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We show that the proof of the generalised quantum Stein’s lemma [Brandão & Plenio,
Commun. Math. Phys. 295, 791 (2010)] is not correct due to a gap in the argument leading to
Lemma III.9. Hence, the main achievability result of Brandão & Plenio is not known to hold.
This puts into question a number of established results in the literature, in particular the
reversibility of quantum entanglement [Brandão & Plenio, Commun. Math. Phys. 295, 829
(2010); Nat. Phys. 4, 873 (2008)] and of general quantum resources [Brandão & Gour, Phys.
Rev. Lett. 115, 070503 (2015)] under asymptotically resource non-generating operations.
We discuss potential ways to recover variants of the newly unsettled results using other
approaches.

I. OVERVIEW

The question of reversibility is central in the study of how different quantum resources can
be manipulated. Asymptotic reversibility concerns the existence of processes that can intercon-
vert two quantum states in the asymptotic limit of infinitely many independent and identically
distributed (i.i.d.) copies. Crucially, the rate at which such a reversible conversion is possible
constitutes a fundamental quantity that completely governs how quantum states can be converted
into each other. In the theory of thermodynamics, this quantity is precisely the entropy of a system,
and generalisations of this concept underpin the study of different quantum physical phenomena.

One of the most significant contributions to the understanding of reversibility of quantum
resources was the generalised quantum Stein’s lemma of [BP10a] and the ensuing frameworks
of [BP08, BP10b, BG15]. These results claimed that anyquantumresource satisfying a small number
of physically-motivated axioms can be reversibly manipulated, as long as the constraints on
resource transformations are suitably relaxed. This in particular implied that any physical resource
admits a notion of an entropy-like monotone — a single quantity that determines asymptotic
resource convertibility, and functions as the uniquemeasure of the given resource in the asymptotic
limit.

On the technical side, the main contribution of [BP10a] was the extension of an important
result in quantumhypothesis testing— the quantum Stein’s lemma [HP91, ON00], which connects
the distinguishability of quantum states with the quantum relative entropy — to the setting of
composite hypothesis testing, where the alternative hypothesis, instead of the usual i.i.d. form, is
given by a more general convex set of quantum states. This allowed for the connection between
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general quantum resources and quantifiers based on the relative entropy to be established, leading
directly to the aforementioned results of [BP08, BP10b, BG15] and revealing such entropy-based
monotones as the quantities governing the reversibility of resource theories.

However, an issue has recently been found in the claimed proof of the generalised quan-
tum Stein’s lemma in [BP10a]. Specifically, after the appearance of the first version of the
preprint [FGW21] that studied a related setting using the methods of [BP10a], one of us identified
a mistake in [FGW21, Lemma 16], which then led to the discovery that the original result [BP10a,
Lemma III.9] is incorrect. This means that the main claims of [BP10a], and in particular the gen-
eralised quantum Stein’s lemma introduced therein, are not known to be correct, and the validity
of a number of results that build on those findings is thus directly put into question.

In this note, we explain the error in [BP10a, Lemma III.9] and discuss how the main results of
the reversible frameworks [BP08, BP10b, BG15] can be recovered in some contexts under additional
assumptions. We discuss in detail where the issue occurs, what it would take to rectify it,
and present some alternative strategies that could be used to potentially recover the findings
of [BP10a]. In particular, we use other variants of a composite quantum Stein’s lemma as found
in [BHLP20, BBH21] to provide alternatives to the main finding of [BP10a] that, although more
restrictive, allow us to establish a reversibility result for quantum resource theories somewhat
analogous to, but weaker than, that of [BP08, BP10b, BG15]. We also discuss which of the results
in the literature are, by virtue of relying on [BP10a], no longer known to be true, andwhich related
results are independent of [BP10a]’s correctness.

We note that the reader exclusively interested in the flaw of the argument leading to [BP10a,
Lemma III.9] can directly jump to Section III.

Summary of findings

• The proof of the generalised quantum Stein’s lemma of Ref. [BP10a] is not correct. Due to a
gap in the proof of [BP10a, Lemma III.9], the proof of [BP10a, Lemma III.7] is invalidated.
Hence, the main achievability result, i.e., the direct part of [BP10a, Proposition III.1], is
not known to be correct. The converse part of [BP10a, Proposition III.1], and in particular
[BP10a, Corollary III.3], are unaffected. The issue is discussed in detail in Section III.

• This error affects other published results that directly rely on the generalised quantumStein’s
lemma, and notably the framework for reversible quantum resource theories delineated
in [BP08, BP10b, BG15]. Without any alternative arguments, the main results of these
works can no longer be considered proven. The connection between hypothesis testing and
resource reversibility is discussed in Sections II E–IIG.

• The reversibility results are recoveredwhenever the generalised quantum Stein’s lemma can
be replaced with another Stein–type hypothesis testing result that identifies the regularised
relative entropy of a resource as the optimal hypothesis testing rate. Examples of this are the
restricted-measurement Stein’s lemma of [BHLP20], or the variants presented in [BBH21].
The former allowsus togive ageneral result for the reversibility of amodified resource theory
of quantum entanglement that obeys certain additional restrictions on the tensor product
structure in themany-copy setting. Albeit weaker than the original findings of [BP08, BP10b,
BG15], this provides some evidence for the validity of Stein–type results in the theory
of asymptotic entanglement manipulation. As a noteworthy special case, the methods
of [BBH21] allow us to give an alternative proof of the reversibility of the theory of quantum
coherence, fully recovering the claims of [BG15] in this setting (cf. [Chi18]). This is discussed
in Section IV.
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• Although the proof method of [BP10a] has a gap that we are unable to fix in full generality,
we have also not been able to rule out the main result of [BP10a, Proposition III.1] itself.
That is, there remains a possibility that the generalised quantum Stein’s lemma is correct.
The conclusive determination of the validity of [BP10a] is thus a pressing open problem.

• Some results in the literature, although using similar methods or seemingly relying on the
findings of [BP10a], are independent of thegeneralisedquantumStein’s lemmaand therefore
unaffected by the uncovered gap in the proof. This applies, among others, to the faithfulness
of the regularised relative entropy of entanglement [Pia09], the asymptotic equipartition
property of the max-relative entropy of entanglement and other resources [BP10a, Dat09a],
and the irreversibility of entanglement under non-entangling operations [LR21]. This is
discussed in Section V.

We start in the following Section II by introducing our notation and some backgroundmaterial.

