏
 

(6a) 

 
𝑓𝑏
  =  

𝑉

3.6 × 𝜆𝑏
 

(6b) 
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 1 

 𝑓𝑣  =  
𝑣

𝜆𝑣
 

(7a) 

 
𝑓𝑣
  =  

𝑉

3.6 × 𝜆𝑣
 

(7b) 

 2 

In the present study, train speed is based on bogie passing frequency and different train speeds 3 

are obtained by varying loading frequency as shown in Figure 16(b).  For instance, based on 4 

bogie spacing of 18 m, the bogie passing frequency for a train travelling at 100 m/s or 360 5 

km/h can be calculated as 5.6 Hz using equation 6(a) or 6(b), respectively.  6 

Figures 17 and Figure 18 show the variation of vertical elastic displacement and 7 

settlement for a slab track and ballasted track, respectively. The vertical elastic displacement 8 

and settlement values have been reported at the end of 1 million load cycles, and correspond to 9 

a concrete slab (top) and sleeper (top) for a slab track and ballasted track, respectively. It can 10 

be seen that without TDA, vertical elastic displacement decreases with the increase of train 11 

speed in both the tracks. However, on addition of TDA layer, the vertical elastic displacement 12 

increases with increasing train speeds in a slab track and shows a fluctuating trend in a ballasted 13 

track. In the slab track, the settlement decreases with an increase in train speed for both 14 

conditions (that is, with and without TDA). The settlement in a ballasted track without TDA 15 

reduces with an increase in train speed. However, with TDA the settlement in ballasted track, 16 

increases for train speed up to 250 km/h, reduces for train speed up to 350 km/h, and then 17 

increases again. One important thing to note is that in a slab track, settlement decreases with 18 

train speed while it shows fluctuating trend with train speed in a ballasted track. This highlights 19 

the significance of slab track in showing better performance in terms of reduced settlement for 20 

high-speed trains, both with and without rubber layer.  21 

 Generally, it can be observed in Figure 18 that both the vertical elastic displacement 22 

and settlement show a fluctuating trend with TDA incorporation in a ballasted track. The 23 

maximum settlement for slab track embedded with TDA below base layer at the end of 1 24 
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million load cycle is approximately 0.88 mm and 0.38 mm at train speed of 160 km/h and 450 1 

km/h, respectively. Similarly, the settlement in a ballasted track embedded with TDA below 2 

the base layer is approximately 18.4 mm and 23.25 mm at train speed of 160 km/h and 450 3 

km/h, respectively. It is important to consider long-term performance of railway track which is 4 

illustrated by the fact that settlement reported for few load cycles are not representative of the 5 

actual behaviour of the railway track. For instance, at low train speeds settlement of ballasted 6 

track with 25 mm TDA below subballast at 100th load cycle is 7.4 mm, which is below the 7 

vertical displacement limit of 9 mm (Hay, 1982). However, settlement for the same ballasted 8 

track at the end of 1 million load cycles is 18.4 mm, exceeding the vertical displacement limit 9 

of 9 mm, even at low train speeds. On the contrary, the maximum settlement for a slab track is 10 

0.88 mm, which is well below the displacement limit of 2.5 mm (Hu et al., 2018; Zhou, 1995). 11 

Besides, the use of TDA as a layer is more suitable for a slab track compared to ballasted track 12 

as the maximum displacement is within specified limits for slab tracks. 13 

Figures 19 (a) & (b) show the variation of horizontal elastic displacement with train 14 

speed for a slab track and ballasted track, respectively. It can be seen that horizontal 15 

displacement increases and decreases with increasing train speeds in a slab track and ballasted 16 

track, respectively. The peak horizontal displacement is less than 1 % of the peak vertical 17 

displacement for both ballasted and slab track. 18 

Figures 20 and 21 illustrate the vertical and horizontal stress contour, respectively for 19 

a slab track with varying depth and train speed. It can be observed that train speed has the least 20 

impact on the vertical stress at various depths in a slab track below the concrete slab but 21 

influences the horizontal stress at depths greater than 0.4 m below concrete slab top. The 22 

incorporation of TDA reduces the vertical and horizontal stress level at depths greater than 0.4 23 

m in a slab track, for varying train speed. For instance, the vertical stress reduces from 200 kPa 24 

