5 Keynesian macroeconometric
model building: a point
of departure

5.1 Introduction

In this part of the book we lay the theoretical foundations for the construction of larger
macroeconometric models where large means the approximate size of, for example,
the Murphy model of the Australian economy (approximately a hundred equations). In
practice this implies that about twenty laws of motion have to be considered in order
to describe the evolution of such an economy. Yet, in contrast to many models that are
actually applied we insist here that such models must be completely specified in terms
of budget equations (identities or restrictions) and the stock-flow interactions that they
imply. Moreover the models should not only be formulated on the extensive form level,
but must also allow for a representation in intensive terms as well (trendless variables
as far as the theoretical representation of the model is concerned). This intensive form
representation should then also allow the determination of at least one steady state
solution, the stability of which is to be discussed from the perspective of the partial
feedback structures which are included in the general formulation of the model.

In this chapter we extend the hierarchically structured continuous-time models of
Keynesian monetary growth, thathave been introduced and generalised in some respects
in Chiarella and Flaschel (2000, Chs. 4-7), Chiarella et al. (2000, Chs. 4-6) and
Asada ef al. (2003) both for closed as well as open economies, along the lines of the
macroeconometric Murphy model of the Australian economy. The resulting modelling
framework leads towards an empirically motivated model of a small open economy
with a Keynesian short and medium run and with classical or monetarist features in the
medium- as well as the long-run behaviour of the economy. The Murphy model (see
Powell and Murphy (1997) for its detailed description) and our theoretical reformula-
tion of it in this chapter, therefore blend demand and supply side approaches into an
integrated and coherent whole with a (from a theoretical point of view) very detailed
description of the structure of a small open economy, like Australia (in the case of the
Murphy model). The present chapter, however, approaches this task from the perspec-
tive of macrotheory developed in Chiarella and Flaschel (2000) and Chiarella et al.
(2000, Chs. 4-6) and thus mirrors the approach chosen in Powell and Murphy (1997)
only to a certain degree. We will go on to sketch what may be the consequences of
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the present approach for macroeconometric model building. In subsequent chapters we
shall provide more details on the dynamic structure and analysis of the present model
(its intensive form, steady state analysis, more or less complex attractors, transients,
etc.). We shall also attempt to move closer to the structure of the Murphy model, by
revising the equations of the model of this chapter towards the inclusion of smooth
factor substitution and other flexibilities, as well as a more standard view of the money
market and money supply (as contained in the Murphy model). We will continue to use
a continuous-time approach (without any discrete lags) so as to allow for a compact
representation and analysis of the dynamics implied by the model.

In this chapter we add to the structural form of the Murphy model a complete set of
fully specified budget equations for all sectors and thereby take account of all feedback
:lstructures implied by such budget restrictions. Furthermore all equations are specified
in a consistent way from the perspective of dimensional analysis and are at first chosen
in as linear a fashion as possible. This allows for a discussion of intrinsic (natural) non-
linearities before attempts are made to design non-linearities that may keep the economy
a viable one should it depart too much from the steady state in its naturally non-linear
design. This in particular means that we shall start our theoretical reconsideration of the
Murphy model on the basis of a fixed proportions technology which has the additional
advantage that the rate of capacity utilisation of the capital stock is easy to define and to
analyse with regard to the economic consequences implied by under- or over-utilised
capital.

This choice of starting point for the analysis of the dynamic properties of structural
macroeconometric models of open economies thus allows us, on the one hand, to study
the implications of its intrinsic or ‘natural’ non-linearities first, as they derive from
unavoidable growth rate formulations, products or quotients of state variables and the
like. We shall see in this set-up that viability or boundedness of the dynamics (and
in particular convergence to the steady state) will often depend on the assumption of
sufficiently low adjustment speeds for quantities, prices and expectations, while local
and even global stability will normally get lost if these adjustment parameters are chosen
sufficiently high.

