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ABSTRACT 19 

Three-dimensional (3D) cellular inclusions such as geocells and scrap rubber tyres 20 

improve the engineering properties of the infill materials by providing all-around 21 

confinement. Although the 3D geoinclusions possess immense potential in the railway 22 

industry, their application is still limited due to a lack of adequate techniques to evaluate 23 

the magnitude of improvement provided by these artificial inclusions. This article 24 

presents an innovative computational approach to evaluate the effectiveness of 3D 25 

cellular geoinclusions in improving the performance of ballasted railway tracks. The 26 

proposed method is an integrated approach that combines the additional confinement 27 

model with the geotechnical rheological model for a railway track. The methodology is 28 

applied to an open track-bridge transition, and the results revealed that the geoinclusions 29 

substantially reduce the differential settlement. However, the magnitude of 30 

improvement depends on the opening size, placement location within the track and 31 

material used to manufacture the cellular inclusions. Moreover, the magnitude of 32 

settlement reduction also depends on the axle load and subgrade soil properties. The 33 

proposed methodology can assist the railway engineers in assessing the efficacy of 3D 34 

inclusions in improving the performance of railway tracks and help select the most 35 

appropriate material, size, and location of reinforcement for deriving maximum 36 

benefits. 37 

 38 

Keywords: Geosynthetics; Cellular geoinclusions; Railway tracks; Rheological model; 39 

Settlement; Transition zone  40 
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1. Introduction 41 

The conventional ballasted railway tracks rely on several granular layers such as 42 

ballast, subballast and fill, to safely transmit the train-induced loads to the subgrade soil. 43 

These granular layers undergo resilient and inelastic (plastic) deformations under 44 

repetitive train loading (Selig and Waters, 1994). The differential settlement produced 45 

due to uneven plastic deformation in these layers adversely affects the track stability 46 

and demands frequent maintenance operations to restore the track geometry (Esveld, 47 

2001). A rapid hike in the axle loads and traffic volume over the last few decades has 48 

accelerated the deformation in the track layers and incurred significant maintenance 49 

costs (Nimbalkar and Indraratna, 2016; Punetha et al., 2020a). 50 

The differential settlement problem is even more severe for the critical zones along 51 

railway lines, such as transitions between standard track and bridge, tunnel, underpass 52 

or culvert. These regions are highly susceptible to swift degradation in track geometry 53 

due to inhomogeneous support conditions along the track length. Although significant 54 

advances have been achieved in the past to mitigate this problem, it remains a subject of 55 

concern, as evidenced by the poor performance of transition zones at several locations 56 

(Wang et al., 2018). 57 

 The inadequate confinement of the granular layers is one of the primary reasons for 58 

the track geometry degradation (Li et al., 2016; Nimbalkar et al., 2020). The 3D cellular 59 

geoinclusions, such as geocells or scrap rubber tyres, may prove highly beneficial in this 60 

aspect as they can enhance the strength and stiffness of the granular layers by providing 61 

extra confinement (Avesani Neto, 2019; Cowland and Wong, 1993; Garga and 62 

O'Shaughnessy, 2000; Inti and Tandon, 2021; Leshchinsky and Ling, 2013a; Pokharel 63 

et al., 2010; Rajagopal et al., 1999; Song et al., 2019). The geocells are made up of thin 64 
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polymeric strips [most commonly high-density polyethylene (HDPE)] that are welded 65 

or bonded along their width at regular intervals to form a 3D cellular network. They can 66 

also be manufactured using a variety of other materials such as geogrids, geotextiles, 67 

geonets, bamboo and rubber (Punetha et al., 2020b). They are usually shipped to the 68 

project site in a collapsed configuration and subsequently expanded like an accordion 69 

and filled with soil. Similar to geocells, scrap rubber tyres (after removing one sidewall) 70 

can be arranged on the site to form a 3D cellular network and then filled with the 71 

granular material. Geoinclusions can be incorporated into the ballast, subballast or top 72 

of the subgrade layer of a ballasted railway track. The most appropriate placement 73 

location for geoinclusions is typically governed by the properties of subgrade soil, 74 

geoinclusion material and the intended function of geoinclusions (i.e., to reduce 75 

subgrade stress or the lateral deformation of ballast and subballast layers, or both) 76 

(Nimbalkar et al., 2020).  77 

The application of 3D cellular geoinclusions can be highly beneficial for the long-78 

term stability of ballasted railway tracks. These inclusions can help to reduce the lateral 79 

and vertical deformations of the track layers, thereby preserving the track geometry 80 

(Chrismer, 1997). They increase the stiffness of infill material, which can aid in the 81 

uniform distribution of the traffic-induced stresses over a wide area of subgrade (Zhou 82 

and Wen, 2008). They can also alleviate or redistribute the shear stresses at the ballast-83 

subballast or subballast-subgrade interface, depending on the placement location 84 

(Giroud and Han, 2004). Previous field investigations have also shown that the use of 85 

cellular geoinclusions in the ballasted railway track: (a) significantly reduces the 86 

settlement and lateral deformations (Raymond, 2001); (b) curtails the magnitude of 87 

stress transmitted to the subgrade soil (Zarembski et al., 2017); and (c) increases the 88 
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track stiffness and reduces the rate of track geometry degradation (Kaewunruen et al., 89 

2016).  90 

It should be emphasised that the performance of the geoinclusion reinforced layer 91 

depends on several aspects, including properties of inclusion, infill soil and subgrade, 92 

loading conditions, and placement position. A detailed analysis of these factors is 93 

imperative before placing geoinclusion in the track. Nevertheless, the cellular 94 

geoinclusions may lose their ability to confine the infill soil if their structural integrity is 95 

compromised by rupture of joints (bonds or seams) under high service loads or by wear 96 

and tear during the installation (Yang et al., 2013). This important aspect must be 97 

considered while selecting the type of inclusion for railway application. 98 

Figure 1 illustrates the differential settlement problem encountered in a typical open 99 

track-bridge transition without any countermeasure. As can be seen, the track supported 100 

by soil layers (softer side) settles more than that founded on the bridge (stiffer side) 101 

after several load repetitions. The 3D cellular geoinclusions can reduce the plastic 102 

deformation in the granular layers by providing additional confinement. Consequently, 103 

employing these inclusions to strengthen the softer side of the critical zone may reduce 104 

the uneven track displacement and improve their performance in a cost-effective 105 

manner. 106 

Despite the immense potential, the application of 3D artificial inclusions in railway 107 

tracks is still minimal due to the lack of a well-established method to evaluate the 108 

magnitude of improvement provided by these geoinclusions. To tackle this issue, some 109 

researchers have resorted to finite element (FE) analyses to explore the beneficial 110 

aspects of geoinclusions in improving track performance (e.g., Banerjee et al., 2020a; 111 

Leshchinsky and Ling, 2013b). A few researchers also investigated the effectiveness of 112 
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geoinclusions in railway tracks using discrete element (DE) analyses (Chen et al., 2012; 113 

Liu et al., 2018, 2020). In these analyses, the geoinclusion and infill materials were 114 

simulated as a layer of spheres and clumps/clusters (a group of spheres that are bonded 115 

together), respectively. The main advantage of using DE method over continuum-based 116 

FE approaches is that it can accurately capture the behaviour of distinct infill particles 117 

and simulate the particle motion. On the other hand, FE approach can handle the layered 118 

track substructure, constitutive relationships, interface behaviour and long-term track 119 

response. However, the FE and DE methods are computationally intensive and may 120 

require a relatively large amount of time to accurately predict the track response, 121 

especially when the number of load repetitions or train passages is huge. The analytical 122 

approaches offer comparatively faster and computationally more efficient alternatives to 123 

DE or FE analyses for evaluating the performance of reinforced railway tracks; 124 

however, such methods are relatively scarce. 125 

In view of the above discussion, this study provides a novel computational 126 

methodology that incorporates the effect of geoinclusion on the behaviour of a ballasted 127 

railway track. The proposed method is an integrated approach that combines the 128 

additional confinement model with the geotechnical rheological model for a railway 129 

track. The accuracy of the approach is verified by comparing the predicted results 130 

against the data reported in the literature. The proposed methodology is applied to an 131 

open track-bridge transition to demonstrate its practical applicability, and the adequacy 132 

of artificial inclusions in mitigating the differential settlements is investigated. Finally, a 133 

parametric study is conducted to assess the influence of factors such as axle load, 134 

subgrade properties, placement location, type, and opening size of geoinclusion on the 135 

track settlement. The key novelty of this work is the development of an analytical 136 
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framework to investigate the effect of 3D cellular geoinclusions on the behaviour of 137 

ballasted railway tracks, especially at a transition zone. This study provides a 138 

computational tool that the practising railway engineers can use to improve the 139 

performance of the ballasted railway tracks, especially in the transition zones. 140 

 141 

2. Methodology 142 

The proposed computational method is an integrated approach that combines the 143 

geotechnical rheological track model and additional confinement model to predict the 144 

response of railway tracks reinforced with 3D cellular inclusions. 145 

2.1. Rheological track model 146 

A geotechnical rheological model is utilised to predict the response of a railway track 147 

under train-induced repeated loading (Punetha et al., 2021). Figure 2 shows the 148 

simplified geotechnical rheological model of a ballasted railway track considered in this 149 

study. The track substructure in this model comprises three geotechnical layers: ballast, 150 

subballast and subgrade. These layers are represented as an array of lumped masses 151 

connected with elastic springs, viscous dashpots, and plastic slider elements. The 152 

springs and dashpots reproduce the viscoelastic behaviour, whereas the slider elements 153 

simulate the inelastic response of the track layers. Thus, the total response of the 154 

substructure layers can be represented as the sum of viscoelastic and plastic 155 

components: 156 

d𝑤(𝑡) = d𝑤𝑣𝑒(𝑡) + d𝑤𝑝(𝑡) (1) 

where dw denotes the vertical displacement increment (m); superscripts ve and p stand 157 

for the viscoelastic and plastic parts of the response, respectively. It must be noted that 158 

the dashpot represents the material damping or the dissipation of elastic energy by the 159 
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material during train-induced repeated loading. The granular materials usually dissipate 160 

this energy hysteretically, by the slippage of particles against each other (Kramer, 161 