to around 100 kPa within 0.2 m depth of TDA placement. The addition of TDA also eliminates 25 

the influence of train speed on the fluctuating horizontal stress in a slab track. Figures 22 and 26 
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23 show the vertical and horizontal stress contour, respectively for a ballasted track with 1 

varying depth and train speed. As can be seen from the figures the train speed has negligible 2 

influence on the horizontal and vertical stresses. However, the effect of train speed on the 3 

vertical and horizontal stress levels becomes noticeable for the lower layers of the ballasted 4 

track after TDA incorporation. With TDA incorporation, the vertical stress levels at depth 5 

greater than 0.9 m below sleeper top, reduce by approximately 33% but the horizontal stress 6 

levels remains the same. The above discussion demonstrates the effectiveness of TDA in 7 

reducing both vertical and horizontal stresses in a slab track but only vertical stress reduction 8 

in a ballasted track. 9 

 10 

Figure 16(a). Typical vehicle geometry, 𝝀𝒂 is the axle spacing, 𝝀𝒃 is the bogie spacing, and 𝝀𝒗 is the vehicle 11 

length. 12 
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  1 

Figure 16(b). Variation of amplitude with time, simulating train speeds of approximately 160 km/h, 260 2 

km/h, 360 km/h, and 450 km/h by using loading frequency of (i) 2.5 Hz, (ii) 4 Hz, (iii) 5.6 Hz, and (iv) 7 Hz 3 

respectively, based on bogie spacing of 18 m. 4 

  5 
                                (a) (b) 

  
Figure 17. Variation of (a) vertical elastic displacement and (b) settlement with train speed, with and 6 

without 25 mm TDA below base course in a slab track. 7 
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 1 

                                (a) (b) 

  
Figure 18. Variation of (a) vertical elastic displacement and (b) settlement with train speed, with and 2 

without 25 mm TDA below subballast in a ballasted track. 3 

 4 

                       5 

                                (a) (b) 

  
Figure 19. Variation of horizontal elastic displacement with train speed for (a) slab track (b) ballasted 6 

track. 7 

 8 
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 1 

                                (a) (b) 
  

Figure 20. Vertical stress contour for varying depth and train speed, (a) without TDA (b) with 25 mm TDA 2 

below the base layer, for a slab track. 3 

 4 

                                (a) (b) 

  
Figure 21. Horizontal stress contour for varying depth and train speed, (a) without TDA (b) with 25 mm 5 

TDA below the base layer, for a slab track. 6 
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 1 

  2 

                                (a) (b) 
  

Figure 22. Vertical stress contour for varying depth and train speed, (a) without TDA (b) with 25 mm TDA 3 

below the subbase layer, for a ballasted track.  4 

 5 

                                (a) (b) 
 

Figure 23. Horizontal stress contour for varying depth and train speed, (a) without TDA (b) with 25 mm 6 

TDA below the subbase layer, for a ballasted track. 7 



33 

 

7.2 Effect of axle load 1 

The axle loads considered in this study are 117.7 kN, 166.7 kN, 200 kN, and 230 kN which 2 

represent axle load of passenger trains of different countries. Figures 24 and 25 illustrate the 3 

variation of vertical elastic displacement and settlement for slab track and ballasted track, 4 

respectively with varying axle loads. It can be seen from Figure 24 that the vertical elastic 5 

displacement increases with an increase in axle load for slab track, with and without TDA. The 6 

settlement rises with an increase in axle loads for a slab track without TDA; however, the 7 

incorporation of TDA reduces the rate of settlement rise. The settlement of the slab track with 8 

TDA starts reducing for axle load higher than 200 kN. This shows the effectiveness of TDA in 9 

reducing settlement for a slab track at higher axle load. 10 

It can be seen from Figure 25 that both vertical elastic displacement and settlement rises 11 

with an increase in axle load of the train. With TDA, even at lower axle load the vertical 12 

displacement limit is exceeded. Hence, the use of TDA is not recommended for a ballasted 13 

track. 14 

Figures 26 (a) & (b) show the variation of the horizontal elastic displacement with axle 15 

load for a slab track and ballasted track, respectively. It can be seen that horizontal 16 

displacement increases with axle load in both track types. The horizontal displacement in a slab 17 

track increases with TDA incorporation, however, it remains the same for ballasted track both 18 

with and without for axle load of 160–205 kN.  The horizontal displacement in a ballasted track 19 

for axle load higher than 205 kN gets reduced with incorporation of TDA.  20 

 Figures 27 and 28 illustrate the vertical and horizontal stress contour, respectively for 21 

a slab track with varying depth and axle load. Figures 29 and 30 illustrate the vertical and 22 

horizontal stress contours, respectively for a ballasted track with varying depth and axle load. 23 