Our approach will allow us to introduce extrinsic non-linearities into the assumed
technological or behavioural relationships in a systematic way at a later stage of the
analysis, as a (theoretically reflected) response of the economy to the specific local
instabilities observed in the working of the basic form of the model, often already
known from partial dynamic macro-models. For example, a kink in the money wage
Phillips curve (PC) (which reflects the fact that money wages may rise quickly inha
boom but will only fall slowly — if at all - in a depression) is often of itself sufficient
to avoid the inflationary instability that derives in such models from the existence of
the so-called Mundell effects (an institutional non-linearity that has been very much
neglected in the theoretical and applied debate on PCs inflation and stagflation).

We therefore will attempt here and in future work to proceed step by step to a detailed
and systematic theoretical and numerical analysis of the dynamic features (steady
states, attractors, transients, etc.) of complete and coherently formulated structural
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macroeconometric models, including those applied to actual economies, a theoretical
discussion that so far has been basically lacking in the literature.! The reader should
consult Asada et al. (2011) for a good overview of our modelling philosophy as well
as some policy prescriptions.

Similarities of the Murphy model with the theoretical work on hierarchically struc-
tured Keynesian monetary growth models of Chiarella and Flaschel (1999a,b.c.d),
became more and more apparent as work on this book progressed. Extending the work-
ing model of Chiarella and Flaschel (2000, Ch. 6) to the open economy, as in Asada
et al. (2003), then provided the impetus for not only continuing with the hierarchical
structure of Keynesian monetary growth models established in Chiarella and Flaschel
(2000) towards more and more elaborate versions. This impetus also became the start-
ing point for a further project of developing fully integrated and coherent Keynesian
models from a so to speak reverse perspective, namely from the structural forms of
small (or large) open economies as they are used in macroeconometric model building.
Here the Murphy model was particularly useful, not only due to its many similari-
ties with the theoretical work of Chiarella and Flaschel (2000), Chiarella et al. (2000,
Chs. 4-6), and Asada et al. (2003), as already observed above, but also due to its very
detailed and thorough presentation and discussion in Powell and Murphy (1997).

We use the structural model of Powell and Murphy (1997) in a simplified as well as
in a more complex way. We suppress many of the lags included in the Murphy model
as well as some secondary structural components. We write down for the model all
sectoral identities or budget equations of agents and include all the feedbacks that they
imply (in particular for asset accumulation). Finally, we modify in the present chapter
(and in subsequent work) more or less the equations of the Murphy model in the light
of the dynamic equations used in the main parts of Chiarella and Flaschel (2000),
Chiarella et al. (2000), and Asada et al. (2003). In this way we arrive at theoretical
presentations of such structural macroeconometric models which at one and the same
time intend to be descriptive (to a certain extent) and theoretically consistent in the
sense of dimensional analysis and of the budget equations that the various agents of
the model are facing.

In the basic version of the model, we have endogenous natural rates of growth, of
Harrod neutral technical change and of NAIRU employment, but exogenous output
growth in the rest of the world. There is a detailed set of direct and indirect taxation
schemes, including various types of wage taxation and payroll taxes. We have two types
of households, pure asset holders and workers, with differentiated saving habits, where
the latter group only saves in the form of savings deposits (or fixed-price bonds). Wage
income (of three types of workers’ households) is taxed at a different rate than interest
income of asset holders (and of workers). Sluggish price dynamics, accompanied by
Metzlerian quantity dynamics and varying degrees of capacity utilisation of the capital

I See however Barnett and He (1999) for an interesting approach to the analysis of applied macroeconometric
models from the theoretical and the numerical perspective. We believe that further investigations of this type
are urgently needed with respect to applied macroeconometric model building.
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stock characterises the market for the non-traded domestic commodity, and we have
of course also sluggish adjustment of money wages and varying employment rates on
the labour market, augmented by insider and outsider considerations combined with
a sluggish adjustment of the outside employment rate in view of the over- or under-
employment of the employed workforce (the insiders). We have as a module of the
model the market for housing services and consider investment in housing besides the
investment of firms in fixed business capital, both depending on profitability and rates of
capacity utilisation. There is a detailed description of the government sector with respect
to tax receipts and expenditures and — based on that and the pure equity financing of
firms that is still assumed in this chapter — also a full set of asset accumulation equations
accompanied by asset price or interest rate dynamics (in the place of a full portfolio
approach to asset markets). Pensions and unemployment benefits and their financing
via payroll taxes are treated explicitly. There is no role for money in the model at
present, but only an interest rate policy rule of the monetary authority which fixes the
short-term rate of interest of domestically traded bonds in the light of certain measures
of economic activity adopted by the central bank. There are finally exports of finished
goods and imports of raw materials or semi-finished goods and there is (although still
somewhat limited) international trade in financial assets, and a foreign exchange market
that is always cleared by the actions of the private sector and the government despite
the assumption of only a finite speed of adjustment of the rate of exchange.