1996). 162 

The magnitude of the plastic part in Equation (1) depends on the state of the slider 163 

element. If the slider element is active, the total response of a substructure layer is 164 

essentially viscoelastic-plastic [𝑑𝑤𝑝(𝑡) ≠ 0], whereas the viscoelastic behaviour is 165 

reproduced if this element is inactive [𝑑𝑤𝑝(𝑡) = 0]. The activation or deactivation of 166 

this element depends on its yield criterion (f) and is governed by the loading-unloading 167 

conditions or Kuhn-Tucker relations (Simo and Hughes, 1998). Accordingly, the slider 168 

element remains in the active state as long as the yield criterion is met and remains 169 

satisfied. The magnitude of movement incurred in a slider element during the activated 170 

phase (𝑑𝑤𝑝) is determined using appropriate constitutive relationships, as discussed 171 

later in Section 2.1.2. 172 

 173 

2.1.1. Equation of motion 174 

The total response of the track substructure layers under train-induced loading is 175 

determined by utilising the following equation of motion, which is derived by applying 176 

the dynamic equilibrium condition in Figure 2: 177 

𝑴𝑑�̈�𝐦 + 𝑪𝑑�̇�𝐦 + 𝑲𝑑𝒘𝐦 − 𝑪𝒑𝑑�̇�𝐦
𝒑

− 𝑲𝒑𝑑𝒘𝐦
𝒑

− 𝑪′{𝑑�̇�𝐦−𝟏 + 𝑑�̇�𝐦+𝟏} − 𝑲′{𝑑𝒘𝐦−𝟏 + 𝑑𝒘𝐦+𝟏}

+ 𝑪𝒑′
{𝑑�̇�𝐦−𝟏

𝒑
+ 𝑑�̇�𝐦+𝟏

𝒑
} + 𝑲𝒑′

{𝑑𝒘𝐦−𝟏
𝒑

+ 𝑑𝒘𝐦+𝟏
𝒑

} = 𝑑𝑭 (2) 

where,  

𝑴 = [

𝑚g 0 0

0 𝑚s 0
0 0 𝑚b

] ; 𝑪 = [

𝑐g + 𝑐s + 2𝑐g
𝑠 −𝑐s 0

−𝑐s 𝑐s + 𝑐b + 2𝑐s
𝑠 −𝑐b

0 −𝑐b 𝑐b + 2𝑐b
𝑠

] ; 𝑲 = [

𝑘g + 𝑘s + 2𝑘g
𝑠 −𝑘s 0

−𝑘s 𝑘s + 𝑘b + 2𝑘s
𝑠 −𝑘b

0 −𝑘b 𝑘b + 2𝑘b
𝑠

] 
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𝑪𝒑 = [

𝑐g + 2𝑐g
𝑠 −𝑐s 0

2𝑐s
𝑠 𝑐s + 2𝑐s

𝑠 −𝑐b

2𝑐b
𝑠 2𝑐b

𝑠 𝑐b + 2𝑐b
𝑠

] ; 𝑲𝒑 = [

𝑘g + 2𝑘g
𝑠 −𝑘s 0

2𝑘s
𝑠 𝑘s + 2𝑘s

𝑠 −𝑘b

2𝑘b
𝑠 2𝑘b

𝑠 𝑘b + 2𝑘b
𝑠

] ; 𝑪′ = [

𝑐g
𝑠 0 0

0 𝑐s
𝑠 0

0 0 𝑐b
𝑠

] ; 𝑲′ = [

𝑘g
𝑠 0 0

0 𝑘s
𝑠 0

0 0 𝑘b
𝑠

]  
 

𝑪𝒑′
= [

𝑐g
𝑠 0 0

𝑐s
𝑠𝑐s

𝑠 0

𝑐b
𝑠𝑐b

𝑠𝑐b
𝑠

] ; 𝑲𝒑′
= [

𝑘g
𝑠 0 0

𝑘s
𝑠𝑘s

𝑠 0

𝑘b
𝑠𝑘b

𝑠𝑘b
𝑠

] ; 𝑑𝑭 = {

0
0

𝑑𝑄r,m

} ; 𝑑�̈�𝐦 = {

𝑑�̈�g,m

𝑑�̈�s,m

𝑑�̈�b,m

} ; 𝑑�̇�𝐦 = {

𝑑�̇�g,m

𝑑�̇�s,m

𝑑�̇�b,m

} ; 𝑑𝒘𝐦 = {

𝑑𝑤g,m

𝑑𝑤s,m

𝑑𝑤b,m

} 
 

𝑑�̇�𝐦
𝒑

= {

𝑑�̇�g,m
𝑝

𝑑�̇�s,m
𝑝

𝑑�̇�b,m
𝑝

} ; 𝑑𝒘𝐦
𝒑

= {

𝑑𝑤g,m
𝑝

𝑑𝑤s,m
𝑝

𝑑𝑤b,m
𝑝

} ; 𝑑�̇�𝐦−𝟏 = {

𝑑�̇�g,m−1

𝑑�̇�s,m−1

𝑑�̇�b,m−1

} ; 𝑑�̇�𝐦+𝟏 =  {

𝑑�̇�g,m+1

𝑑�̇�s,m+1

𝑑�̇�b,m+1

} ; 𝑑𝒘𝐦−𝟏 = {

𝑑𝑤g,m−1

𝑑𝑤s,m−1

𝑑𝑤b,m−1

} 

 

𝑑𝒘𝐦+𝟏 = {

𝑑𝑤g,m+1

𝑑𝑤s,m+1

𝑑𝑤b,m+1

} ; 𝑑�̇�𝐦−𝟏
𝒑

= {

𝑑�̇�g,m−1
𝑝

𝑑�̇�s,m−1
𝑝

𝑑�̇�b,m−1
𝑝

} ; 𝑑�̇�𝐦+𝟏
𝒑

= {

𝑑�̇�g,m+1
𝑝

𝑑�̇�s,m+1
𝑝

𝑑�̇�b,m+1
𝑝

} ; 𝑑𝒘𝐦−𝟏
𝒑

= {

𝑑𝑤g,m−1
𝑝

𝑑𝑤s,m−1
𝑝

𝑑𝑤b,m−1
𝑝

} ; 𝑑𝒘𝐦+𝟏
𝒑

= {

𝑑𝑤g,m+1
𝑝

𝑑𝑤s,m+1
𝑝

𝑑𝑤b,m+1
𝑝

} 

(3) 

where the subscripts b, g and s denote the ballast, subgrade and subballast layers, 178 

respectively; subscript m stands for the mth sleeper; superscript p represents the plastic 179 

part of the response; �̇� and �̈� denote the velocity (m/s) and acceleration (m/s2) of the 180 

substructure layers, respectively; m, c and k represent the vibrating mass (kg), damping 181 

coefficient (Ns/m) and normal stiffness (N/m) of the track layers, respectively; ks and cs 182 

denote the shear stiffness (N/m) and shear damping coefficient (Ns/m), respectively; 183 

dQr,m stands for the rail-seat load increment at mth sleeper (N). 184 

Equation (2) is solved at each time instant, t, for all the sleeper locations considered 185 

in the analysis using Newmark’s numerical integration method to determine the total 186 

response of the track substructure. Note that the geotechnical rheological model used to 187 

predict the track response has been previously validated by Punetha et al. (2021). 188 

 189 

2.1.2. Vibrating mass, spring, dashpot, and plastic slider element 190 

To solve Equation (2), vibrating mass, spring stiffness, damping coefficient, 191 

constitutive relationship for the plastic slider elements of each substructure layer, and 192 

the rail-seat load are required. The vibrating mass, spring stiffness, damping coefficient 193 

and rail-seat load are calculated using a procedure described by Punetha et al. (2021), 194 
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which essentially requires the values of parameters such as thickness (h), density (ρ), 195 

Young’s modulus (E) and Poisson’s ratio (ν) of the substructure layers. This procedure 196 

is also described in Appendix 1. 197 

For the ballast and subballast slider elements, the constitutive relationship is based on 198 

an extended version of the Nor-Sand model, which has been derived from the 199 

fundamental axioms of the critical state theory (Jefferies, 1993; Jefferies and Shuttle, 200 

2002). It employs an associated flow rule with isotropic hardening plasticity, and the 201 

influence of principal stress rotation (PSR) is incorporated by rendering the hardening 202 

of the yield surface as a function of PSR angle (which is the angle between major 203 

principal stress direction and vertical) (Jefferies et al., 2015; Punetha and Nimbalkar, 204 

2022). The salient features of this relationship are provided in Table 1. This model has 205 

been used successfully in the past to reproduce the behaviour of geomaterials such as 206 

ballast, subballast, mine tailings and sand (Jefferies and Been, 2015; Punetha et al., 207 

2021). 208 

For subgrade slider elements, the constitutive relationship builds on the elastoplastic 209 

model developed by Ma et al. (2017) and Lu et al. (2019). It employs a non-associated 210 

flow rule with isotropic hardening plasticity, and the influence of PSR is incorporated 211 

by rendering the yield surface, potential surface, and hardening rule as a function of 212 

PSR angle (Punetha and Nimbalkar, 2022). Table 2 provides the salient features of this 213 

relationship. Note that the constitutive relationships for the slider elements are based on 214 

the continuum stress variables (viz., p and q). These stress variables are computed using 215 

the modified Boussinesq solutions after converting multiple substructure layers to a 216 

single-layered material of equivalent thickness (Hirai, 2008; Odemark, 1949; Poulos 217 

and Davis, 1974; Waterways Experiment Station, 1954). This approach of translating 218 
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the boundary forces to stress variables for the plastic slider elements aligns with the 219 

existing techniques (e.g., Di Prisco and Vecchiotti, 2006). 220 

 221 

2.2. Additional confinement model 222 

The effect of incorporating 3D cellular geoinclusion in a substructure layer is 223 

simulated by modifying the stress state for the reinforced layer. This modification is 224 

achieved by adding the extra confinement provided by the geoinclusion to the existing 225 

stress state. This section describes a method to evaluate the magnitude of the additional 226 

confining pressure provided to the infill material. 227 

As shown in Figure 3(a), the cellular geoinclusion reinforced infill soil tends to 228 

deform in the vertical and lateral directions under the application of vertical loads. The 229 

inclusion resists the lateral deformation of the infill. Consequently, circumferential 230 

stresses are generated along its periphery [see Figure 3(b)], which provide additional 231 

confinement to the infill. The magnitude of extra confinement along the lateral 232 

orthogonal directions (x and y) can be determined using the hoop tension theory as: 233 

Δ𝜎x =
2𝜎c,x𝑡g

𝐷g
 (4) 