It can be observed that the axle load has a significant effect on both vertical and horizontal 24 

stress at various depths in a slab track and ballasted track. The beneficial role of TDA in 25 



34 

 

reducing the vertical and horizontal stresses is apparent at a depth greater than 0.2 m and          1 

0.4 m, respectively below concrete slab in a slab track for varying axle loads. The influence of 2 

TDA in reducing the vertical stress in a ballasted track is not observed but is noticeable for 3 

horizontal stress at depths greater than 1 m for all axle loads.  4 

  5 
 6 
 7 
 8 
 9 

                                (a) (b) 

  
  

Figure 24. Variation of (a) vertical elastic displacement and (b) settlement with axle load, with and without 10 

25 mm TDA below the base layer in a slab track. 11 

 12 

                                (a) (b) 

  
Figure 25. Variation of (a) vertical elastic displacement and (b) settlement with axle load, with and without 13 

25 mm TDA below subballast in a ballasted track. 14 
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 1 

                                (a) (b) 
  

Figure 26. Variation of horizontal elastic displacement with axle load for (a) slab track (b) ballasted 2 

track. 3 

  4 

                                (a) (b) 
 

Figure 27. Vertical stress contour for varying depth and axle load for a slab track: (a) without TDA (b) 5 

with 25 mm TDA below the subbase layer. 6 
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 1 

                                (a) (b) 
 

Figure 28. Horizontal stress contour for varying depth and axle load for a slab track: (a) without TDA (b) 2 

with 25 mm TDA below the subbase layer. 3 

 4 

                                (a) (b) 

 
Figure 29. Vertical stress contour for varying depth and axle load for a ballasted track: (a) without TDA 5 

(b) with 25 mm TDA below the subbase layer. 6 
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 1 

                                (a) (b) 

  

Figure 30. Horizontal stress contour for varying depth and axle load for a ballasted track: (a) without TDA 2 

(b) with 25 mm TDA below the subbase layer.  3 

9. Limitation  4 

One important aspect associated with finite element modelling when dealing with dynamic 5 

modelling is its size. The dynamic model should be large enough compared to static model to 6 

avoid disturbance occurring due to wave reflection at the boundary of the finite element mesh. 7 

Hence, specific care must be ensured in dealing with model boundaries to yield accurate 8 

responses (Kouroussis et al., 2011). Various solutions have been proposed by researchers to 9 

deal with wave reflections, such as the use of non-reflecting viscous boundaries (Lysmer and 10 

Kuhlemeyer, 1969), use of the infinite element method (Bettess, 1977), use of scaled boundary 11 

finite element method (Wolf and Song, 1996). Despite various solutions suggested by various 12 

researchers to deal with the issue of wave propagation, it is necessary to develop a larger model 13 

when dealing with the dynamic analysis of track. However, owing to this large mesh size, the 14 

computational cost of a dynamic finite element model is excessively high.  15 
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 In the present study, due to a lab size track model, wave reflection can occur; however, 1 

material damping will reduce the intensity of wave reflections. Besides, TDA can also help in 2 

the attenuation of wave reflection. Moreover, as the main aim of the present study is the long-3 

term performance comparison of TDA in a ballasted and slab track, a lab size track model is 4 

used. The computational cost of a full-size track model would have been very high to perform 5 

such analysis. The assumption of stationary load which is cyclically applied compared to 6 

moving load has further helped to simplify the numerical analysis. The effect of wave reflection 7 

has not been considered in the simulation. However, the authors were able to capture the 8 

performance of slab track and ballasted track in terms of vertical displacement under static and 9 

cyclic loading, and settlement as reported by Cebasek et al. (2018). In addition, similar model 10 

dimensions have been used by recent finite element studies by Ramos et al. (2021) to evaluate 11 

the influence of track foundation on the performance of ballasted and slab track and Sainz-Aja 12 

et al. (2020) to assess the dynamic behaviour of the trains and performance evaluation of track 13 

structure of a slab track. 14 

  