The foregoing brief list of some structural components of the model of monetary
growth of this chapter indicates that it will include various elements that are of impor-
tance in the current discussion of the macroeconomic problems that governments
confront. It goes without saying, however, that there are still important components
of a macroeconomy that are missing in the present theoretical reformulation of the
Murphy model. The model of the present chapter therefore only represents a first step
in the direction of formulating an integrated model of monetary growth for an open
economy, which, on the one hand, is related to empirical work and which, on the other
hand, allows for a complete computation of the steady state values of the model as well
as numerical and sometimes also theoretical analyses of the behaviour of the dynamics
around the steady state of such a high dimensional dynamical system.

In the next section we provide an overview on the structure of the real and the
financial parts of the model, characterising the sectors, markets and activities that will
be included in our model. Section 5.3 then presents this structure from the viewpoint
of the system of national accounts and provides thereby a detailed introduction to the
notation that is used in this chapter. In Section 5.4 we present the structural equations of
the model (in their extensive form) by way of an appropriate subdivision into important
modules that build up the model. Section 5.5 finally gives an outlook on what to do with
this model type when itis reduced from extensive form to per unit of capital expressions
or intensive form, to the laws of motion for the state variables of the model. We will find
that there is a (basically) uniquely determined interior steady state for this dynamical
system which appears to be locally attracting for low adjustment speeds, but which
generally is surrounded by centrifugal forces leading to limit cycles or more complex
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attractors or to pure explosiveness for large displacements from the steady state or for
adjustment speeds that are chosen sufficiently large. Further (extrinsic) non-linearities
are therefore needed in general to get bounded dynamics for a larger set of parameter
constellations.

5.2 The real and the financial part of the economy

The two tables below provide a survey of the structure of the economy to be modelled
that is related, but not identical, to the description of the Australian economy given
in Powell and Murphy (1997). Note in this respect that the aim of the present chapter
is to establish an integrated continuous-time model, leading to an autonomous system
of differential equations, where all sectors are fully specified with respect to their
behaviour and their budget constraints from the viewpoint of complete theoretical
models of monetary growth. A bridge will thereby be provided between the Keynes—
Metzler type monetary growth models of Chiarella and Flaschel (2000), Chiarella et al.
(2005) and the Powell and Murphy (1997) approach. This perspective of the economy
will allow us to highlight where we deviate from the framework given in Powell and
Murphy (1997). In Section 5.4 we will briefly comment on the differences between
their discrete time macroeconometric model and our continuous-time one.”

5.2.1 The structure of the real part

Let us start with a presentation of the variables that comprise the real part of the
economy. Table 5.1 provides data on the temporary equilibrium position of the economy,
based on given prices and expectations, and also shows real stocks and their rates of
growth.

Table 5.1 describes the real sector of the economy. We have a labour market, three
commodity markets and the housing market. Domestic production ¥ concerns one good
that is only domestically used (for all private consumption C,, 4+ C,. all investment
I, Iy, T, also in housing, and all government consumption G and which uses up all the
imports J¢ as intermediate goods) and one that is only used for exports X. There is thus
only a single commodity used in domestic absorption, apart from the housing services
ij demanded by workers.