Δ𝜎y =
2𝜎c,y𝑡g

𝐷g
 (5) 

where Δσx and Δσy are the additional confining pressures in x and y directions, 234 

respectively; Dg and tg are diameter or pocket size and thickness of cellular 235 

geoinclusion, respectively; σc,x and σc,y are the circumferential stresses in x and y 236 

directions, respectively. 237 

The circumferential stress in the geoinclusion can be evaluated using Hooke’s law 238 

(Timoshenko and Goodier, 1970): 239 
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𝜎c =
𝑀m

𝑡g
[

(1 − 𝜈m)𝜀c + 𝜈m𝜀r

(1 + 𝜈m)(1 − 2𝜈m)
] (6) 

where Mm and νm are the mobilised modulus and Poisson’s ratio of the geoinclusion, 240 

respectively; εc and εr are the circumferential and radial strains in the inclusion, 241 

respectively. 242 

On substituting the circumferential stress from Equation (6) into Equations (4) and 243 

(5), the magnitude of additional confinement can be computed as (Punetha et al., 244 

2020b): 245 

Δ𝜎x = −
2𝑀m

𝐷g
[

(1 − 𝜈m)𝑘c + 𝜈m

(1 + 𝜈m)(1 − 2𝜈m)
] 𝜀x (7) 

Δ𝜎y = −
2𝑀m

𝐷g
[

(1 − 𝜈m)𝑘c + 𝜈m

(1 + 𝜈m)(1 − 2𝜈m)
] 𝜀y (8) 

where εx and εy are the strains along x and y directions in infill (assuming that the infill 246 

soil and cellular inclusion deform together); kc is the ratio of circumferential strain to 247 

radial strain. It must be noted that for the sake of simplicity, the shape of the cellular 248 

inclusion in this study is assumed to be circular (as opposed to their actual shape, which 249 

can be a 3D honeycomb). 250 

 251 

2.3. Response prediction for reinforced track 252 

The response of a ballasted railway track reinforced with 3D cellular inclusion is 253 

computed by following these steps (see Figure 4): 254 

1. Calculate the vibrating mass (m), spring stiffness (k) and viscous damping coefficient 255 

(c) for the three substructure layers and the rail seat load (Qr) acting at each sleeper 256 

location of the track section simulated by the geotechnical rheological model (refer to 257 

Appendix 1 and Punetha et al., 2021). 258 
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2. Evaluate the stress distribution in the substructure layers at each time instant using 259 

the modified Boussinesq approach. 260 

3. For each time instant, check whether the yield criterion of the slider element for any 261 

substructure layer is met. If the yield is reached and loading conditions are satisfied, 262 

compute the plastic deformations using the constitutive relations for the slider element 263 

(see Section 2.1.2). Calculate the additional confinement mobilised by the cellular 264 

geoinclusion using the strain accumulated in the lateral and longitudinal directions 265 

(see Section 2.2). 266 

4. Solve the dynamic equilibrium equation [Equation (2)] using Newmark’s numerical 267 

integration scheme to compute the total displacement of the track layers at that time 268 

instant. 269 

5. Update the stress state using the magnitude of additional confinement in the lateral 270 

orthogonal directions. 271 

6. Repeat steps 3 to 5 till the desired number of wheels or axles have passed the section 272 

of a railway line simulated by the geotechnical rheological model. 273 

7. Calculate the total displacement time history. 274 

A MATLAB code is developed to perform all the calculations in the proposed 275 

computational method (The MathWorks Inc., 2020). 276 

 277 

3. Validation 278 

Limited field data is available on the behaviour of ballasted railway tracks reinforced 279 

with cellular geoinclusions under train-induced repetitive loading. Nevertheless, the 280 

validity of the proposed computational methodology to accurately simulate the 281 

behaviour of reinforced railway tracks is investigated by comparing the predicted results 282 
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with 3D FE analyses conducted by Satyal et al. (2018). Satyal et al. (2018) developed 283 

FE models of ballasted railway tracks with and without geocell reinforcement and 284 

studied the effect of factors such as geocell configuration, ballast thickness and 285 

subgrade type on the track performance. These FE models were previously validated 286 

against the experimental plate loading tests on unreinforced and geocell-reinforced 287 

ballast overlying weak subgrade soil (Satyal et al., 2018). The 3D FE model of the 288 

ballasted railway track for the unreinforced case is shown in Figure 5. The model 289 

consists of a ballast layer overlying a 2 m thick subgrade. The model length along the 290 

longitudinal and transverse directions is 1.485 m and 5 m, respectively. The nodes at the 291 

bottom boundary of the model were completely fixed, while the nodes along the side 292 

boundaries were normally fixed. Only one half of the track was modelled due to 293 

symmetry. For the reinforced case, the geocell was modelled as an embedded element 294 

inside the ballast layer. Other details of the model can be found in Satyal et al. (2018). 295 

Figure 5 compares the results predicted using the present method and that using FE 296 

analyses by Satyal et al. (2018). Table 3 lists the values of the parameters used in the 297 

simulation. It can be observed that the results predicted using the proposed approach 298 

agree reasonably well with the predictions from the FE analyses. The settlement values 299 

evaluated using the present method vary by 1% ‒ 13% from the FE results. The 300 

proposed model can accurately predict the reduction in track settlement achieved by 301 

reinforcing the bottom of the ballast layer with a geocell. Moreover, the performance of 302 

the reinforced track at various subgrade conditions and ballast thicknesses is also 303 

predicted satisfactorily.  304 

The validity of the proposed computational methodology is also investigated by 305 

comparing the predicted results with the reduced scale model tests conducted by  306 
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Banerjee et al. (2020a). The values of the parameters used in the simulation are listed in 307 

Table 3. Figure 6 compares the results predicted using the present method with the data 308 

reported by Banerjee et al. (2020a). It is apparent that the predicted results are in a 309 

reasonable agreement with the model test data. The present method can satisfactorily 310 

simulate the settlement reduction caused by reinforcing the subballast layer with geocell 311 

at different subballast layer thicknesses. Moreover, it can also capture the improvement 312 

in settlement reduction with a decrease in geocell pocket size. 313 

 314 

4. Results and discussion 315 

A parametric analysis is carried out to investigate the influence of geoinclusion 316 

properties and axle load on the performance of a reinforced ballasted railway track. 317 

Subsequently, the effectiveness of 3D cellular and planar [two-dimensional (2D)] 318 

geosynthetics in reducing the track settlement is compared. Table 4 summarises the 319 

parameters investigated in this study. Table 5 lists the values of input parameters used in 320 

the analysis. The nominal values of the variables are provided in the parenthesis. The 321 

ballast used in the analysis is crushed basalt (poorly graded gravel), the subballast 322 

comprises of well-graded sand with gravel, and the subgrade is fine sand. The properties 323 

of the track materials are selected based on published literature (Cai et al., 2015; Li et 324 

al., 2016; Li et al., 2018; Punetha et al., 2021; Suiker et al., 2005; Zhai et al., 2004). The 325 

thickness of ballast, subballast and subgrade are considered as 0.3 m, 0.15 m, and 6 m, 326 

respectively. The results are computed for multiple passages of a train comprising 32 327 

axles with a configuration identical to the Acela express passenger train at a speed of 328 

100 km/h. Only one variable is changed for each analysis, while other parameters are 329 

allocated nominal values. The nominal value of axle load is taken as 25 t. The depth of 330 
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cellular geoinclusion is considered as 150 mm, and it is provided at the bottom of the 331 

ballast layer. 332 

 333 

4.1. Influence of geoinclusion material 334 

The magnitude of additional confinement provided by a 3D cellular geosynthetic 335 

depends on the type of material used for its manufacture. Hence, the material type may 336 

influence the inelastic deformation or settlement accumulated in a reinforced track 337 

layer. To study its effect, five different types of materials, namely, HDPE, nonwoven 338 

polypropylene (PP) geotextile, woven coir geotextile, geocomposite (PP biaxial geogrid 339 

with PP fabric) and scrap rubber tyre (with one sidewall removed), are considered in the 340 

analysis. Figure 7(a) shows the load-strain curves for the five different materials 341 

obtained using tension tests (Biabani, 2015; Gonzalez-Torre et al., 2014; Indraratna et 342 

al., 2017; Koerner, 2012; Lal et al., 2017). Figure 7(b) shows the accumulation of track 343 

settlement with tonnage when the cellular geoinclusion manufactured using different 344 

materials is provided at the bottom of the ballast layer. It can be observed that the track 345 

settlement decreases on reinforcing the substructure layer. However, the magnitude of 346 

settlement reduction depends on the material used to manufacture the artificial 347 

inclusion. The maximum reduction in track settlement is provided by the rubber tyre 348 

(32%), followed by geocomposite (30%), HDPE (22%), woven coir geotextile (12.5%) 349 

and nonwoven PP geotextile (4%). This observation is reasonable as the rubber tyre 350 

provides the maximum confinement among all the materials tested, which is apparent in 351 

Figure 8. This figure shows the variation of additional confinement with cumulative 352 

tonnage provided by five different materials along the longitudinal, x, and transverse 353 

directions, y. The rubber tyre provides the maximum confinement because the 354 



17 

 

modulus of the rubber tyre is the highest among the five materials considered [see 355 

Figure 7(a)]. It is also apparent that the geocomposite provides more confinement than 356 

HDPE, woven coir geotextile and nonwoven PP geotextile. This observation is 357 

reasonable as the modulus of geocomposite is higher than HDPE, woven coir, and 358 

nonwoven PP geotextiles [see Figure 7(a)]. Moreover, the confinement provided along 359 

the transverse direction (represented by solid lines) is much higher than that in the 360 

longitudinal direction (represented by dashed lines) for all the materials tested. This 361 

trend may be attributed to the fact that the deformation is higher in the transverse 362 

direction, and consequently, more confinement is mobilised in this direction compared 363 

to the longitudinal direction. 364 

Thus, it is apparent that stiffer materials offer more confinement than softer 365 

materials. Consequently, cellular geoinclusions made up of stiffer materials provide 366 

more improvement in the track performance than those manufactured using softer 367 

materials. Nonetheless, the selection of a particular geosynthetic material must be based 368 

on factors such as its intended role, the scope of the project, and the costs associated 369 

with the fabrication and installation. 370 

 371 

4.2. Influence of pocket size 372 

The cellular geoinclusion diameter or pocket size (Dg) is varied between 0.25 m to 373 