II. NOTATION AND SETTING

A. Mathematics

A quantum system � is mathematically represented by a separable Hilbert space H�. In
this paper we shall always consider finite-dimensional Hilbert spaces. Quantum states of � are
represented by density operators, i.e. positive semi-definite operators on H� with trace one. We
will denote the set of density operators onH� withD(H�). A particular class of density operators
is that formed by pure states, i.e. rank-one projectors |#〉〈# |� onto a normalised vector |#〉� ∈ H�

with 〈# |#〉 = 1. The distance between two density operators �, � ∈ D(H�) is quantified by
the trace norm distance 1

2


� − �

1, where ‖-‖1 B Tr

√
-†- is the trace norm; this is endowed

with operational meaning in the context of binary state discrimination by the Helstrom–Holevo
theorem [Hel76, Hol76]. Quantum measurements are mathematically represented by positive
operator-valued measures (POVMs) of the form (�G)G . Here G ∈ X is an index with finite range,
for each G the operator �G is positive semi-definite, and moreover

∑
G �G = 1. More generally,

physical transformations of states of system � into states of system �′ are represented by quantum
channels, i.e. completely positive trace preserving (CPTP) linear maps Λ : L(H�) → L(H�′),
where L(H) denotes the space of linear operators (matrices) over H. The set of CPTP maps from
L(H�) to L(H�′)will be denoted by CPTP(�→ �′).

B. Quantum entropy

The (von Neumann) entropy of a quantum state � ∈ D(H) is given by ((�) B −Tr � log �
(with the convention that 0 log 0 = 0). A more general function is the (Umegaki) relative entropy,
defined for two states �, � ∈ D(H) by

�(�‖�) B
{

Tr �
(
log � − log �

)
supp � ⊆ supp �,

+∞ otherwise.
(1)

Here, supp- denotes the support of an operator -. A different approach to the problem of
defining a quantum relative entropy is that of measuring the two states and computing the
classical Kullback–Leibler divergence [KL51] between the resulting probability distributions. If
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we denote the set of allowed POVMs by E, the quantity one obtains is the E-measured relative
entropy [Pia09] (see also [VP98])

�E(�‖�) B sup
(�G)G∈E

∑
G

Tr ��G log
Tr ��G
Tr ��G

. (2)

A special case of the above formula is obtained when E = ALL comprises all POVMs, i.e. all
(finite) collections (�G)G of positive semi-definite operators �G ≥ 0 such that

∑
G �G = 1 [Don86,

Pet86, BFT17, FLTP20]. While �ALL(�‖�) ≤ �(�‖�) for all �, � thanks to the data processing
inequality [LR73a, LR73b, Lie73, Lin75], it is known [BFT17] that equality holds if and only if �
and � commute, i.e. if [�, �] = 0.

There are at least two other quantities that are related to the relative entropy and that will be
widely used in this paper. One is the max-relative entropy, given by [Dat09b]

�max(�‖�) B log min
{
� ≥ 1 : � ≤ ��

}
. (3)

The other is the hypothesis testing relative entropy, defined for a parameter � ∈ [0, 1] by [BD10,
WR12]

��
�(�‖�) B − log min

{
Tr"� : 0 ≤ " ≤ 1, Tr"� ≥ 1 − �

}
. (4)

The purpose of employing the two quantities is that, just as the relative entropy is often found
to exactly quantify the asymptotic properties of quantum states in some operational tasks, in
the one-shot regime it is �max and ��

�
that play a similar role in characterising the operational

properties of states. For an introduction to these quantities and their operational meaning, we
refer the reader to [Tom15].

C. Entanglement

Let�� be a bipartite quantum systemwithHilbert spaceH�� B H�⊗H�. The set of separable
states on �� is just the convex hull of all product states, i.e. [Wer89]

S�� B conv
{
|#〉〈# |� ⊗ |)〉〈) |� : |#〉� ∈ H� , |)〉� ∈ H� , 〈# |#〉 = 1 = 〈) |)〉

}
. (5)

It is a fundamental fact of quantummechanics that not all states on �� are separable. A state that
is not separable is called entangled. An especially simple entangled state is the entanglement bit
(‘ebit’). It is a two-qubit state, i.e. it lives on a system �� where H� = C

2 = H�, and it is defined
by

Φ2 B |Φ2〉〈Φ2 | , |Φ2〉 B
1√
2
(|00〉 + |11〉) . (6)

D. General quantum resources

Entanglement is thefirst example of a quantum resource to have been studied indepth. However,
it is fruitful to formulate a framework capable of treating all quantumresources on an equal footing,
and to establish results that can reveal broad similarities between resources of seemingly different
types. The general framework of quantum resource theories [CG19] is designed to do so. Here, one
usually identifies a family of systems of interest—withHilbert spaces we call genericallyH—and
over each H a set M ⊆ D(H) of free states, i.e. quantum states that are inexpensive to prepare
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and thus are available at will. To discuss asymptotic transformation of resources, it is important
that for each = we can consider the system with Hilbert spaceH⊗= and the associated set of states
M= ⊆ D(H⊗=). The family of sets (M=)= should satisfy some elementary properties [BP10a,
p. 795]:

1. EachM= is a convex and closed subset ofD(H⊗=), and hence also compact (sinceH is finite
dimensional).

2. Each M= contains some i.i.d. full-rank state, i.e. some state of the form �⊗= with � > 0.

3. The family (M=)= is closed under partial traces, i.e. if � ∈M=+1 then Tr=+1 � ∈M= , where
Tr=+1 denotes the partial trace over the last subsystem.

4. The family (M=)= is closed under tensor products, i.e. if � ∈ M= and � ∈ M< then
� ⊗ � ∈M=+< .

5. Each M= is closed under permutations, i.e. if � ∈ M= and � ∈ (= denotes an arbitrary
permutation of a set of = elements, then also %��%†� ∈M= , where %� is the unitary imple-
menting � over H⊗= .

Remark 1. The sets of separable states over all bipartite Hilbert spaces, defined by (5), satisfy the
above Axioms 1–5.

How do we quantify the amount of resource contained in a resourceful state � ∉M? We shall
now discuss several resource monotones that can be used to this end. The generalised (or global)
resource robustness of a state � ∈ D(H) is defined as [VT99, HN03]

'M(�) B min
{
B ≥ 0 : 1

1 + B
(
� + B�

)
∈M, � ∈ D(H)

}
. (7)

This is not to be confused with the standard resource robustness, originally defined by Vidal and
Tarrach for the case of entanglement as [VT99]

'BM(�) B min
{
B ≥ 0 : 1

1 + B
(
� + B�

)
∈M, � ∈M

}
. (8)

Note that the only difference between (7) and (8) is that the state � in (8) is also required to be
free, while it can be an arbitrary density matrix in (7). Both robustnesses are faithful quantities,
i.e. 'M($) = 0 if and only if 'BM($) = 0, if and only if $ ∈M.

Note that it is possible to re-write (7) as

!'M(�) B log
(
1 + 'M(�)

)
= min

�∈M
�max(�‖�) , (9)

where �max is the max-relative entropy given by (3). That is, !'M is just the ‘distance’ of the state
� from the setM as measured by the max-relative entropy. If we use instead the Umegaki relative
entropy, we obtain the relative entropy of resource, given by [VPRK97]

�M(�) B min
�∈M

�(�‖�) . (10)

As it often happens in quantum information, the above expression needs to be regularised in order
to be endowed with an operational interpretation in the asymptotic setting. That is, one needs to
consider

�∞M(�) B lim
=→∞

1
=
�M

(
�⊗=

)
. (11)
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Thanks to Fekete’s lemma [Fek23], the limit on the right-hand side exists and can be alternatively
computed as an inf=∈N. This is because the function 5 (=) B �M(�⊗=) is sub-additive, i.e. it
satisfies 5 (= +<) ≤ 5 (=) + 5 (<), due to Axiom 4 above. Moreover, thanks to Axiom 2 we see that
�∞M(�) ≤ �M(�) < ∞ holds for every state �.