10.  Conclusion 15 

A numerical study evaluating the long-term performance of ballasted and slab track 16 

incorporating TDA is presented in this paper. The constitutive model for TDA is determined 17 

and then used to investigate the effect of TDA on vibration and displacement response of both 18 

track types. The influence of train speed and axle load on the behaviour of slab track and 19 

ballasted track, with and without TDA is also investigated. The following conclusions can be 20 

drawn from this study: 21 

 The adoption of the elastic constitutive model for TDA leads to an underestimation of 22 

strains at a particular stress level. The hyperelastic constitutive model with strain energy 23 

potential of at least degree 2 should be used for TDA.  24 
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 The TDA is effective in reducing the peak acceleration of both slab track and ballasted 1 

track, which relates to reduced vibration of the railway tracks. The peak acceleration 2 

reduced by 50% and 42% for slab track and ballasted track, respectively with TDA 3 

incorporation.  4 

 TDA is effective in reducing vertical as well as horizontal stress in lower components 5 

of the slab track for varying train speeds and axle loads. However, only vertical stress 6 

reduction and only horizontal stress reduction was observed with the use of TDA in a 7 

ballasted track for varying train speeds and axle loads, respectively.  8 

  The developed model [equation (2)] can predict settlement for ballasted and slab track 9 

with TDA. The settlement reported for a small number of load cycles is not 10 

representative of actual track performance. 11 

 The influence of train speed on vertical displacement response is more noticeable in a 12 

slab track compared to ballasted track, both with and without TDA. TDA is effective 13 

in reducing settlement for higher axle load in a slab track compared to ballasted track. 14 

The influence of axle load on vertical displacement response is observed for both track 15 

forms. The horizontal elastic displacements are less than 1 % of the vertical elastic 16 

displacements in both ballasted and slab track. 17 
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Notation 1 

The following symbols are used in this paper: 2 

a, b = empirical coefficients; 3 

𝐴𝑖0, 𝐴10, 𝐴20, 𝐴30, 𝐵𝑖, 𝐵1, 𝐵2, 𝐵3, 𝜇𝑖, 𝛼𝑖, 𝜆𝑚 = temperature-dependent material parameters; 4 

E= elastic modulus (N/m2); 5 

f or 𝑓′, 𝑓𝑎  𝑜𝑟 𝑓𝑎
 , 𝑓𝑏  𝑜𝑟 𝑓𝑏

 , 𝑓𝑣  𝑜𝑟 𝑓𝑣
 = frequency, axle passing frequency, bogie passing 6 

frequency, vehicle passing frequency, respectively (Hz); 7 

𝐺0, G = initial shear modulus and shear modulus, respectively (N/m2); 8 

𝐼′1 = first invariant of the stress tensor (N/m2); 9 

𝐼′1,𝑎𝑥𝑖  = first invariant of the stress tensor for axisymmetric configuration  (N/m2); 10 

𝐼1̅ = first deviatoric strain invariant (%);  11 

J, Jel = the total volume ratio and elastic volume ratio, respectively (%); 12 

𝐽2 = second invariant of the deviatoric stress tensor (N/m2); 13 

𝐽2,𝑎𝑥𝑖  = second invariant of the deviatoric stress tensor for axisymmetric configuration  14 

(N/m2); 15 

𝐾′0 = effective bulk modulus (N/m2); 16 

n = material parameter; 17 

N = number of load cycles; 18 

Q = axle load (N); 19 

𝑆1, 𝑆100 ,  𝑆1×106 , 𝑆𝑛 = settlement at the end of 1st, 100th, 1 million, and nth load cycle, 20 

respectively; 21 

t = TDA layer thickness (m); 22 

t′ = time (s); 23 

𝑈 = strain energy per unit of reference volume (N/m2); 24 

𝛼, β = material constants; 25 
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𝜆, 𝜆𝑎, 𝜆𝑏, 𝜆𝑣 = vehicle geometry (or wavelength), axle spacing, bogie spacing, vehicle length, 1 