0.4 m to investigate its effect on the settlement reduction. Figure 9(a) shows the 374 

variation of settlement with depth when the bottom of the ballast layer is reinforced 375 

with cellular HDPE inclusion having different diameter or pocket sizes. It can be 376 

observed that the track settlement increases with an increase in Dg. The settlement 377 

increases by 6% on increasing Dg from 0.25 m to 0.4 m. This observation is reasonable 378 
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since more material is available per unit area for providing confinement when Dg is 379 

smaller. Nevertheless, the track settlement is 17.4% less than the unreinforced case, 380 

even when Dg is 0.4 m. Figures 9(b) and 9(c) show similar trends for geoinclusions 381 

manufactured using woven coir and nonwoven PP geotextiles, respectively. Thus, the 382 

performance of a reinforced track is somewhat sensitive to the diameter or pocket size. 383 

Cellular inclusions with smaller pocket size provide better confinement and more 384 

settlement reduction than those with larger pocket size. 385 

 386 

4.3. Influence of axle load 387 

The axle load, Qa, is varied from 20 t ‒ 30 t to investigate its influence on the 388 

effectiveness of the reinforcement. Figure 10 shows the effect of axle load on the 389 

accumulation of track settlement with tonnage for different geoinclusion materials, viz. 390 

HDPE, woven coir geotextile and nonwoven PP geotextile. It can be observed that the 391 

settlement increases for all the cases with an increase in Qa. For the unreinforced case, 392 

the cumulative settlement after 20 MGT increases by 41.3% on increasing Qa from 20 t 393 

‒ 30 t. For HDPE inclusion reinforced track, the settlement increases by 37.9% with an 394 

increase in Qa from 20 t ‒ 30 t. This trend is reasonable because the stress transferred to 395 

the substructure layers rises on increasing the axle load, leading to an increment in 396 

deformation. 397 

It is interesting to note that the effectiveness of reinforcement in reducing the track 398 

settlement is relatively constant at the three axle loads. After a cumulative tonnage of 20 399 

MGT, HDPE geoinclusion reduced the settlement by 21%, 22% and 23% for 20 t, 25 t 400 

and 30 t axle loads, respectively. Similar behaviour is observed for cellular inclusions 401 

manufactured using coir and PP geotextiles. Thus, the results imply that the 402 
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geoinclusions would maintain their effectiveness in those railway tracks where heavier 403 

axle loads are anticipated in the future. 404 

 405 

4.4. Comparison with planar geosynthetic reinforcement 406 

This section compares the effectiveness of a 3D-cellular inclusion with a planar (2D) 407 

geosynthetic such as geogrid or geotextile. Figure 11(a) shows the equivalence of stress 408 

generated in a planar geosynthetic to the extra confining pressure provided to the 409 

surrounding soil. The magnitude of additional confinement provided by the planar 410 

inclusion can be determined following a similar approach as proposed by Yang and Han 411 

(2013) for axisymmetric loading conditions. Since a planar geosynthetic is subjected to 412 

3D loading conditions in a railway track, the additional confinement provided under a 413 

3D stress state can be computed using the following equations: 414 

Δ𝜎x = −
𝑀m𝛼m

𝐻m(1 − 𝜈m
2 )

(𝜀x + 𝜈m𝜀y) (9) 

Δ𝜎y = −
𝑀m𝛼m

𝐻m(1 − 𝜈m
2 )

(𝜀y + 𝜈m𝜀x) (10) 

where αm and Hm are the bonding coefficient and influence height of planar 415 

geosynthetic. The derivation of Equations (9) and (10) is provided in Appendix 2. Hm is 416 

assumed as 150 mm in this study, which is equal to the height of 3D cellular 417 

geoinclusion. The value of αm depends on several factors such as stiffness and Poisson’s 418 

ratio of geosynthetic and soil-geosynthetic interface stiffness (see Yang and Han, 2013). 419 

For simplicity, αm is varied from 0.25 to 0.75 in the analysis to show its influence on the 420 

benefits provided by planar geosynthetics. 421 

Figure 11(b) shows the effectiveness of planar and 3D cellular geosynthetics in 422 

reducing the track settlement. For planar case, PP, coir, and HDPE may represent 423 
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nonwoven PP geotextile, woven coir geotextile and biaxial HDPE geogrid, respectively. 424 

It can be observed that the use of both 3D and planar geosynthetics decrease the track 425 

settlement; however, the 3D inclusions are more effective in reducing the settlement as 426 

compared to planar geosynthetics. After a cumulative tonnage of 20 MGT, the planar 427 

PP, coir and HDPE inclusions reduce the track settlement by 2%, 8.6% and 15.3%, 428 

respectively, for αm = 0.25. Whereas the 3D geoinclusions manufactured using PP, coir, 429 

and HDPE reduce the track settlement by 4%, 12.5% and 22%, respectively. This 430 

finding is reasonable because a 3D cellular inclusion provides confinement to the infill 431 

material by resisting its lateral deformation throughout the inclusion height, whereas the 432 

confinement provided by a planar geosynthetic depends on the frictional interaction and 433 

interlocking with the soil at the interface. It is also apparent that the effectiveness of 434 

planar geosynthetic increases with an increase in αm. The higher the frictional 435 

interaction between soil and planar geosynthetic (large value of αm), the higher is the 436 

mobilised confinement and consequently, more settlement is reduced. 437 

 438 

5. Application to transition zones 439 

The previous section demonstrated that a considerable reduction in track settlement 440 

could be achieved when the granular track layers are reinforced with 3D cellular 441 

inclusions. The adequacy of geoinclusions in reducing the differential settlement at the 442 

transition zones is investigated in this section. Figure 12 shows the geotechnical 443 

rheological model of a typical open track-bridge transition. The substructure of the 444 

softer side of the transition consists of three layers (ballast, subballast and subgrade), 445 

while the ballast layer supported by concrete bridge deck forms the substructure on the 446 

stiffer side. The track layers are simulated as an array of masses connected using elastic 447 
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springs, viscous dashpots, and plastic slider elements. The concrete bridge deck and the 448 

abutment are simulated as fixed supports due to their negligible deformation compared 449 

to the soil layers. 450 

The geosynthetic layer is provided up to a distance of 6 m from the bridge (i.e., in the 451 

improved zone). The inclusion is 150 mm in height and is provided at the bottom of the 452 

ballast layer (as illustrated in Figure 12). 453 

The governing equations of motion for the transition zone can be derived by applying 454 

the dynamic equilibrium condition in Figure 12 as: 455 

𝑴𝑑�̈�𝐢 + 𝑪𝑑�̇�𝐢 + 𝑲𝑑𝒘𝐢 − 𝑪𝒑𝑑�̇�𝐢
𝒑

− 𝑲𝒑𝑑𝒘𝐢
𝒑

− 𝑪′{𝑑�̇�𝐢−𝟏 + 𝑑�̇�𝐢+𝟏} − 𝑲′{𝑑𝒘𝐢−𝟏 + 𝑑𝒘𝐢+𝟏}

+ 𝑪𝒑′
{𝑑�̇�𝐢−𝟏

𝒑
+ 𝑑�̇�𝐢+𝟏

𝒑
} + 𝑲𝒑′

{𝑑𝒘𝐢−𝟏
𝒑

+ 𝑑𝒘𝐢+𝟏
𝒑

} = 𝑑𝑭 (11) 

𝑚b
𝑟𝑑�̈�b,j + 𝑘b

𝑟[𝑑𝑤b,j − 𝑑𝑤b,j
𝑝

] + 𝑐b
𝑟[𝑑�̇�b,j − 𝑑�̇�b,j

𝑝
]

+ 𝑘b
𝑠,𝑟 〈2[𝑑𝑤b,j − 𝑑𝑤b,j

𝑝
] − [𝑑𝑤b,j−1 − 𝑑𝑤b,j−1

𝑝
] − [𝑑𝑤b,j+1 − 𝑑𝑤b,j+1

𝑝
]〉

+ 𝑐b
𝑠,𝑟 〈2[𝑑�̇�b,j − 𝑑�̇�b,j

𝑝
] − [𝑑�̇�b,j−1 − 𝑑�̇�b,j−1

𝑝
] − [𝑑�̇�b,j+1 − 𝑑�̇�b,j+1

𝑝
]〉 = 𝑑𝑄r,j

𝑟  (12) 

where superscript r denotes the stiffer side of the transition; subscripts i and j represent 456 

the ith and jth sleepers in the softer and stiffer side of the transition, respectively. 457 

Equations (11) and (12) are solved using Newmark’s integration scheme at each time 458 

instant to compute the total response of the transition zone. The effect of reinforcement 459 

is simulated using a similar procedure as described in Section 2.3. 460 

The subsequent sections investigate the efficacy of 3D geoinclusions in improving 461 

the performance of transition zones through parametric analyses. Table 4 summarises 462 

the parameters investigated in this study. Table 5 lists the values of the parameters used 463 

in the analyses. The thickness of ballast (in both softer and stiffer sides), subballast and 464 

subgrade in the analyses are considered as 0.3 m, 0.15 m, and 6 m, respectively. 465 

 466 
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5.1. Effect of geoinclusion material 467 

Figure 13 shows the variation of settlement along the track length when 3D 468 

geoinclusions manufactured using different materials are provided in the bottom portion 469 

of the ballast layer near the bridge approach (improved zone). The results of the 470 

unreinforced track are also provided for comparison. Note that the origin of the x-471 

coordinate is at the onset of the stiffer side. It can be observed that the differential 472 

settlement accumulated after a cumulative tonnage of 20 MGT is the maximum for the 473 

unreinforced case. On reinforcing the track, the differential settlement between the 474 

stiffer and softer side decreases. The rubber tyre provides the maximum benefit among 475 

all the materials tested, followed by geocomposite, HDPE, woven coir geotextile and 476 

nonwoven PP geotextile. As discussed in section 4.1, the modulus of rubber tyre at a 477 

particular strain value is the highest among all the materials considered; consequently, it 478 

provides maximum confinement and improvement in track performance. The reduction 479 

in the differential settlement is 5.4%, 16.7%, 29.8%, 40.3% and 43.4% for nonwoven 480 

PP geotextile, woven coir geotextile, HDPE, geocomposite and rubber tyre, 481 

respectively. Thus, the material used to manufacture the artificial inclusion significantly 482 

influences the magnitude of differential settlement at the open track-bridge transition. 483 