E. Asymptotic manipulation of resources

To discuss how quantum resources can be transformed into each other by quantum operations,
it is useful to start by looking at the important special case of entanglement. Entanglement can be
manipulated with the two fundamental primitives of entanglement distillation and entanglement
dilution [BBPS96, BBP+96, BDSW96]. The former is concerned with the transformation of a large
number of i.i.d. copies of a certain state ��� into as many ebits as possible with vanishing error;
conversely, the latter deals with the opposite process of turning a large number of ebits into as
many copies of ��� as possible, again with vanishing error. In all cases, the transformation error
is quantified by means of the operationally meaningful trace norm distance.

Traditionally, these transformations are effected by means of local operations assisted by
classical communication (LOCCs). While the set of LOCC is well motivated operationally,
in [BP08, BP10b] a more general scheme is investigated, which involves a larger set of opera-
tions. Namely, given two bipartite systems �� and �′�′ and some � > 0, one defines the set of
%-non-entangling operations from �� to �′�′ as

NE� (��→ �′�′) B {Λ ∈ CPTP (��→ �′�′) : 'S (Λ(���)) ≤ � ∀��� ∈ S��} , (12)

where 'S is the generalised robustness of entanglement, given by (7) with the choice M = S .
Since this is faithful, in the case where � = 0 we obtain the set of non-entangling (or separability-
preserving) operations NE [BP08, BP10b]. The idea behind the definition (12) is that of capturing
the possibility of small fluctuations in the type of physical transformations the system is under-
going. Mathematically, this translates into a framework where one allows for the generation of
some amount � of entanglement, as quantified by the generalised robustness, so as to obtain the
even larger set of operations (12). We note that the choice of 'S as the quantifier of the generated
entanglement here is crucial; other choices ofmonotones can either trivialise thewhole framework,
as in the case of �M(�) [BP10b, Sec. V], or make the theory asymptotically irreversible, as in the
case of 'BS [LR21]; we will return to the latter issue shortly.

A necessary condition for the self-consistency of the framework is that the parameter � should
vanish in the asymptotic limit. We thus define the distillable entanglement and the entanglement
cost under asymptotically non-entangling operations (ANE) by

�ANE
� (�) B sup

(:=)= , (�=)=

{
lim inf
=→∞

:=

=
: lim
=→∞

min
Λ∈NE�=




Λ(�⊗=) −Φ⊗:=2





1
= 0 , lim

=→∞
�= = 0

}
, (13)

�ANE
� (�) B inf

(:=)= , (�=)=

{
lim sup
=→∞

:=

=
: lim
=→∞

min
Λ∈NE�=




Λ(Φ⊗:=2 ) − �
⊗=





1
= 0 , lim

=→∞
�= = 0

}
. (14)

In the case of an arbitrary quantum resource with sets of free states M� over systems �,
the definition of %-resource-non-generating operations is basically analogous to (12), with the
generalised resource robustness (7) replacing the generalised robustness of entanglement:

RNG� (�→ �′) B {Λ ∈ CPTP (�→ �′) : 'M (Λ(��)) ≤ � ∀�� ∈M�} . (15)

Since for arbitrary resources theremayormaynot exist a suitablenotionof a ‘maximally resourceful
state’, instead of the tasks of resource distillation and dilution it is more appropriate to define that
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of resource conversion. Given two systems �, �′ and two states � ∈ D(H�) and $ ∈ D(H�′), the
asymptotic transformation rate 1 → 8 under asymptotically resource non-generating operations
(ARNG) is defined by

'ARNG(�→ $) B sup
(:=)= , (�=)=

{
lim inf
=→∞

:=

=
: lim
=→∞

min
Λ∈RNG�=



Λ(�⊗=) − $⊗:=

1 = 0 , lim
=→∞

�= = 0
}
.

(16)

F. Asymptotic reversibility

As explained in the introduction, one of the key notions underlying the study of quantum
resources is that of asymptotic reversibility. In the framework of [BP08, BP10b, BG15] and of the
present paper, the set of operations considered is that of ARNG operations. In this context, we say
that a quantum resource theory is asymptotically reversible (or simply reversible) under ARNG
if

'ARNG(�→ $)'ARNG($→ �) = 1 ∀ �, $ . (17)

where the two states �, $ pertain possibly to different systems. The seminal contribution of [BP08,
BP10b, BG15]was to establish that any reasonable resource theory, i.e. one forwhichAxioms 1–5 are
satisfied and the regularised relative entropy �∞M is non-zero, is reversible. However, the results
relied crucially on thefinding of [BP10a], where the composite hypothesis testing of quantumstates
was connected to the asymptotic quantity �∞M. As we discuss in more detail shortly, without the
latter result, the general reversibility of quantum resources is no longer known to be true.

In the case of entanglement theory, the above relation can be rephrased as the equality between
distillable entanglement and the entanglement cost under ANE. That is, Eq. (17) is equivalent to
the statement that

�ANE
� (�) = �ANE

� (�) ∀ � . (18)

Here we only concern ourselves with reversibility under asymptotically resource non-generating
operations ARNG (or ANE for the case of entanglement), as was done in the frameworks of [BP08,
BP10b, BG15]. In some settings, such as quantum thermodynamics [BaHO+13, FBBa19] or co-
herence [Chi18], it is sufficient to consider strictly resource-non-generating operations, i.e. RNG�

with � = 0, to achieve reversibility. However, recently it was shown that such a choice leads to the
irreversibility of entanglement theory [LR21], in the sense that the distillable entanglement can be
strictly smaller than the entanglement cost for some states. Therefore, the use of more permissive
sets of operations such as ARNG appears unavoidable if we are to establish a form of reversibility
applicable to general quantum resource theories, and in particular to entanglement theory.