Our model exhibits three domestic sectors: households, firms and the government,
but with heterogeneous agents in the household sector, workers and (pure) asset holders,
the former supplying their labour L at the wage level w?” (which includes payroll taxes)
and the latter the housing services C; for the workers as far as real flows are concerned.?
Firms produce a non-traded domestic and an exported commodity and employ labour
L?“J (with varying rates of utilisation L‘}-) and imports J¢ besides their capital stock K

2 The real-financial market interaction is also studied in Chiarella ef al. (2009a) from a quite different perspective.
The reader may also consult this reference for applied work in this context.

3 Powell and Murphy (1997) do not have an explicit description of heterogeneous agents in their household sector,
but basically use a uniform life-cycle hypothesis for the modelling of the consumption demand of this sector;
see however their p. 117 for a brief remark on income distribution.
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*

Table 5.1. The real part of the economy (foreign country data: y, py, py,. T2 = t¢)

Labour Non-traded Goods  Exports Imports Dwellings

Workers L=aorL, G = = cd
h
Asset holders - Ce - - Cf. 1y
1
Firms L4, LY YP, ¥, 1, T X Jé =
Government Lif G - - e
Prices wb- wlw”, w']  py =1+ WPy Px = -VP,T Pm = (14+17m) Ph: Py
. spy

Expectations n¢ = py m¢ = pf — = me = pe
Stocks L K.N - - Kp

B 5 . A
Growth Li=n K.— I/K — & - = [{h:K_’h_(gh

N=y-v4

for these purposes, and invest in fixed business capital / and inventories Z. Government
finally provides public consumption goods G, pays rents v’ and unemployment benefits
w" and also employs part of the workforce L;{. There are a number of variables needed
to describe the laws of motion of the quantities, prices p,, (including value-added taxes),
and expectations about their rates of change, which will be explained in detail when
we turn to the description of the various equations of the model in Section 5.4. There
is endogenous growth n of the potential labour force L, of the capital stock K, and
of the stock of housing K, (supplied at price pj for rental services) and also actual
change of inventories N that is different from their desired rate of change 7.

5.2.2 The structure of the financial part

Let us next consider the financial part of the economy. Table 5.2 provides data on
the changes in financial stocks, corresponding prices, and the growth of stocks in the
financial part of the economy.

The first column in Table 5.2 shows that we do not consider money holdings. Cash
management and transactions money are introduced in Chiarella et al. (1999a,b), in
the usual form of an aggregate Cagan money demand function and also in a more
disaggregated form than in the Murphy type model. We exclude money holdings in our
basic modelling framework, by assuming that money is a costless medium of exchange
for firms, household and the government that returns at the ‘end’ of each point in time ¢
to the ‘local branches’ of the central bank by the balancing of the budget restrictions of
these sectors.* At present there are only (four) interest-bearing financial assets in our
model that can be held by the (pure) asset owners and by the workers of our economy (as
shown in Table 5.2). As in the Keynes—Metzler model of monetary growth of Chiarella
and Flaschel (2000) we here assume, in order to start with a simple representation of

4 There are no commercial banks in the model of this chapter.
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Table 5.2. The financial part of the economy (foreign country data: i*)

Money  Short-term Bonds  Long-term Bonds ~ Equities ~ Foreign Bonds

Workers o Bw - - -
Asset holders - Be B'; E Bé
Firms = - _ E =
Government = B B! _ =
Prices 1 1[i] pp=1/1 Pe spp=s-1/if
Expectations - - mp = Py, e = P& es = §°¢
Stocks - B =By + B B' = Bl + B E B}
Growth - B, f?w. ﬁ’(_- 13'[. 13’1 E éf_,

financial flows, that bonds are only issued by the government, that firms use only equity
financing and pay out expected earnings as dividends, and that there exist also long-
term bonds issued by the ‘foreign government’. Financial flows between the sectors of
our economy are therefore very narrowly defined (in order to simplify the flow budget
restrictions to a sufficient degree). The laws of motion of the real part of our economy
do not yet depend too severely on this financial structure of the economy since, as
in Powell and Murphy (1997), we do not use a full portfolio approach towards the
description of the stock equilibria of the economy. Rather we determine asset prices
and asset returns through certain simple laws of motion, while the inflow of financial
assets is basically determined from the supply side.? This is done in a way that implies
equilibrium on the market for foreign exchange with respect to the flows appearing in
the current as well as in the capital account so that there is no change in reserves held
by the central bank and thus no need to consider this item explicitly in the balance of
payments to be discussed in the next section.