Stiffer materials provide more performance improvement (or differential settlement 484 

reduction) than softer materials. 485 

 486 

5.2. Effect of subgrade strength 487 

The subgrade strength is varied by changing the friction angle, c, between 36° and 488 

45°.  Figure 14(a) shows the settlement accumulated along the length of the track when 489 

cellular HDPE inclusion is provided at the bottom of the ballast layer, and c in the 490 
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improved zone is varied between 36° and 45°. It can be observed that the reinforcement 491 

is more effective when the subgrade strength is high. The differential settlement 492 

decreases by 45.3% and 55.6% for c = 40° and 45°, respectively. Figures 14(b) and 493 

14(c) show that the 3D geoinclusions manufactured using woven coir and nonwoven PP 494 

geotextiles are also more effective when subgrade strength is high. The differential 495 

settlement in the transition zone in the case of coir geotextile decreases by 32.3% and 496 

42.6% for c = 40° and 45°, respectively [see Figure 14(b)]. Similarly, the differential 497 

settlement in the case of PP geotextile decreases by 19.4% and 31.2% for c = 40° and 498 

45°, respectively. Thus, the effectiveness of reinforcement significantly depends on the 499 

subgrade strength. For critical zones with low subgrade strength, the use of cellular 500 

geoinclusion in the ballast layer coupled with subgrade strength increment through 501 

ground improvement techniques may prove to be very effective. These findings are in 502 

consonance with the results of the experimental investigations conducted by Sol-503 

Sánchez et al. (2015, 2016) on different track configurations which revealed that the 504 

track settlement decreases with an increase in strength or bearing capacity of the track 505 

layers. 506 

 507 

5.3. Effect of reinforcement location 508 

The magnitude of settlement reduction provided by the geosynthetic reinforcement 509 

also depends on its location within the rail track. To investigate its most effective 510 

placement position, the 3D geoinclusion is provided at three locations in the track, viz., 511 

ballast bottom, subballast and subgrade top. Figure 15 shows the variation of settlement 512 

along the track length accumulated after a cumulative tonnage of 10 MGT when 513 

reinforcement is provided at different locations within the track. As expected, the 514 
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differential settlement decreases on reinforcing the track layers in the improved zone. 515 

The maximum reduction is obtained for the case when the bottom of the ballast layer is 516 

reinforced. After a cumulative tonnage of 10 MGT, the differential settlement reduces 517 

by 31.6%, 7.4% and 9.7% when the HDPE geoinclusion is provided in the ballast 518 

bottom, subballast and subgrade top, respectively. This behaviour is ascribed to a 519 

smaller confining pressure acting on the ballast layer prior to the reinforcement (Selig 520 

and Waters, 1994). The extra confinement provided by the geoinclusion significantly 521 

decreases the deformations in the ballast layer, and consequently, the differential 522 

settlement is reduced. The improvement is much smaller when the geoinclusion is 523 

provided at the top of the subgrade layer than at the ballast bottom because only the top 524 

0.15 m of the 6 m thick subgrade layer is reinforced. The contribution of the remaining 525 

5.85 m to total settlement is still very high. 526 

Nonetheless, a similar trend is observed for inclusions manufactured using coir 527 

geotextile (CG). However, as expected, the HDPE geoinclusion provides more 528 

improvement in track performance than the inclusion manufactured using coir 529 

geotextile. Thus, the results demonstrate that the performance of a transition zone can 530 

be improved with the strategic placement of 3D cellular inclusion in the track. 531 

 532 

6. Economic and environmental aspects of 3D cellular geoinclusion reinforcement 533 

The results from this study demonstrate that the use of 3D cellular geoinclusions 534 

improves the track performance by reducing the settlement and decreasing the track 535 

geometry degradation rate. Consequently, the frequency of periodic maintenance 536 

operations can be decreased, leading to significant cost savings. By employing 3D 537 

cellular geoinclusions into the track, it is feasible to reduce the thickness of granular 538 
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layers (such as subballast) without compromising track performance, as illustrated in 539 

Figure 16. As evident, the reduction in subgrade settlement is identical when the HDPE 540 

geoinclusion is provided at the top of the subgrade and when hs is increased from 0.15 541 

m to 0.2 m. Thus, by reinforcing the top of the subgrade layer with geoinclusion, the 542 

subballast thickness could be reduced by 25%, thereby mitigating the environmental 543 

impact while lowering overall costs. This is especially true when a sufficient supply of 544 

good quality subballast material is unavailable near the construction site, leading to 545 

significant economic and environmental consequences (Sol-Sánchez and D'Angelo, 546 

2017). 547 

The results from this study also revealed that rubber tyres could significantly 548 

improve the track performance. The use of scrap rubber tyres as cellular reinforcement 549 

can be considered an environment friendly alternative for enhancing track performance 550 

because these tyres have become a major source of pollution on a global scale. Around 551 

50 million tyre equivalent passenger units are estimated to be discharged annually in 552 

Australia (Farooq et al., 2021). Therefore, reusing these tyres in the railway tracks may 553 

be an appealing solution. 554 

Recently, the use of geocells below the ballast layer to improve the load-carrying 555 

capacity of soft subgrade has also been recommended in the guidelines such as ARTC 556 

RTS 3430 (Australian Rail Track Corporation, 2006). This recommendation is a 557 

testimony of interest among the railway industries regarding the use of 3D cellular 558 

geosynthetic reinforcement technology in real tracks. 559 

Despite these environmental and economic benefits, there are a few issues pertaining 560 

to the use of 3D cellular inclusions in railway tracks. One major concern is the initial 561 

cost of synthetic inclusions (made up of HDPE). In this regard, the geoinclusions made 562 
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of coir geotextile can serve as low-cost alternatives to their synthetic counterparts. 563 

Nevertheless, the issues such as the long-term performance of geoinclusions, 564 

particularly their fatigue life (Sol-Sánchez and D'Angelo, 2017), and their behaviour 565 

under train-induced impact loading (Nimbalkar et al., 2012) continue to require 566 

comprehensive research, which constitute the future scope of this study. 567 

 568 

7. Conclusions 569 

In this study, a novel computational methodology is developed by integrating the 570 

additional confinement model with the geotechnical rheological model to investigate the 571 

efficacy of 3D cellular inclusions in improving the performance of ballasted railway 572 

tracks. The primary features of the method include: 573 

 Use of simplified yet effective geotechnical rheological model which can 574 

incorporate inhomogeneous support conditions along the track length, capture the 575 

effect of PSR due to moving wheel loads and accurately predict the settlement 576 

accumulated in the track after multiple train passages. 577 

 The utilisation of the additional confinement model derived from hoop stress theory 578 

and Hooke’s law that can evaluate the magnitude of extra confinement offered by 579 

cellular geosynthetics under 3D loading conditions (or general stress state). 580 

 Provides a simple yet elegant analytical framework (which involves solving 581 

governing equations in a step-by-step manner) to evaluate the response of ballasted 582 

railway tracks at normal and transition zones while incorporating the effect of 583 

geosynthetic reinforcement in contrast to previous studies that relied on the use of 584 

commercial software packages, which were often computationally intensive. 585 
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The methodology is successfully validated against the results of FE analyses and 586 

experimental model tests reported in the literature. A parametric study is carried out to 587 

investigate the influence of axle load and geosynthetic properties on the performance of 588 

reinforced railway tracks. Subsequently, the methodology is applied to a typical open 589 

track-bridge transition, and the adequacy of cellular inclusion in mitigating the 590 

differential settlement at the transition is investigated. Finally, the effect of placement 591 

location, geosynthetic and subgrade properties on the performance of the transition zone 592 

is discussed. The following conclusions can be drawn from this study: 593 

 The material used to manufacture the 3D cellular inclusion significantly influences 594 

the reduction in the differential settlement at the open track-bridge transition. Stiffer 595 

materials such as rubber tyre, geocomposite and HDPE reduced the differential 596 

settlement by 43.4%, 40.3% and 29.8%, respectively. In contrast, softer materials 597 

such as woven coir and nonwoven PP geotextiles reduced the differential settlement 598 

by 16.7% and 5.4%, respectively. 599 

 Geoinclusions with smaller pocket size are more effective than those with large 600 

pocket size. 601 

 The effectiveness of artificial inclusions in reducing the differential settlement 602 

depends on the subgrade strength. The reinforcement is more effective when the 603 

subgrade strength is high compared to the case when subgrade strength is low. 604 

 The improvement in track performance provided by the cellular geoinclusion also 605 

depends on its placement location within the track. In this study, the bottom of the 606 

ballast layer is found to be the most effective location for reinforcement. 607 

 608 
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Thus, the present study demonstrates that 3D cellular geoinclusions effectively 609 

reduce the settlement in ballasted railway tracks and possess enormous potential for 610 

future use. The essential contribution of this study is the development of a technique 611 

that can assist railway engineers in assessing the efficacy of artificial inclusions in 612 

enhancing the performance of railway tracks, especially in transition zones. This 613 

method may help select the most appropriate placement location, size, and type of 614 

geoinclusion for deriving maximum potential benefits and optimising the track 615 

performance. The main contribution of this article is the development of an analytical 616 

approach to assess the influence of 3D cellular inclusions on the behaviour of ballasted 617 

railway tracks. To the authors’ knowledge, it is for the first time that a geotechnical 618 

rheological model with an enhanced capability to simulate the improvement provided 619 

by 3D geoinclusions is used to predict the ballasted track response. The developed 620 

methodology is a mechanistic approach in which plastic slider elements are employed to 621 

predict the inelastic deformations in the track layers, and the influence of reinforcement 622 

is simulated using hoop stress theory and Hooke’s law. This approach is a significant 623 

advancement over the existing analytical methods that employ empirical equations to 624 

capture the inelastic deformations and reinforcement benefits. 625 
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Appendix 1. 633 

The vibrating mass and spring stiffness of the three substructure layers are evaluated 634 

based on the geometry of their effective region, which coincides with a pyramidal load 635 

distribution zone below the sleeper bottom (Ahlbeck et al., 1978). This geometry is 636 

identified using the parameters such as the thickness of substructure layers, load 637 

distribution angles and sleeper dimensions with due consideration to the overlapping of 638 

load distribution pyramids along both longitudinal and transverse directions (Punetha et 639 

al., 2020a). The vibrating mass is then calculated by multiplying the volume of effective 640 

zone of each layer with density. For non-overlapped case, the vibrating mass of the 641 

track layers can be calculated as: 642 

𝑚b = 𝜌bℎb [𝑏s𝑙e + (𝑏s + 𝑙e)ℎb tan 𝛼b +
4

3
ℎb

2 tan2 𝛼b] (A1) 