respectively (m);  2 

𝜆̅𝑖, λ𝑖= deviatoric stretches and principal stretches, respectively;  3 

𝜎𝑣 , 𝜎ℎ = vertical and horizontal stress, respectively (N/m2); 4 

𝜎′1, 𝜎′2, 𝜎′3 = the principal effective stresses (N/m2); 5 

𝜀𝑎 = axial strain (%); 6 

𝜏𝑜𝑐𝑡= octahedral shear stress (N/m2); 7 

𝜏𝑜𝑐𝑡,𝑎𝑥𝑖  = octahedral shear stress for axisymmetric configuration (N/m2); 8 

𝛿𝑒𝑣, 𝛿𝑝𝑣 = vertical elastic displacement and vertical plastic displacement (m); 9 

v = Poisson’s ratio;  10 

∅ = friction angle (˚);  11 

𝜓 = dilation angle (˚); 12 

ζ = damping ratio (%);  13 

𝜌 = mass density (kg/m3); 14 
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Appendix 15 

Drucker-Prager Model 16 

 17 

Figure A-1. Representation of yield surface for Mohr-Coulomb and Drucker-Prager 18 

model. 19 
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 1 

 2 

 3 

Figure A-2 (a) Axisymmetric representation of a conventional triaxial test (b) Drucker-4 

Prager yield surface representation for axisymmetric configuration. 5 

(a) 

(b) 
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The Drucker-Prager (D-P) failure criterion is a generalisation of the Mohr-Coulomb (M-C) 1 

criterion for soils and is expressed in equation A-1 (Drucker and Prager, 1952). The D-P 2 

criterion has a smooth yield surface in comparison to the M-C criterion. The yield surface for        3 

M-C and D-P criterion in the principal effective stress space and the deviatoric plane is shown 4 

in Figure A-1. The sharp corners of irregular hexagon associated with a M-C criterion may 5 

cause convergence problems during numerical simulation (Alejano and Bobet, 2012).  6 

 √𝐽2 = 𝛼𝐼′1 + β A-1 

where 𝛼 and β are material constants; 𝐽2 and 𝐼′1are the second invariant of the deviatoric stress 7 

tensor and first invariant of the stress tensor; respectively and are represented by equations A-8 

2 and A-3, respectively. 9 

 𝐼′1 =  𝜎′1 + 𝜎′2 +  𝜎′3 A-2 

 
𝐽2 =  

1

6
[(𝜎′1 − 𝜎′

2)2 + (𝜎′1 − 𝜎′
3)2 + [(𝜎′2 − 𝜎′

3)2] A-3 

where 𝜎′1, 𝜎′2, and 𝜎′3 are the principal effective stresses.  10 

Following the D-P criterion, octahedral shear stress is expressed in terms of principal effective 11 

stress as given below. 12 

 
𝜏𝑜𝑐𝑡 =

1

3
√[(𝜎′1 − 𝜎′

2)2 +  (𝜎′1 − 𝜎′
3)2 + (𝜎′2 − 𝜎′

3)2] 
A-4 

 13 

For the axisymmetric stress state in a conventional triaxial test shown in Figure A-2(a), the 14 

yield surface for D-P criterion is illustrated in Figure A-2(b). Hence, for axisymmetric stress 15 

state equations A-2, A-3 and A-4 simply to equations A-5, A-6 and A-7, respectively. 16 

 𝐼′1,𝑎𝑥𝑖 =  𝜎′1 +  2𝜎′3 A-5 

 
𝐽2,𝑎𝑥𝑖 =  

1

3
 (𝜎′1 − 𝜎′

3)2 
A-6 

 
𝜏𝑜𝑐𝑡,𝑎𝑥𝑖 =

√2

3
(𝜎′1 − 𝜎′

3) 
A-7 

where, 𝐽2,𝑎𝑥𝑖  and 𝐼′1,𝑎𝑥𝑖  are the second invariant of the deviatoric stress tensor and first invariant 17 

of the stress tensor, respectively, for axisymmetric condition; 𝜏𝑜𝑐𝑡,𝑎𝑥𝑖  is the octahedral stress 18 

for an axisymmetric condition; 𝜎′1 and 𝜎′3 are the major and minor effective principal stresses, 19 

respectively. 20 

 21 

 22 
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Hyperelastic model 1 

A hyperelastic (HE) model is a type of constitutive model for ideally elastic materials, and the 2 

stress-strain relationship for such models is described in terms of strain energy potential (U). 3 