G. Relation between hypothesis testing and reversibility

The task of quantumhypothesis testing is concernedwith distinguishing between two hypothe-
ses given by sequences of quantum states — the null hypothesis (�=)= and alternative hypothesis
(�=)= , with �= , �= ∈ D(H⊗=) — by performing measurements on them. Given a two-outcome
measurement {"= , 1 −"=}, one defines two types of errors:

type I error 
("=) B Tr �=(1 −"=) (19)
type II error �("=) B Tr �="= (20)
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which correspond, respectively, to the probability that we accept the alternative hypothesis when
the null hypothesis is actually true, and vice versa. In the context of asymmetric hypothesis
testing, with which we will be concerned here, an important problem is to understand the trade-
offs between the two types of errors. In particular: how small can the type II error be when
the type I error is constrained to be at most � ∈ [0, 1]? This question gives rise precisely to the
hypothesis testing relative entropy ��

�
that we have already encountered in (4):

− log min
0≤"=≤1

("=)≤�

�("=) = − log min
{
Tr"=�= : 0 ≤ "= ≤ 1, Tr"=� ≥ 1 − �

}
= ��

�(�= ‖�=). (21)

One of themost important results in the characterisation of quantumhypothesis testing is quantum
Stein’s lemma [HP91, ON00], which tells us that, for two i.i.d. hypotheses �= = �⊗= and �= = �⊗= ,
the asymptotic error exponent equals the relative entropy between them. Specifically, for any
� ∈ (0, 1)we have that

lim
=→∞

1
=
��
�

(
�⊗= ‖�⊗=

)
= �(�‖�). (22)

A number of works have been dedicated to extending and generalising quantum Stein’s lemma.
Importantly, in many practically relevant contexts, the alternative hypothesis is not simply a single
state �= — instead, we are tasked with determining the least error when distinguishing �= from a
whole set of quantum states. This is commonly known as composite hypothesis testing. A seminal
result in this setting was the generalised quantum Stein’s lemma of [BP10a], which we recall as
follows.

Conjecture 2 (Generalised quantum Stein’s lemma) [BP10a]. For any family of sets of quantum states
(M=)= satisfying Axioms 1–5 in Section IID, it holds that

lim
�→0

lim
=→∞

1
=

min
�=∈M=

��
�

(
�⊗= ‖�=

)
= �∞M(�). (23)

The fact that the left-hand side of (23) can never exceed the right-hand side is elementary, and
proved in full detail in [BP10a]. The converse direction is the non-trivial one.

To understand how the above result connects with asymptotic transformations of resources, it
is useful to look at the case of quantum entanglement. Here, the entanglement cost and distillable
entanglement under asymptotically non-entangling maps were found [BP10b] to correspond to
two smoothed and regularised quantities: one based on the max-relative entropy, the other on the
hypothesis testing relative entropy. Specifically,

�ANE
� (�) = lim

�→0
lim
=→∞

1
=

min
�=∈S

��
max

(
�⊗= ‖�=

)
�ANE
� (�) = lim

�→0
lim
=→∞

1
=

min
�=∈S

��
�

(
�⊗= ‖�=

)
,

(24)

where ��
max(�= ‖�=) = min

{
�max(�′= ‖�=) : �′= ∈ D(H⊗=), 1

2 ‖�′= − �= ‖1 ≤ �
}
. In order to show

the reversibility of entanglement, [BP10b] then claims to prove that �ANE
�
(�) = �∞S (�) = �

ANE
�
(�).

The first of these equalities holds irrespectively of the quantum Stein’s lemma [BP10b, Dat09a];
however, the second one is precisely the statement of Conjecture 2, and cannot be true without it.

More generally, the relation �ANE
�
(�) = �∞S (�) = �

ANE
�
(�) would imply that the rate of conver-

sion between any two states �, $ ∉ S is given by

'ANE(�→ $) =
�∞S (�)
�∞S ($)

. (25)
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Ref. [BG15] extended this result to the case of general resource theories satisfying Axioms 1–5 of
Section IID — where, as previously mentioned, there might not be a clear notion of distillable
resource and resource cost. However, once again, they made an explicit use of Conjecture 2
to establish this result, and the main claim does not hold without it. We therefore see that
the generalised quantum Stein’s lemma underlies some of the most fundamental results in the
reversibility of quantum resource theories.

III. A GAP IN THE PROOF OF [BP10a, LEMMA III.9]

A. Main argument

In the proof of Lemma III.9 of [BP10a], it is argued that the function (see Eq.(145) in [BP10a])

6(�1,= , �2,= , ...) B
1
=

©­­«
∑
9

C 9 ,=(log�9 ,=)2 −
©­«
∑
9

C 9 ,= log�9 ,=
ª®¬

2ª®®¬ , (26)

when maximised over all distributions that satisfy �9 ,= ≥ C= := �
1+��min(�)=−<−A for all 9 in some

(finite) set X=−<−A , achieves its maximum when all the �9 ,= except one are equal to C. Here � > 0
is some small constant and = ≥ < + A, < and A are natural numbers. The authors eventually use
the above statement to conclude in Eq. (155) in [BP10a] that

6(�1,= , �2,= , ...) ≤ 1 (27)

for sufficiently large = as long as the sequence of probability distributions {�9 ,=}= have their
minimal probability bounded from below by C= . Going beyond what is needed for their further
proof, their argument in fact claims to show that 6(�1,= , �2,= , ...) will become arbitrary small
for sufficiently large =, i.e., 6(�1,= , �2,= , ...) = >(1). We argue here that the assertion in Eq. (27)
is incorrect and provide a counterexample. We believe that this error can be traced back to
Eq. (147) of [BP10a], where a Lagrange multiplier is missing since the normalization condition∑
9∈X=−<−A �9 ,= = 1 must be enforced.
For the purpose of illustrating the counterexample, let us simplify the notation a bit and

consider the varentropy-like function

+)(%) B
∑
G∈X

CG(log ?G)2 −
(∑
G∈X

CG log ?G

)2

, (28)

where % = {?1 , ..., ? |X |} is a probability vector and ) = {C1 , ..., C |X |} where CG ≥ 0 are arbitrary. In
the special case where ) = % we recover the usual varentropy function +(%), the variance of the
log-likelihood of %. The claim in question can now be recast as the statement that 1

=+)(%) ≤ 1 for
sufficiently large = and for all distributions % that have their minimal eigenvalue bounded from
below by C= . But this is not correct, since by choosing ) = % = &=−<−A both i.i.d. according to
some distribution & with minimal probability @min = �min(�), we clearly have +)(%) = =+(&),
growing linearly with = and violating the claim if furthermore +(&) > 1. It is known that a
discrete probability distribution & with +(&) > 1 exists provided that the underlying alphabet
has size at least 4 [RW15, Section 2.B.1].1

1 To see this, use Theorem 8 of [RW15] and plug 3 = 4 and A = 1/8 in Eq. (7) of [RW15].
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This shows that the argument used to prove [BP10a, Lemma III.9] is incorrect. Hence, we
conclude that there is currently no proof for the middle equality in

lim
�→0

lim
=→∞

1
=

min
�=∈M

��
�

(
�⊗= ‖�=

) ?
= �∞M(�) = lim

=→∞
1
=
�M

(
�⊗=

)
(29)

for general sets M, and in particular for the case of entanglement theory, where M corresponds
to the set of separable states S . It therefore remains an open question whether

�ANE
� (�) ?

= �∞S (�). (30)

B. Additional comments

One might wonder why we used an i.i.d. distribution to disprove [BP10a, Lemma III.9], given
that it is not clear that the actual probability distribution for which (27) is intended to hold may
be i.i.d.; however, we will now argue that the i.i.d. structure can indeed be seen as a special case of
the claims in [BP10a].