For initial work on the situation where loans to firms, inside debt of the household
sector, supply side rationing, market imperfections and other realistic features may be
introduced into the Keynes—Metzler framework of Chiarella and Flaschel (2000) we
refer the reader to Chiarella e al. (2000).°

Note that we allow for savings out of wages (in a Kaldorian way) and that workers
save only in the form of short-term debt (interest-bearing saving deposits’ held at the
local branches of the central bank). All other assets (plus the remainder of short-term
debt) are exclusively held by the (pure) asset holders of our model. We stress that this
approach serves the purpose of simplifying the budget constraints of the agents, but
needs refinement in future reformulations of the model. Note that the government sector

5 Powell and Murphy (1997) use perfect substitute assumptions, as for example the interest rate parity condition,
and rational expectations to describe the behaviour of the asset markets, while we use certain delayed adjustment
processes towards such an outcome and thus avoid use of the jump variable technique for the description of the
financial part of the economy.

6 See also Franke and Semmler (1999) for a full portfolio approach to asset market behaviour.

7 These can be thought of as fixed-price bonds, which are thus perfectly liquid.
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includes the activities of the central bank (and its branches), which in the following
model type boil down to setting the interest rate of (only domestically held) short-term

government bonds according to some type of Taylor rule.®

5.3 The structure of the economy from the viewpoint of national accounting

We shall consider in this section the production accounts, income accounts, accumula-
tion accounts and financial accounts of the four internal agents in our economy:? firms,
workers, asset holders and the government (including the monetary authority). These
accounts, plus the balance of payments, provide basic information on what is assumed
for these four sectors as well as which of their activities are excluded from the present
theoretical framework. These accounts furthermore serve the purpose of checking that
all ex post results of the economy are consistent with each other and showing how the
usual basic identities of national accounting (concerning output and income, savings
and investment) can be derived from them.

5.3.1 The four sectors of the economy

We start with the accounts of the sector of firms (shown in Table 5.3) that organise pro-
duction Y, employment L‘; of their workforce L";:’ and gross business fixed investment
I and that use (in the present formulation of the model) only equities E as financing
instrument (no debt in the form of bank loans or bonds issued by firms). There are
value-added taxes 7, on consumption goods, import taxes t,, and payroll taxes T, with
respect to hours worked L%, but no further taxation in the sector of firms and there are
no subsidies. ‘

All accounts are expressed in terms of the domestic currency. Firms build dwellings,
which are of the same type as all other domestic production, and sell them to the
asset holders (as investors) and thus have no own investment in the housing sector.
They sell consumption goods to workers, asset holders and the government, export
goods to the world economy, organise fixed gross investments with respect to their
capital stock (as well as voluntary inventory changes 7 with respect to finished goods)
and experience involuntary inventory changes ¥ — Y9 due to the deviation of aggre-
gate demand Y¢ from output ¥ (which is based on expected sales ¥¢ and planned
inventories 7).!Y

Firms use up all imports as intermediate goods which thereby become part of the
unique homogeneous good that is produced for domestic purposes. They have replace-
ment costs with respect to their capital stock, pay indirect taxes and wages including
payroll taxes. Their accounting profit is therefore equal to expected profits (based on

& Such a mechanism is in the place of the indirect steering of this rate of interest through a monetary supply rule
and money market equilibrium as in Powell and Murphy (1997).

9 The fifth agent, the foreign economy, is represented by the balance of payments at the end of this section and
later on will be confined to steady state behaviour. All demands of the foreign sector are indexed by *, while
its supply of long-term bonds B to domestic residents is indexed by 2.