 4 

Figure A-3. Comparison of stress-strain behaviour of elastic model with hyperelastic 5 

models. 6 

The comparison of the stress-strain behaviour of various hyperelastic models with an elastic 7 

model is shown in Figure A-3. The reduced polynomial strain energy potential is represented 8 

by equation A-8 (Abaqus Online Documentation, 2018). 9 

 
𝑈 = ∑ 𝐶𝑖0(𝐼1̅ − 3)𝑖

𝑛

𝑖=1

+  ∑
1

𝐷𝑖

𝑛

𝑖=1

 (𝐽𝑒𝑙 − 1)2𝑖 A-8 

where U is the strain energy per unit of reference volume; n is a material parameter; 𝐶𝑖0and 𝐷𝑖 10 

are temperature-dependent material parameters; 𝐼1̅ is the first deviatoric strain invariant which 11 

is represented by equation A-9; Jel is the elastic volume ratio 12 

 𝐼1̅ = λ̅1
2

+ λ̅2
2

+ λ̅3
2
 A-9 

The deviatoric stretches (𝜆̅𝑖) is given by equation A-10 13 

 
λ̅𝑖 = 𝐽−

1
3λ𝑖  

  A-10 
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where J is the total volume ratio; λ𝑖 are the principal stretches. The initial shear modulus 1 

(constant elastic shear modulus) and effective bulk modulus are given by equations A-11 and 2 

A-12, respectively. 3 

 𝐺0 = 2𝐶10   A-11 

 
𝐾′0 =

2

𝐷1
 A-12 

Yeoh strain energy potential is a case of reduced polynomial strain energy potential with n=3. 4 

Using n=3 in equation A-8, the strain energy per unit of reference volume (𝑈) is given by 5 

equation A-13. 6 

 

𝑈 = 𝐶10(𝐼1̅ − 3) + 𝐶20(𝐼1̅ − 3)2 +  𝐶30(𝐼1̅ − 3)3 +
1

𝐷1
(𝐽𝑒𝑙 − 1)2

+
1

𝐷2
(𝐽𝑒𝑙 − 1)4 +

1

𝐷3
(𝐽𝑒𝑙 − 1)6 

A-13 

where 𝐶10, 𝐶20, 𝐶30, 𝐷1, 𝐷2, and 𝐷3 are temperature-dependent material parameters; 𝐼1̅ is the 7 

first deviatoric strain invariant which is represented in equation A-10; Jel is the elastic volume 8 

ratio. 9 

The Ogden strain energy potential is represented in equation A-14 10 

 
𝑈 = ∑

2𝜇𝑖

𝛼𝑖
2 (𝜆1

−𝛼𝑖 + 𝜆2
−𝛼𝑖 + 𝜆3

−𝛼𝑖 − 3)

𝑛

𝑖=1

+ ∑
1

𝐷𝑖
(𝐽𝑒𝑙 − 1)2𝑖

𝑛

𝑖=1

 

 

A-14 

where 𝜇𝑖, 𝛼𝑖, and 𝐷𝑖 are temperature-dependent material parameters.  11 

The Arruda-Boyce strain energy potential is represented in equation A-15 12 

 𝑈 = 𝐺 {
1

2
(𝐼1̅ − 3) +

1

20𝜆𝑚
2 (𝐼1̅

2
− 9) +

11

1050𝜆𝑚
4 (𝐼1̅

3
− 27) +  

19

7000𝜆𝑚
6 (𝐼1̅

4
−

81) +
519

673750𝜆𝑚
8 (𝐼1̅

5
− 243)} +

1

𝐷
(

𝐽𝑒𝑙
2 −1

2
− 𝑙𝑛𝐽𝑒𝑙)   

A-15 

The relation between initial shear modulus (𝐺0) and shear modulus (𝐺) is expressed in equation 13 

A-16 14 

 
𝐺0 = 𝐺 (1 +

3

5𝜆𝑚
2

+
99

175𝜆𝑚
4

+
513

875𝜆𝑚
6 +

42039

67375𝜆𝑚
8 ) A-16 

where 𝜆𝑚 is the material constant with a typical value of 7.  15 
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