For some arbitrary �, � ∈ D(H), with � > 0, consider the i.i.d. sets M= B {�⊗=}, which
satisfy Axioms 1–5 in Section IID. In the rest of this section, we refer to proofs and equations
in [BP10a] unless otherwise specified. In the direct part of the proof of Proposition III.1, set
H = �max(�‖�). Since Eq. (89) is satisfied (as the sequence on the l.h.s. is identically 0 for all =),
the proof should work in this case, too. One can verify that under these assumptions the state
�= constructed in Eq. (90) using Lemma C.5 is simply �= = �⊗= . Also, $= defined by Eq. (122) is
simply $= = �⊗(=−<−A).

The last ingredientweneed is the state�= , whichLemma III.9 declares to bedefinedbyEq. (115).
To construct it, we need |Φ=,<,A〉 given in Eq. (114) — equivalently, in Eq. (103). Now, Lemma III.7
states that |Ψ=,<,A〉 can be any almost power state along |�〉, which is a purification of �. We are
going to make the obvious choice |Ψ=,<,A〉 = |�〉⊗(=−<−A). Then �0 = 1 and �1 = . . . = �A = 0. Thus,
|Φ=,<,A〉 given in Eqs. (103) or (114) is actually equal to |Ψ=,<,A〉, i.e.

|Φ=,<,A〉 = |Ψ=,<,A〉 = |�〉⊗(=−<−A) . (31)

Going back to Eq. (115), one then sees that �= = �⊗(=−<−A). This means that Eq. (137) is basically
the varentropy function.

More precisely, we can now pick � =
∑
G �G |G〉〈G | and � =

∑
G @G |G〉〈G | to be diagonal. If

moreover �G =
@1+B
G∑

G′ @
1+B
G′

, then Eq. (137) yields immediately

�� 5 ′′= (B)�� = = − < − A
=

©­«
∑
G

@G(log @G)2 −
(∑
G

@G log @G

)2ª®¬ = = − < − A
=

+(&) = +(&) − >(=)
=

. (32)

Therefore, the above i.i.d. counterexample can indeed arise in the setting of the proof of Proposi-
tion III.1 of [BP10a]. We thus conclude once more that the argument in Lemma III.9 of [BP10a]
between Eq. (145) and (155) is erroneous.

IV. ALTERNATIVE QUANTUM STEIN’S LEMMAS

A. Connection to resource theories

As discussed in Section II, a major undesirable consequence of the gap in the proof of the gener-
alised quantum Stein’s lemma is that the reversible framework for quantum resources developed
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in [BP08, BP10b, BG15] breaks down. However, that is not to say that the methods used in these
works are incorrect — provided that a corresponding composite Stein’s lemma can be established
for the given resource, the reversibility results can be recovered in the same way. For clarity, let us
restate the main result that remains true.

Theorem 3 [BG15]. Consider any resource theory described by a family of sets of quantum states (M=)=
such that Axioms 1–5 as stated in Section IID are satisfied and such that

lim
�→0

lim
=→∞

1
=

min
�=∈M=

��
�

(
�⊗= ‖�=

)
= �∞M(�). (33)

Then, for all states �, $ such that �∞M(�), �
∞
M($) > 0, it holds that

'ARNG(�→ $) =
�∞M(�)
�∞M($)

. (34)

The problem then becomes: in what settings can a composite quantum Stein’s lemma be
established, allowing us to fully recover the reversibility of a given theory? There are various
results and techniques in the literature that prove composite versions of Stein’s lemma [BHLP20,
HT16, TH18, BBH21, MSW20]. These are not affected by the flaw in the argument from the
generalised quantum Stein’s lemma in [BP10a] and can therefore be used to recover composite
Stein’s lemmas for conditions related to the framework laid out in Section IID. Unfortunately, in
general none of these results covers the exact setting from [BP10a]— cf. the discussion in [BHLP20,
Section 3.1.5]— but in the following we describe some results that are attainable.

B. Coherence

The resource theory of quantum coherence [BCP14, SAP17] is concernedwith the settingwhere
the free states are those that are diagonal in a fixed orthonormal basis {|8〉}:

I= B conv


=⊗
9=1
|8 9〉〈8 9 |

 . (35)

[BBH21, Section 3.1] and in particular Eq. (67) therein shows that the asymptotic error exponent of
testing the fixed state �⊗= against the sets I= is given by the relative entropy of coherence [BCP14];
specifically,

lim
�→0

lim
=→∞

1
=

min
�=∈I=

��
�

(
�⊗= ‖�=

)
= �I (�), (36)

where

�I (�) = inf
�∈I

�(�‖�) = �(�‖Δ(�)) (37)

and Δ(�) = ∑
8 |8〉〈8 | � |8〉〈8 |. Notice that the quantity �I (�) is additive, meaning that no regularisa-

tion is needed.
This fully recovers the result from [BP10a] for the special case of the resource theory of coher-

ence, meaning that Theorem 3 can be applied and coherence theory can be shown to be reversible
under the transformation ARNG. Note, however, that an even stronger result is known about
this particular resource theory: quantum coherence has been shown to be reversible under the
so-called dephasing-covariant operations [Chi18], which are a strict subset of ARNG (and even of
the strictly resource non-generating operations); the proof of this fact in [Chi18] is independent
from [BP10a].
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C. ‘Pseudo-entanglement’

A type of composite quantum Stein’s lemma can also be obtained for a modified version of
entanglement theory. In this alternative framework, we consider bipartite systems of the form
�=�= , as in standard entanglement theory, but the corresponding free states are assumed to
be not only separable across the cut �= : �= , but in fact fully separable across the partition
�1 : . . . : �= : �1 : . . . : �= . In other words, the sets of free states M= ⊆ D(H⊗=

��
) are given by

M= B conv


=⊗
9=1

�
(9)
�9�9

: �(9)
�9�9
∈ S�9�9 ∀ 9


= conv


=⊗
9=1
|# 9〉〈# 9 |�9 ⊗ |) 9〉〈) 9 |�9 : |# 9〉�9∈ H�9 , |) 9〉�9∈ H�9 , 〈# 9 |# 9〉 = 1 = 〈) 9 |) 9〉 ∀ 9

 ,
(38)

where S�9�9 is defined by (5). Although these sets satisfy Axioms 1–5 in Section IID, they are in
general smaller than the sets of separable states S�=�= . Indeed, in (38) we require no entanglement
to exist not only between Alice and Bob, but also among different Alices and different Bobs.

The reason we consider the above sets of free states is that they have the following remarkable
property: for all positive integers =, :,

Tr�:�:
[
1�=�= ⊗ ��:�: ��=+:�=+:

]
∈ R+ ·M= ∀ ��=+:�=+: ∈M=+: , ∀ ��:�: ≥ 0 , (39)

whereR+·M= B {�� : � ≥ 0, � ∈M=} is the conegeneratedbyM= . In the languageof [BHLP20,
Definition 4], thismeans that (M=)= and the set of allmeasurements, hereafter denoted byM, form
a compatible pair. In this conditions, we can apply immediately the theory developed in [BHLP20,
Section 3]; combining it with insights from [Hay02, BBH21], we are able to obtain the following
statement.