𝑚s = 𝜌sℎs [𝑏s𝑙e + (𝑏s + 𝑙e)(2ℎb tan 𝛼b + ℎs tan 𝛼s) + 4ℎb tan 𝛼b (ℎb tan 𝛼b

+ ℎs tan 𝛼s) +
4

3
ℎs

2 tan2 𝛼s] 

 

(A2) 

𝑚g = 𝜌gℎg [𝑏s𝑙e + (𝑏s + 𝑙e)(2ℎb tan 𝛼b + 2ℎs tan 𝛼s + ℎg tan 𝛼g) + 4(ℎb tan 𝛼b

+ ℎs tan 𝛼s)(ℎb tan 𝛼b + ℎs tan 𝛼s + ℎg tan 𝛼g) +
4

3
ℎg

2 tan2 𝛼g] 

 

(A3) 

where subscripts b, s and g denote ballast, subballast and subgrade layers, respectively; 643 

h, ρ and α represent the thickness (m), density (kg/m3) and load distribution angle (°) of 644 

the track layers, respectively; le and bs are the effective length (m) and width (m) of 645 

sleeper, respectively. The load distribution angles for the substructure layers are 646 

calculated using the following equations: 647 

𝛼b = tan−1 {
𝑎

ℎb
[√

𝜎slb

𝜎bs
− 1]}  (A4) 
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𝛼s = tan−1 {
(𝑎 + ℎb tan 𝛼b)

ℎs
[√

𝜎bs

𝜎sg
− 1]} (A5) 

𝛼g = tan−1 {
(𝑎 + ℎb tan 𝛼b + ℎs tan 𝛼s)

ℎg
[√

𝜎sg

𝜎gr
− 1]} (A6) 

where σbs, σsg, σgr and σslb are the vertical stresses (N/m2) at the ballast-subballast 648 

interface, subballast-subgrade interface, bottom of subgrade and sleeper-ballast 649 

interface, respectively; a is the equivalent radius of sleeper-ballast contact area (m). The 650 

above equations are an extension of the technique used by Han et al. (2011) to the 651 

substructure layers. 652 

The spring stiffness of the track layers can be calculated based on the analogy 653 

between their effective zone and an axially loaded bar with a non-uniform cross-section. 654 

For the non-overlapped case, the stiffness of the substructure layers is computed as: 655 

𝑘b =
2(𝑙e − 𝑏s)𝐸b tan 𝛼b

ln [
𝑙e
𝑏s

(
𝑏s + 2ℎb tan 𝛼b
𝑙e + 2ℎb tan 𝛼b

)]
 (A7) 

𝑘s =
2(𝑙e − 𝑏s)𝐸s tan 𝛼s

ln [(
𝑙e + 2ℎb tan 𝛼b
𝑏s + 2ℎb tan 𝛼b

) (
𝑏s + 2ℎb tan 𝛼b + 2ℎs tan 𝛼s
𝑙e + 2ℎb tan 𝛼b + 2ℎs tan 𝛼s

)]
 (A8) 

𝑘g =
2(𝑙e − 𝑏s)𝐸g tan 𝛼g

ln [(
𝑙e + 2ℎb tan 𝛼b + 2ℎs tan 𝛼s
𝑏s + 2ℎb tan 𝛼b + 2ℎs tan 𝛼s

) (
𝑏s + 2ℎb tan 𝛼b + 2ℎs tan 𝛼s + 2ℎg tan 𝛼g

𝑙e + 2ℎb tan 𝛼b + 2ℎs tan 𝛼s + 2ℎg tan 𝛼g
)]

 
(A9) 

The damping coefficient for the track layers per unit area can be determined using 656 

the following equation (Nimbalkar et al., 2012): 657 

𝑐b = √
𝐸b𝜌b

(1 + 𝜈b)(1 − 𝜈b)
; 𝑐s = √

𝐸s𝜌s

(1 + 𝜈s)(1 − 𝜈s)
; 𝑐g = √

𝐸g𝜌g

(1 + 𝜈g)(1 − 𝜈g)
 (A10) 

The rail seat load is evaluated based on the method described in Doyle (1980): 658 

𝑄r,m(𝑡) = 𝑘𝑆 ∑ 𝑤(𝑥m
𝑗

, 𝑡)
𝑎t

𝑗=1
 (A11) 
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where Qr,m denotes the rail seat load at mth sleeper (N) at time instant t; S is the sleeper 659 

spacing (m); w is the vertical track deflection (m) computed by solving the beam on 660 

elastic foundation equation (see Esveld, 2001); 𝑥m
𝑗

 is the distance between mth sleeper 661 

and jth wheel; at is the total number of axles considered; k is the track modulus. 662 

 This rail seat load is applied to the ballast surface over a circular sleeper-ballast 663 

contact area and the stress distribution below each sleeper is determined using the 664 

modified Boussinesq solutions. 665 

  666 
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Appendix 2. 667 

In planar geosynthetic-reinforced soil, the lateral deformation of the soil under the 668 

application of vertical loads generates tensile stresses in the geosynthetic [see Figure 669 

11(a)]. The magnitude of these tensile stresses (Tx and Ty) along x and y directions can 670 

be computed as: 671 

𝑇x =
𝑀m

(1 − 𝜈m
2 )

(𝜀x
𝑚 + 𝜈m𝜀y

𝑚) (A12) 

𝑇y =
𝑀m

(1 − 𝜈m
2 )

(𝜀y
𝑚 + 𝜈m𝜀x

𝑚) (A13) 

where 𝜀x
𝑚and 𝜀y

𝑚 are strains in geosynthetic in x and y directions, respectively. These 672 

tensile stresses can be considered as equivalent compressive stresses applied to the soil 673 

at the reinforcement location [see Figure 11(a)]. If the equivalent compressive stress is 674 

assumed to be distributed uniformly over a thickness of Hm, the extra confining pressure 675 

applied to the soil can be computed as: 676 

∆𝜎x =
𝑇x

𝐻m
 (A14) 

∆𝜎y =
𝑇y

𝐻m
 (A15) 

Substitution of the values of Tx and Ty from Equations (A12) and (A13) to Equations 677 

(A14) and (A15), and considering αm= ‒𝜀x
𝑚/𝜀x= ‒𝜀y

𝑚/𝜀y yields Equations (9) and (10). 678 
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 858 

Notation 859 

a
h
 Cyclic hardening parameter 

at Total number of axles considered 

bs Sleeper width 

c
b
, c

g
, c

s
 Viscous damping coefficients for ballast, subgrade and subballast 

𝑐b
𝑟  Viscous damping coefficient for ballast in the stiffer side 

𝑐b
𝑠, 𝑐g

𝑠, 𝑐s
𝑠  Shear damping coefficients for ballast, subgrade and subballast 

𝑐b
𝑠,𝑟

  Shear damping coefficient for ballast in the stiffer side 

Dg Diameter of 3D geoinclusion opening 

Dp Plastic dilatancy 

Eb, Eg, Es Young’s modulus of ballast, subgrade and subballast 
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𝐸b
𝑟  Young’s modulus of ballast in the stiffer side 

e, e0 Current and initial void ratio 

fb, fg, fs Yield surface for ballast, subgrade and subballast 

fc, fr, ft Current, reference and transitional subloading surfaces 

g Potential function 

H Hardening parameter in Nor-sand model 

Hm Influence height of planar geosynthetic 

h
b
, h

g
, h

s
 Ballast, subgrade and subballast thickness 

ℎb
𝑟   Ballast thickness in the stiffer side 

k Track modulus 

k
b
, k

g
, k

s
 Normal stiffness of ballast, subgrade and subballast 

𝑘b
𝑟  Normal stiffness of ballast in the stiffer side 

𝑘b
𝑠 , 𝑘g

𝑠, 𝑘s
𝑠  Shear stiffness of ballast, subgrade and subballast 

𝑘b
𝑠,𝑟

  Shear stiffness of ballast in the stiffer side 

kc Ratio of circumferential strain to radial strain in geoinclusion 

le Effective length of sleeper 

M
i
 Critical stress ratio corresponding to image state 

M
itc

 Critical stress ratio corresponding to image state for triaxial compression 

Mm Mobilised modulus of geoinclusion 

M
tc
 Critical stress ratio under triaxial compression 

�̂�  Critical stress ratio in characteristic stress space 

m
b
, m

g
, m

s
 Vibrating mass of ballast, subgrade and subballast 

𝑚b
𝑟   Vibrating mass of ballast in the stiffer side 

Nv Volumetric coupling parameter 

p Mean effective stress 

pi Image mean effective stress 

pic, pim Hardening parameters 

�̂�xg  Intersection of potential surface with �̂� axis 

�̂�xc, �̂�xr, �̂�xt Intersection of current, reference and transitional surfaces with �̂� axis 

Qw, Qr Wheel load and rail-seat load 

q Deviatoric stress 
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�̂� and �̂� Deviatoric and hydrostatic stress in characteristic stress space 

R, Rgl Parameters that control plastic strain increment under repeated loading 

r Spacing ratio 

S Sleeper spacing 

st Settlement of track substructure 

s1α, s2α Constitutive parameters to account for principal stress rotation effects 