Proposition 4. For a bipartite quantum system ��, let M = (M=)= denote the family of multi-partite
states defined by (38). Then the composite Stein’s lemma

lim
�→0

lim
=→∞

1
=

min
�=∈M=

��
�

(
�⊗= ‖�=

)
= �∞M(�) (40)

holds for all states � = ���. Therefore, by Theorem 3 we have that 'ARNG(�→ $) = �∞M(�)
�∞M($)

for all states
�, $ such that �∞M(�), �

∞
M($) > 0.

Proof. By the discussion following the statement of Conjecture 2, it suffices to prove that the
left-hand side of (40) is never smaller than the right-hand side. To this end, we start by apply-
ing [BHLP20, Theorem 16 and Lemma 13], which yield the identity

lim
�→0

lim
=→∞

1
=

min
�=∈M=

��
�

(
�⊗= ‖�=

)
= lim
=→∞

1
=

min
�=∈M=

�ALL(�⊗= ‖�=) , (41)

which holds provided that the limit on the right-hand side exists. Here, �ALL is the measured
relative entropy (2). The proof is complete if we argue that

lim
=→∞

1
=

min
�=∈M=

�ALL(�⊗= ‖�=) = �∞M(�) , (42)
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where the right-hand side is defined by (11). What (42) is telling us is that the fact thatwe are forced
to carry out a measurement before computing the relative entropy of resource is asymptotically
immaterial.

To prove (42) we make use of Axioms 1 and 5 in Section IID, which, as mentioned, are satisfied
for the sets M= defined by (38). For a start, due to the convexity and permutation invariance of
M= and thanks to the convexity of the measured relative entropy, we can take �= in (42) to be
permutation invariant, i.e. such that �= = %��=%†� for all permutations � ∈ (= , where %� in the
unitary implementing � overH⊗=

��
. In this case, it is argued in [BBH21, Eq. (48)] that there exists a

universal polynomial @(=) such that

| spec(�=)| ≤ @(=) , (43)

where | spec(�=)| is the size of the spectrum of �= , i.e. the number of different eigenvalues it has.
Hayashi’s pinching inequality [Hay02] implies, e.g. via [BBH21, Eq. (47)], that

�(�⊗= ‖�=) − log @(=) ≤ �
(
P�= (�⊗=)



 �= ) ≤ �(�⊗= ‖�=) , (44)

where P�= (-) B lim)→∞
1

2)

∫ )
−) 3C �

8C
= -�

−8C
= is the pinching operator associated with �= . We now

write that

min
�=∈M=

1
=
�ALL(�⊗= ‖�=) = min

�=∈M= ,
�==%��=%� ∀�∈(=

1
=
�ALL(�⊗= ‖�=)

(i)
≥ min

�=∈M= ,
�==%��=%� ∀�∈(=

1
=
�ALL

(
P�= (�⊗=)



 �= )
(ii)
= min

�=∈M= ,
�==%��=%� ∀�∈(=

1
=
�

(
P�= (�⊗=)



 �= )
(iii)
≥ min

�=∈M= ,
�==%��=%� ∀�∈(=

(
1
=
�(�⊗= ‖�=) −

log @(=)
=

)
(iv)
= min

�=∈M=

1
=
�(�⊗= ‖�=) −

log @(=)
=

=
1
=
�M(�⊗=) −

log @(=)
=

(45)

Here: (i) is a consequence of the data processing inequality for the measured relative entropy;
(ii) follows by observing that since

[
P�= (�⊗=), �=

]
= 0 we have that �ALL

(
P�= (�⊗=)



 �= ) =
�

(
P�= (�⊗=)



 �= ) ; (iii) is just (44); and finally (iv) is because, once again due to the convexity and
permutation invariance of M= and to the convexity of the relative entropy, we can take �= to be
permutation invariant when minimising �(�⊗= ‖�=) over �= ∈M= .

Taking the limit = →∞ of the above inequality yields

lim inf
=→∞

1
=

min
�=∈M=

�ALL(�⊗= ‖�=) ≥ �∞M(�) . (46)

Since the converse inequality lim sup=→∞
1
= min�=∈M= �

ALL(�⊗= ‖�=) ≤ �∞M(�) trivially holds, this
completes the proof of (42) and of the proposition. �

We state (42) as a separate corollary, due to its independent interest.
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Corollary 5. Let M = (M=)= be a family of sets that satisfies Axioms 1 and 5 as stated in Section IID.
Then

lim
=→∞

1
=

min
�=∈M=

�ALL(�⊗= ‖�=) = �∞M(�) (47)

holds for all states �. Here, �ALL is the measured relative entropy (2), and �∞M is defined by (11).

D. Pseudo-entanglement in blocks

It is possible to generalise Proposition 4 by modifying the set of free states (38) so as to include
states that are still separable between Alice and Bob, but possibly entangled among blocks of :
Alices and : Bobs. By doing so, it can be shown that one can recover, in the limit : → ∞, a
formal identity somewhat analogous to (40) but featuring the actual regularised relative entropy
of entanglement �∞S instead of the less transparent quantity encountered on the right-hand side
of (40). This is promising as it explicitly shows that �∞S can be obtained as a limit of the pseudo-
entanglement approach of Section IVC; however, the end result is not a proper Stein’s lemma, and
thus does not represent a solution of Conjecture 2 in the case of entanglement theory. Whether
the main result of [BP10a] can be recovered by following this strategy is not clear to us, but the
approach might offer some insights into the problem.

Proposition 6. For a bipartite quantum system ��, letM(:) =
(
M(:)

=

)
=
denote the family of multi-partite

states defined by (38) upon making the substitutions � ↦→ �(:) and � ↦→ �(:), where �(:) = �1 . . . �: and
�(:) = �1 . . . �: are made of : copies of � and �, respectively. Then for an arbitrary state � = ��� it holds
that

lim
:→∞

lim
�→0

lim
=→∞

1
=:

min
�∈M(:)

=

��
�

(
�⊗=:




 �) = �∞S (�) . (48)

Proof. Proposition 4 applied with the substitution � ↦→ �⊗: yields immediately

lim
�→0

lim
=→∞

1
=

min
�∈M(:)

=

��
�

(
�⊗=:




 �) = �∞M(:)

(
�⊗:

)
. (49)

Let us divide both sides by : and take the limit : →∞. On the one hand,

lim sup
:→∞

1
:

lim
�→0

lim
=→∞

1
=

min
�∈M(:)

=

��
�

(
�⊗=:




 �) = lim sup
:→∞

1
:
�∞M(:)

(
�⊗:

)
(i)
≤ lim sup

:→∞

1
:
�M(:)

1

(
�⊗:

)
(ii)
= lim sup

:→∞

1
:
�S

(
�⊗:

)
= �∞S (�) ,

(50)

where (i) is because of Fekete’s lemma [Fek23] (see the discussion after (11)) and (ii) holds due to
the fact that at the first level M(:)

1 = S comprises all separable states of the system �(:) : �(:) =
�1 . . . �: : �1 . . . �: . On the other hand,

lim inf
:→∞

1
:

lim
�→0

lim
=→∞

1
=

min
�∈M(:)

=

��
�

(
�⊗=:




 �) = lim inf
:→∞

1
:
�∞M(:)

(
�⊗:

)
(iii)
≥ lim inf

#→∞

1
#
�S

(
�⊗#

)
= �∞S (�) ,

(51)
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where (iii) is a consequence of the fact that for all = the set M(:)
= contains only separable states of

# = =: Alices vs. # = =: Bobs, in formula

M(:)
= ⊂ S(�(:))1 ...(�(:))= :(�(:))1 ...(�(:))= = S�1 ...�=: :�1 ...�=: . (52)

Putting (50) and (51) together proves (48). �

E. Entanglement distillability—via pseudo-Stein’s lemma

Although it may not be possible to recover Brandão and Plenio’s original Stein’s lemma and
the associated reversibility of the asymptotic theory of entanglement manipulation using results
obtained afterwards with different methods, we can do something a little less ambitious. We will
now see that it is possible to use the results from [BHLP20] to state an achievability result for
entanglement distillation under asymptotically non-entangling operations.