T Cumulative tonnage 

Tx, Ty Tensile stresses in planar geosynthetic along x and y directions 

t Time instant 

tg Thickness of geoinclusion 

w
b,m

, �̇�
b,m

, �̈�
b,m Displacement, velocity and acceleration of ballast below mth sleeper 

wp
b,m

, �̇�b,m
𝑝

 Plastic displacement and velocity of ballast below mth sleeper 

w
s,m

, �̇�
s,m

, �̈�
s,m

 Displacement, velocity and acceleration of subballast below mth sleeper 

wp
s,m

, �̇�s,m
𝑝

 Plastic displacement and velocity of subballast below mth sleeper 

w
g,m

, �̇�
g,m

, �̈�
g,m

 Displacement, velocity and acceleration of subgrade below mth sleeper 

wp
g,m

, �̇�g,m
𝑝

 Plastic displacement and velocity of subgrade below mth sleeper 

wve, wp Viscoelastic and plastic component of total displacement 

x Distance along longitudinal direction 

Z Plastic softening parameter 

z Depth 

α Angle between major principal stress direction and vertical 

αb, αs, αg Load distribution angles of ballast, subballast and subgrade 

αm Bonding coefficient  

Γ Critical void ratio at p = 1 kPa 

Δσx, Δσy Additional confining stress in x and y directions 

𝑑𝜀v
𝑝
, 𝑑𝜀q

𝑝
 Plastic volumetric and deviatoric strain increments 

εc, εr Circumferential and radial strain 

𝜀x
𝑚, 𝜀y

𝑚 Strains in geosynthetic in x and y directions 

η, �̂� Stress ratio in general and characteristic stress space 

θ Lode angle 

λ, κ Slope of critical state and swelling lines in e‒ln p space 
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ν
b
, ν

s
, ν

g, νm
 Poisson’s ratio of ballast, subballast, subgrade and geoinclusion 

𝜈b
𝑟  Poisson’s ratio of ballast in the stiffer side 

ξ, A Dimensionless material parameters 

ρ
b
, ρ

g
, ρ

s
 Density of ballast, subgrade and subballast 

𝜌b
𝑟  Density of ballast in the stiffer side 

σ
bs, σsg, σslb

 Vertical stresses at the ballast-subballast, subballast-subgrade and sleeper 

ballast interfaces 

σ
c,x

, σ
c,y

 Circumferential stresses in x and y directions 

σ
gr

 Vertical stress at the bottom of subgrade 

σ
j
 Principal stress 

σ
r
 Reference stress 

φc, φe Critical state friction angles under triaxial compression and extension 

χ
i, χtc

 Dilatancy parameters 

ψ, ψ
i
 State parameters 
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Tables 861 

Table 1. Salient features of constitutive relationship for ballast and subballast slider 862 

elements. 863 

Feature Mathematical expression Description 

Yield 

function 

𝑓 =
1

𝑀i

(
𝑞

𝑝
) + ln (

𝑝

𝑝i

) − 1 = 𝑔 

where, 

 𝑀i = (1 −
𝑁v𝜒i|𝜓i|

𝑀tc
) [𝑀tc −

𝑀tc
2 cos(

3𝜃

2
+

𝜋

4
)

3+𝑀tc
] 

𝜒i =
𝜒tc

1 −
𝜆𝜒tc

𝑀itc

 

𝜓i = 𝜓 − 𝜆 ln (
𝑝

𝑝i

) 

𝜓 = 𝑒 − 𝛤 + 𝜆 ln 𝑝 

f, g: yield and potential functions 

q, p: deviatoric and mean effective stresses 

i: image state or at the condition of zero dilatancy 

Nv: volumetric coupling parameter 

𝜒: state-dilatancy parameter 

𝜓: state parameter 

Mtc: critical stress ratio for triaxial compression 

θ: Lode angle 

λ: slope of critical state line (CSL) 

e: void ratio 

𝛤: critical void ratio at p = 1 kPa 

Stress-

dilatancy 
𝐷𝑝 =

𝑑𝜀v
𝑝

𝑑𝜀q
𝑝 = 𝑀i −

𝑞

𝑝
 

𝑑𝜀v
𝑝

: plastic volumetric strain increment 

𝑑𝜀q
𝑝

: plastic deviatoric strain increment 

Dp: plastic dilatancy 

Hardening 

rule 

𝑑𝑝i

𝑝i

=
𝐻

𝑅gl

𝑀i

𝑀itc

(
𝑝i

𝑝
)

α

−2

[𝑒
(

−𝜒i𝜓i
𝑀itc

)
− (

𝑝i

𝑝
)

α

] 𝑑𝜀q
𝑝
 

where, 𝑅gl = 𝑒
−

1

𝑎h
(1−

𝑝i
𝑝ic

)
√

𝑝i−𝑝im

𝑝ic−𝑝im
 

(
𝑝i

𝑝
)

𝛼

= (
𝑝i

𝑝
−

1

𝑟
) [1 − 𝑍 (

|𝑑𝛼|

180
) |𝜓|] +

1

𝑟
 

dpi: image mean effective stress increment 

H: plastic hardening parameter 

pic, pim: internal hardening parameters 

ah: cyclic hardening parameter 

r: spacing ratio (assumed as 2.71) 

Z: plastic softening parameter 

α : angle between major principal stress direction 

and vertical (°) 
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Table 2. Salient features of constitutive relationship for subgrade slider elements. 865 

Feature Mathematical expression Description 

Characteristic 

stress 

�̂�j = 𝜎r (
𝜎j

𝜎r
)

𝜉

; 𝑗 = 1,2,3 

where, 

(1 + sin 𝜑c)𝜉 − (1 − sin 𝜑c)𝜉

(1 + sin 𝜑c)𝜉 + 2(1 − sin 𝜑c)𝜉
=

(1 + sin 𝜑e)𝜉 − (1 − sin 𝜑e)𝜉

2(1 + sin 𝜑e)𝜉 + (1 − sin 𝜑e)𝜉
 

‘^’: parameter in characteristic stress 

space 

σ
j
: principal stress 

σ
r
: reference stress (1 kPa) 

φc, φe: critical state friction angles 

under triaxial compression and 

extension 

𝜉 : dimensionless characteristic 

stress parameter 

Yield function 

𝑓 =
(𝜆 − 𝜅)

𝜉(1 + 𝑒0)
{

�̅�

(2 − 𝑍α )
ln [

(�̂�2 + �̂�α
2) + (1 − 𝑍α)(�̂�2 − �̂�α

2)

(�̂�0
2 + �̂�α

2) + (1 − 𝑍α)(�̂�0
2 − �̂�α

2)
]

+ ln (
�̂�

�̂�0
)} − ∫

𝑑𝜀v
𝑝

𝑅
= 0 

where, 

�̂�α = �̂�(1 − 𝑠1𝛼𝑈𝛼) 

𝑍α = 1 + 𝑠2α𝑈α 

𝑈α = {
1 − cos(2𝛼) ,  for 0 ≤ 𝛼 ≤ 45°

1 − cos(2|𝛼| − 𝜋) ,  for 45° ≤ |𝛼| ≤ 90°
 

�̂� = 3
(1 + sin 𝜑𝑐)𝜉 − (1 − sin 𝜑𝑐)𝜉

2(1 − sin 𝜑𝑐)𝜉 + (1 + sin 𝜑𝑐)𝜉
 

�̅� = 𝐴
(2 − 𝑍α)ln 2 

ln (
2

𝑍α
)

 

𝑅 = 𝑒
−

1
𝑎h(1+2𝑈α)

(1−
𝑝xc
𝑝xr

)
√

�̂�xc − �̂�xt

�̂�xr − �̂�xt

 

λ: slope of CSL 

κ: slope of swelling line 

e: void ratio 

p: mean effective stress 

subscript ‘0’: initial value 

d𝜀v
𝑝

: plastic volumetric strain 

      increment 

A: dimensionless spacing parameter 

η: stress ratio 

s1α, s2α: constitutive parameters to 

account for the effects of PSR 

α : angle between major principal 

stress direction and vertical (°) 

ah: cyclic hardening parameter 

Potential 

function 
𝑔 = ln [1 +

(2𝜉 − 𝑍α )

𝑍α

�̂�2

�̂�α
2

] +
(2𝜉 − 𝑍α )

𝜉
ln (

�̂�

�̂�xg

) 
�̂�xg: intersection of potential surface 

with �̂� axis 

Hardening1 

𝑓𝑐 =
�̅�

(2 − 𝑍α )
ln [

(�̂�2 + �̂�α
2) + (1 − 𝑍α)(�̂�2 − �̂�α

2)

𝑍α�̂�α
2

] + ln (
�̂�

�̂�xc
) 

𝑓r =
�̅�

(2 − 𝑍α )
ln [

(�̂�2 + �̂�α
2) + (1 − 𝑍α)(�̂�2 − �̂�α

2)

𝑍α�̂�α
2

] + ln (
�̂�

�̂�xr
) 

𝑓𝑡 =
�̅�

(2 − 𝑍α )
ln [

(�̂�2 + �̂�α
2) + (1 − 𝑍α)(�̂�2 − �̂�α

2)

𝑍α�̂�α
2

] + ln (
�̂�

�̂�xt
) 

Number of subloading surfaces: 3 

𝑓c, 𝑓r, 𝑓t: current, reference and 

transitional subloading surfaces 

�̂�xc, �̂�xr, �̂�xt: intersection of current, 

reference and transitional 

surfaces with �̂� axis 

1based on concept of subloading surfaces (see Hashiguchi, 1989) 866 
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Table 3. Input parameters used in the validation. 868 

Layer Variable Symbol Unit 
Satyal et al. 

(2018) 

Banerjee et al. 

(2020a) 

Ballast Young’s modulus E
b 
 MPa 30 5.99 

 Poisson’s ratio ν
b
 ‒ 0.4 0.35 

 Shear stiffness k
b

s 
 MN/m 78.4* 78.4* 

 Density ρ
b
 kg/m3 1500 1621 

 Thickness h
b
 m 0.45 ‒ 0.6 0.0875 

 Reference void ratio on CSL Γ ‒ 1.4* 1.4* 

 Slope of CSL λ ‒ 0.1* 0.1* 

 Critical stress ratio Mtc ‒ 1.42† 1.25* 

 Volumetric coupling parameter Nv ‒ 0.2* 0.2* 

 State-dilatancy parameter χ
tc
 ‒ 3* 3* 

 Cyclic hardening parameter a
h
 ‒ 0.32† ‒ 

 Plastic hardening parameter H ‒ 50-250𝜓* 50-250𝜓* 

Subballast Young’s modulus E
s
 MPa ‒ 1.48 – 1.54 

 Poisson’s ratio ν
s
 ‒ ‒ 0.32 

 Shear stiffness k
s

s MN/m ‒ 476* 

 Density ρ
s
 kg/m3 ‒ 1417 

 Thickness h
s
 m ‒ 0.1125 – 0.15 

 Reference void ratio on CSL Γ ‒ ‒ 1.2# 

 Slope of CSL λ ‒ ‒ 0.05# 

 Critical stress ratio Mtc ‒ ‒ 1.65# 

 Volumetric coupling parameter Nv ‒ ‒ 0.5# 

 State-dilatancy parameter χ
tc
 ‒ ‒ 2.5# 

 Plastic hardening parameter H ‒ ‒ 80-260𝜓# 

Subgrade Young’s modulus E
g
 MPa 8.5 1.07 – 1.14 

 Poisson’s ratio ν
g
 ‒ 0.35 0.49 

 Shear stiffness  k
g

s MN/m 1600* 1600* 

 Density ρ
g
 kg/m3 2162 1551 

 Thickness h
g
 m 2 0.3625 – 0.4 

 Slope of CSL λ ‒ 0.0041† 0.06† 

 Slope of swelling line κ ‒ 0.002† 0.03† 

 Critical state friction angle φc ° 
37.5 (S1) † 

42.5 (S2) † 
42.5† 

 Characteristic stress parameter ξ ‒ 0.1† 0.1† 

 Spacing parameter  A ‒ 0.1†  0.15† 

 Cyclic hardening parameter a
h
 ‒ 0.09† ‒ 

Geoinclusion Material ‒ ‒ PE1 Geogrid 

 Diameter Dg m 0.3 0.1 – 0.165 

 Poisson’s ratio ν
m
 ‒ 0.35 0.2 

1Polyethylene, *value taken from Punetha et al. (2021), #calibrated using triaxial test 869 

data reported by Banerjee et al. (2020b), †value selected based on engineering 870 

judgement  871 
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Table 4. Summary of the parameters studied. 872 

Track section Parameter  Range or value Output variable 

Regular or 

standard 

Geoinclusion 

material1 

HDPE, nonwoven PP 

geotextile, woven coir 

geotextile, geocomposite, 

rubber tyre 

Settlement, 

additional 

confinement 

Geoinclusion 

pocket size2 
0.25 m – 0.4 m Settlement 

Axle load 20 t – 30 t Settlement 

Geoinclusion type Planar (2D), 3D cellular Settlement 

    

Transition 

zone 

Geoinclusion 

material1 

HDPE, nonwoven PP 

geotextile, woven coir 

geotextile, geocomposite, 

rubber tyre 

Differential 

settlement 

Subgrade strength φc = 36° – 45° 
Differential 

settlement 

Reinforcement 

location 

Ballast bottom, subballast, 

subgrade top 

Differential 

settlement 

1mobilised modulus of geoinclusion is varied based on the load versus strain curves for 873 

different materials, 2values lie within the range of equivalent pocket size of 874 

commercially available geocells 875 

  876 
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Table 5. Input parameters used in the parametric study. 877 

Layer Variable Symbol Unit Value 

Ballast Young’s modulus# E
b 
(=𝐸b

𝑟) MPa 200 

 Poisson’s ratio* ν
b (=𝜈b

𝑟) ‒ 0.3 

 Shear stiffness* k
b

s (=𝑘b
𝑠,𝑟

) MN/m 78.4 

 Density* ρ
b 
(=𝜌b

𝑟) kg/m3 1760 

 Reference void ratio on CSL1 Γ ‒ 1.4 

 Slope of CSL1 λ ‒ 0.1  

 Critical stress ratio1 Mtc ‒ 1.25 

 Volumetric coupling parameter1 Nv ‒ 0.2 

 State-dilatancy parameter1 χ
tc
 ‒ 3 

 Cyclic hardening parameter a
h
 ‒ 0.3 

 Plastic hardening parameter1 H ‒ 50-250𝜓 

 Plastic softening parameter4 Z ‒ 10 

Subballast Young’s modulus# E
s
 MPa 115 

 Poisson’s ratio* ν
s
 ‒ 0.4 

 Shear stiffness* k
s

s
 MN/m 476 

 Density* ρ
s
 kg/m3 1920 

 Reference void ratio on CSL1 Γ ‒ 0.9 

 Slope of CSL1 λ ‒ 0.05 

 Critical stress ratio1 Mtc ‒ 1.15 

 Volumetric coupling parameter1 Nv ‒ 0.3 

 State-dilatancy parameter1 χ
tc
 ‒ 4.2 

 Cyclic hardening parameter1 a
h
 ‒ 0.185 

 Plastic hardening parameter1 H ‒ 160-260𝜓 

 Plastic softening parameter4 Z ‒ 20 

Subgrade Young’s modulus*† E
g
 MPa 20 

 Poisson’s ratio* ν
g
 ‒ 0.45 

 Shear stiffness* k
g

s MN/m 1600 

 Density* ρ
g
 kg/m3 1920 

 Slope of CSL2 λ ‒ 0.0041 

 Slope of swelling line2 κ ‒ 0.002 

 Critical state friction angle2 φc ° 36 – 45 (36) 

 Characteristic stress parameter2 ξ ‒ 0.1 

 Spacing parameter2 A ‒ 0.1 

 Cyclic hardening parameter2 a
h
 ‒ 0.03 

 Parameter to account for PSR2 s
1α

  0.7 

 Parameter to account for PSR2 s
2α

  0.05 

Geoinclusion Material ‒ ‒ 

HDPE, PP geotextile, coir 

geotextile, geocomposite, 

rubber tyre 

 Diameter3 Dg m 0.25 ‒ 0.4 (0.25) 

 Poisson’s ratio ν
m
 ‒ 0.3 

1calibrated using cyclic triaxial test data reported by Suiker et al. (2005), 2calibrated using 878 
hollow cylindrical torsional test data reported by Cai et al. (2015), 3Dg = 1 m for rubber tyre, 879 
4value taken from Punetha and Nimbalkar (2022), #value adopted from Li et al. (2018), *value 880 
taken from Punetha et al. (2021), †based on range reported by Li et al. (2016) 881 
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Figure Captions 882 

Figure 1. Differential settlement in an open track-bridge transition and its potential 883 

mitigation using 3D cellular geoinclusion. 884 

Figure 2. Simplified geotechnical rheological model of a ballasted railway track. 885 

Figure 3. (a) Deformation of cellular geoinclusion under the application of vertical 886 

load; (b) stress profile of the inclusion. 887 

Figure 4. Flowchart to predict the response of ballasted railway track reinforced with 888 

3D cellular inclusion. 889 

Figure 5. Comparison of track settlement computed using present method with results 890 

from FE analysis conducted by Satyal et al. (2018). 891 

Figure 6. Comparison of results computed using the present method with experimental 892 

data reported by Banerjee et al. (2020a). 893 

Figure 7. (a) Load versus strain curves for five geoinclusion materials obtained from 894 

tension tests; (b) accumulation of settlement with tonnage for tracks reinforced with 895 

cellular inclusions manufactured using different materials. 896 

Figure 8. Variation of additional confinement with tonnage for tracks reinforced with 897 

3D artificial inclusions manufactured using different materials. 898 

Figure 9. Influence of opening or pocket size on track response for 3D cellular 899 

geoinclusions manufactured using (a) HDPE; (b) woven coir geotextile; (c) nonwoven 900 

PP geotextile. 901 

Figure 10. Influence of axle load on settlement for track reinforced with different 902 

cellular inclusion types. 903 
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Figure 11. (a) Equivalence of stresses in planar geosynthetic to additional confining 904 

pressure in soil; (b) comparison of settlement accumulated in the unreinforced track and 905 

track reinforced using planar and 3D geosynthetics. 906 

Figure 12. Geotechnical rheological model of a typical open track-bridge transition 907 

with 3D cellular geosynthetic reinforcement. 908 

Figure 13. Variation of settlement along the length for unreinforced and reinforced 909 

track. 910 

Figure 14. Influence of subgrade strength on effectiveness of artificial inclusions 911 

manufactured using: (a) HDPE; (b) woven coir geotextile; (c) nonwoven PP geotextile. 912 

Figure 15. Variation of settlement along the length when 3D cellular inclusion is 913 

provided at different positions within the track. 914 

Figure 16. Reduction in subgrade settlement when cellular geoinclusion is provided at 915 

the top of the subgrade and when subballast thickness is increased from 0.15 m to 0.3 916 

m. 917 



 

 

Figure 1. Differential settlement in an open track-bridge transition and its potential mitigation using 3D 

cellular geoinclusion. 
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Figure 2. Simplified geotechnical rheological model of a ballasted railway track. 

  



 

 

Figure 3. (a) Deformation of cellular geoinclusion under the application of vertical load; (b) stress profile of 

the inclusion. 

  



 

 

Figure 4. Flowchart to predict the response of ballasted railway track reinforced with 3D cellular inclusion. 



 

Figure 5. Comparison of track settlement computed using present method with results from FE analysis 
conducted by Satyal et al. (2018). 

 



 

 

Figure 6. Comparison of results computed using the present method with experimental data reported by 
Banerjee et al. (2020a).  



 

 

Figure 7. (a) Load versus strain curves for five geoinclusion materials obtained from tension tests; (b) 

accumulation of settlement with tonnage for tracks reinforced with cellular inclusions manufactured using 

different materials. 

  



 

 

Figure 8. Variation of additional confinement with tonnage for tracks reinforced with 3D artificial 

inclusions manufactured using different materials. 

  



 

 

Figure 9. Influence of opening or pocket size on track response for 3D cellular geoinclusions manufactured 

using (a) HDPE; (b) woven coir geotextile; (c) nonwoven PP geotextile. 

  



 

 

Figure 10. Influence of axle load on settlement for track reinforced with different cellular inclusion types. 
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(b) 

Figure 11. (a) Equivalence of stresses in planar geosynthetic to additional confining pressure in soil; (b) 

comparison of settlement accumulated in the unreinforced track and track reinforced using planar and 3D 

geosynthetics. 



 

 

 

Figure 12. Geotechnical rheological model of a typical open track-bridge transition with 3D cellular 

geosynthetic reinforcement. 

  



 

 

Figure 13. Variation of settlement along the length for unreinforced and reinforced track. 

  



 

 

Figure 14. Influence of subgrade strength on effectiveness of artificial inclusions manufactured using: (a) 

HDPE; (b) woven coir geotextile; (c) nonwoven PP geotextile. 

  



 

 

Figure 15. Variation of settlement along the length when 3D cellular inclusion is provided at different 

positions within the track. 

  



 

 

Figure 16. Reduction in subgrade settlement when cellular geoinclusion is provided at the top of the 

subgrade and when subballast thickness is increased from 0.15 m to 0.3 m. 

 

 



Highlights 

 Novel method to assess the adequacy of geoinclusions in improving track performance 

 Combination of additional confinement and geotechnical rheological track models 

 Method may assist railway engineers in deriving maximum benefits from geoinclusions 

 Cellular inclusions reduce differential settlement at open track-bridge transition 

 3D inclusions made up of stiff materials reduced differential settlement by 30‒43 % 
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