The fundamental condition underpinning the composite quantum Stein’s lemma of [BHLP20]
is that of compatibility, expressed by (39). In Section IVC, we could satisfy it becausewe considered
the set of allmeasurements pairedwith the restricted set of fully separable states. In this section,we
will follow the somewhat opposite strategy: we want to takeM to be the standard set of separable
states, as defined by (5); to do so, we will need to constrain the set of available measurements.
Namely, given a bipartite system �� consider the set of separable measurements

SEP�� B

{
(�G)G∈X : |X | < ∞, �G ∈ R+ ·S�� ∀ G ∈ X ,

∑
G

�G = 1

}
. (53)

When there is no ambiguity regarding the underlying systems, we will omit the subscripts and
write simply SEP. According to (2), the associated measured relative entropy is given by

�SEP(�‖�) B sup
(�G)G∈SEP

∑
G

Tr ��G log
Tr ��G
Tr ��G

. (54)

We can use this quantity to define the separably measured relative entropy of entanglement and
its regularisation by setting

�SEPS (�) B min
�∈S��

�SEP(�‖�) ,

�SEP,∞S (�) B lim
=→∞

1
=
�SEPS

(
�⊗=

)
.

(55)

In a seminal work, Piani [Pia09] introduced the above quantities and proved that the limit in the
second line of (55) exists and is equal to sup=∈N

1
=�

SEP
S

(
�⊗=

)
. In the same paper [Pia09] it is also

argued that

�SEP,∞S (�) ≥ �SEPS (�) > 0 (56)

holds for all entangled states � ∉ S . In other words, the separably measured relative entropy of
entanglement is faithful.

As mentioned, the key property that we recover by sacrificing some measurements is compat-
ibility with the full set of separable states. Namely, we obtain that for all positive integers =, :
(cf. (39))

Tr�:�:
[
1�=�= ⊗ ��:�: ��=+:�=+:

]
∈ R+ ·S�=�= ∀ ��=+:�=+: ∈ S�=+:�=+: , ∀ ��:�: ∈ (�G)G ∈ SEP�:�: .

(57)
We can now state the pseudo-Stein’s lemma for entanglement theory promised at the beginning
of this section.
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Proposition 7. For all states �, the distillable entanglement under ANE defined by (13) satisfies that

�ANE
� (�) = lim

�→0
lim
=→∞

1
=

min
�=∈S

��
�

(
�⊗= ‖�=

)
≥ �SEP,∞S (�) ≥ �SEPS (�) , (58)

where the quantities �SEP,∞S and �SEPS are defined by (55). In particular, we have

�ANE
� (�) > 0 ∀ � ∉ S . (59)

In other words, in the asymptotic theory of entanglement manipulation under ANE every entangled state
is distillable. The same is true if one replaces ANE with the strictly non-entangling operations NE in the
above.

Proof. Thanks to (24) and (56), weonlyneed toprove that lim�→0 lim=→∞
1
= min�=∈S �

�
�

(
�⊗= ‖�=

)
≥

�SEP,∞S (�). Due to the compatibility between separable states and separable measurements es-
tablished in (57), this is simply a consequence of [BHLP20, Theorem 16] (see also [BHLP20,
Lemma 13]).

The result applies in the same way also to strictly non-entangling maps NE because the rate of
distillation is actually the same under the two sets; that is,

�ANE
� (�) = �NE

� (�) (60)

for any state �. A proof of this fact that avoids using the results of [BP10a] can be found in [LR21,
Lemma S17]. �

The inequality in (59) is remarkable because it demonstrates that the theory of entanglement
manipulation under NE/ANE is fundamentally different from that under LOCCs. Indeed, it is
well known that the latter admits bound entanglement, i.e. that there exist entangled states that are
undistillable under LOCCs [HHH98]. This is the case, for example, for all entangled states whose
partial transposition [Per96] is positive semi-definite— such states are usually called ‘PPT states’.2
However, Proposition 7, and in particular (59), imply that no bound entanglement can exist under
NE or ANE operations: while distillation may not be possible at a rate equal to the entanglement
cost of the state — this was precisely the result of Brandão and Plenio [BP08, BP10b] — it is always
possible at some non-zero rate provided that the state is entangled at all.

Although the bound from Proposition 7 is of fundamental importance, it might be difficult to
evaluate in practice. Let us remark a simpler single-letter bound that also applies to this setting:
the quantity ��, introduced in [WD17] as a lower bound on the regularised relative entropy of
entanglement that is efficiently computable as a semi-definite program (SDP), can also serve as
an achievability bound for entanglement distillation regardless of [BP10a]’s generalised Stein’s
lemma. Specifically,

�ANE
� (�) = lim

�→0
lim
=→∞

1
=

min
�=∈S

��
�

(
�⊗= ‖�=

)
≥ lim inf

=→∞
1
=

min
�=∈S

�0
�

(
�⊗= ‖�=

)
(i)
≥ lim inf

=→∞
1
=
��(�⊗=)

(ii)
= ��(�),

(61)

2 It is worth mentioning in passing that an outstanding open problem of quantum information theory is to decide
whether all LOCC-undistillable states are PPT [HRZ20].
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where the inequality (i) is shown in [WD17, Proposition 1], and the equality in (ii) follows from
the additivity of �� [WD17]. This bound can be significantly easier to evaluate than ones based on
the measured relative entropy, but it is often weaker — for instance, it trivialises for any full-rank
state.

We note that the results of this section apply also to the case where separable states and
separable measurements are replaced with the sets of PPT states and PPT measurements, giving
rise to the class of (asymptotically) PPT-preserving operations rather than the (asymptotically)
non-entangling maps that we used in our discussion.

V. COMMENTS ON OTHER RESULTS

A. Overview

Beyond the problem of resource reversibility discussed above, a number of results in the litera-
ture are affected by the fact that the generalised quantum Stein’s lemma of [BP10a] (Conjecture 2)
can no longer be verified to be correct. At the same time, some related results are actually indepen-
dent of Conjecture 2 or they admit known alternative proofs that do not rely on the problematic
lemma. In this section we aim to clarify the validity of several other results.

B. Relative entropy and rates of resource transformations

Although the lack of a universally applicable generalised quantum Stein’s lemma prevents us
from establishing an exact expression for the rate of asymptotic resource transformations 'ARNG

valid in general resource theories, it is worth noting that one of the two inequalities in (25) is
nevertheless still true: specifically, the ratio of regularised relative entropies �∞M always serves as
an upper bound for conversion rates. This is well known [Hor01, HO12], and follows essentially
from the asymptotic continuity of �M [SRH06, Win16]; we provide a self-contained proof below
for the sake of completeness.

Lemma 8. For all states �, $ and for all sequences of sets of states (M=)= satisfying Axioms 1–5 in
Section IID, it holds that

'ARNG(�→ $) ≤
�∞M(�)
�∞M($)

(62)

provided that �∞M($) > 0.

Proof. The argument is obtained from the one on pp. 841–842 of [BP10b] with minor modi-
fications. For an arbitrary sequence Λ= ∈ RNG�= of protocols appearing in (16), denoting
�= B 1

2


Λ=(�⊗=) − $⊗:=

1 we can write that

�M
(
�⊗=

) (i)
≥ �M

(
Λ=(�⊗=)

)
+ log(1 − �=)

(ii)
≥ �M

(
$⊗:=

)
− �= log

(
3:=

)
− 6(�=) + log(1 − �=)

= �M
(
$⊗:=

)
− :=�= log 3 − 6(�=) + log(1 − �=) .

(63)

Here, (i) follows from the fact that �M(Λ(�)) ≤ �M(�) − log(1 − �) for all Λ ∈ RNG�, as can
be seen by noticing that Lemma IV.5 in [BP10b] holds not only for entanglement but also for
the slightly more general case at hand here; in (ii) we employed [Win16, Lemma 7], denoted
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with 3 the dimension of the space where $ acts, and introduced the auxiliary function 6(G) B
(1 + G) log(1 + G) − G log G. Dividing both sides by = and taking the limit yields

�∞M(�) = lim
=→∞

1
=
�M

(
�⊗=

)
≥ lim inf

=→∞
:=

=

(
1
:=
�M

(
$⊗:=

)
− �= log 3

)
− lim sup

=→∞

(
1
=
6(�=) −

1
=

log(1 − �=)
)

(iii)
=

(
lim inf
=→∞

:=

=

)
�∞M($) ,

(64)

where in (iii) we assumed that lim=→∞ �= = 0 and also lim=→∞ �= = 0. Since the sequence of
operations Λ= ∈ RNG�= is otherwise arbitrary, the claim follows. �

C. Asymptotic properties of quantum entanglement

One of the consequences of Conjecture 2 discussed in [BP10a] is the fact that the regularised
relative entropy of entanglement is faithful; that is, for any state � ∉ S , it holds that

�∞S (�) > 0. (65)

This result is a priori not obvious, as it is well known that the relative entropy of entanglement
can be strictly subadditive [VW01], and furthermore there exist choices of sets (M=)= such that
�∞M(�) = 0 even for resourceful states [GMS09]. As can already be deduced from our discussion
in Section IVE, the work of Piani [Pia09] provides an alternative proof of the faithfulness of
�∞S . Indeed, this result applies not only to the theory of entanglement, but also to more general
resource theories whose free measurements contain informationally complete POVMs (see [Pia09,
Theorem 1 and the subsequent discussion]).

Another result concerning the asymptotic behaviour of entangled states is the fact that the
distance of any entangled state from the set of separable states necessarily goes to 1 in the many-
copy limit; specifically, for any � ∉ S ,

lim
=→∞

min
�=∈S

1
2


�⊗= − �=

1 = 1. (66)

As discussed in the original work of Beigi and Shor [BS10], this result can be considered to be a
consequence of the fact that all entangled states are distillable under non-entangling operations,
which we have recovered in our Proposition 7. In fact, [BS10] already gave an alternative proof
of (66) that does not use the generalised quantum Stein’s lemma or the distillability properties
of entanglement, so this finding is unaffected. The above identity (66) shows, for instance, that
the set of states with positive partial transpose cannot provide a good approximation to the set of
separable states asymptotically.

There are also results in the literature that ostensibly rely on the findings of [BP10a], but they
actually only use the fact that

lim
�→0

lim
=→∞

1
=

min
�=∈S

��
max

(
�⊗= ‖�=

)
= �∞S (�). (67)

This is the case, for instance, for the result on disentanglement cost of quantum states [BM18].
We reiterate that the relation (67) is still true; the proof of this fact in [BP10b] can be verified not
to require the generalised quantum Stein’s lemma to hold, and an alternative proof can be found
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in [Dat09a]. This applies also to more general resource theories under Axioms 1–5 as stated in
Section IID.

Finally, a recent result that complements the reversibility of entanglement studied in [BP08,
BP10b] is the irreversibility of entanglement shown in [LR21] under non-entangling operations
and variants thereof. This result does not make use of the generalised quantum Stein’s lemma and
holds regardless of the validity of [BP10a]. We also stress that the work [LR21] does not imply
that entanglement cannot be asymptotically reversible in the sense of [BP08, BP10b]: entangle-
ment reversibility under strictly non-entangling operations (which was left as an open question
in [BP10b]) is now ruled out, but there still remains a possibility that the larger class of opera-
tions used in [BP08, BP10b] is capable of transforming entangled states reversibly. Note, however,
that [LR21] shows that any reversible entanglement framework must generate exponentially large
amounts of entanglement according to some entanglement monotones such as the negativity,
meaning that the conjectured results of [BP08, BP10b] heavily depend on the specific choice of the
generalised robustness 'S as the quantifier of the generated entanglement.

D. Quantum channel manipulation

The description of certain asymptotic properties of quantum channels, including generalisa-
tions of quantumhypothesis testing, often relies on generalised Stein–type results. This is because,
even if one is interested in studying a channel Λ in the i.i.d. setting as Λ⊗= , the fact that input
states to the channel may be entangled means that Λ⊗=(�) need not be i.i.d. for a general state
� ∈ D(H⊗=). This then necessitates the use of more general variants of the quantum Stein’s lemma
to fully understand the asymptotic behaviour of the involved channels and states, and in particular
in the characterisation of strong converse properties of channel discrimination.

Results in the study of quantum channel manipulation that either directly employ Conjecture 2
(e.g. [GW19, Theorem 6]) or make use of the same tools as [BP10a] (e.g. [FGW21, Theorem 12])
can no longer be considered correct, and will require alternative proofs to verify their validity.
On the other hand, binary quantum channel discrimination is well understood at the level of
weak converse rates [WBHK20, WW19, FFRS20], where natural extensions of the quantum Stein’s
lemma have been shown independently of [BP10a]. The composite strong converse case has also
been solved in some restricted settings, including in particular the quantum Shannon’s theo-
rem [BDH+14, BSST02, BCR11] or the related setting of distinguishing a channel from the set of
replacer channels [CMW16].
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