10 No other type of inventory holding is considered in the model of this chapter.
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Table 5.3. The production, income, accumulation and financial accounts of firms

Uses Sources

Production Account of Firms:

Imports spZ, J¢ Consumption pyCay
Depreciation pyd; K Consumption py, Ce
Indirect Taxes Ty py(Cw + Cc + G) + Tmspy, J¢  Consumption py,G
Wages (including payroll taxes) wa(} Exports px X

Gross Investment py [
Durables (Dwellings) py I,
Profits I[1 = répyK + pyZ = r“pyK + p_\N Inventory Investment py N
Income Account of Firms:
Dividends r¢ py K Profits I1
Savings ’JE =pyT
Accumulation Account of Firms:
Gross Investment py [ Depreciation pydg K
Inventory Investment py N Savings S’;
Financial Deficit FD
Financial Account of Firms:
Financial Deficit F D Equity Financing pe E

sales expectations and paid out as dividends to equity owners) and retained profits
(equal to planned inventories). As is obvious from the narrow income account of firms,
firms thus only save an amount equal to their intended inventory changes. The accumu-
lation account is self-explanatory as is the financial account which repeats our earlier
statement that the financial deficit of firms is financed solely by the issuing of new
equities.

Note that all investment is valued (and performed) net of value-added tax and thus at
producer prices py in the place of the consumer prices py = (1 + 7,) py. Indirect taxes
(value-added taxes)!! only fall on consumption activities and not on gross investment,
thus not on housing investments and the inventory investment of firms. There are
furthermore no direct (capital) taxes in the sector of firms, neither on property nor on
profits, since all expected profits are distributed to asset holders and since there are
no taxes on windfall profits (unexpected retained earnings — or losses — of firms that
help to finance investment). Note however that the wages w? paid by firms include
payroll taxes 7,w (for unemployment insurance, health and other social insurance, and
retirement pensions) and that wage income w of workers is taxed at the rate 7,,. Note
finally that the accumulation account of firms is based on realised magnitudes and thus
does not refer explicitly to their intended inventory changes.

LI There is however a tax on the imports made by the firms.
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Table 5.4. The production, income, accumulation and financial accounts of asset
holders

Uses Sources

Production Account of Households (Asset Holders/Housing Investment):
Depreciation py 6y, Kj, Rent p;,C{!
Earnings [T,

Income Account of Households (Asset Holders):

Tax Payment 7.i B, Interest Payment i B,

Tax Payment r(‘B‘; Interest Payment B';

Taxes t.(pp Cff — pyop Kp) Interest Payment s(1 — ‘E;E:)Bf;
Tax Payment 7.r° py K Dividend Payment r¢ py, K )
Consumption p,,C, Earnings Iy

Savings SV

Accumulation Account of Households (Asset Holders):

Gross Investment py /), Depreciation pydy, K,
Financial Surplus F§ Savings S¥

Financial Account of Households (Asset Holders):
Short-term Bonds B, Financial Surplus F S
Long-term Bonds p;,B'i
Foreign Bonds spj; Bé
Equities pe E

Consider next the sector of asset holders (see Table 5.4). Investment in housing as
well as the supply of housing services has been exclusively allocated to this sector. The
production account thus shows the actual sale (not the potential sale) of housing services
(=demand for housing services by assumption) which is divided into replacement costs
and actual earnings or profits on the uses side of the production account.

The income of asset holders comes from various sources: interest payments on short-
and long-term domestic bonds and on long-term foreign bonds (net of tax payments
which must be paid abroad), dividend payments of firms (based on their expected profit)
and profits from housing rents. All domestic profit income is subject to tax payments
at the rate 7. and after tax income by definition is divided into the consumption of
domestic commodities (including houses, but not housing services) and the nominal
savings of asset owners.

The accumulation account shows the sources for gross investment of asset holders in
the housing sector, namely depreciation and savings, the excess of which (over housing
investment) is then invested in financial assets as shown in the financial account. Note
here that short-term bonds are fixed-price bonds p;, = 1 (which are perfectly liquid),
while long-term bonds have the variable price12 pp = 1/1i; (and fixed nominal interest

12 . e . I . ‘ ) i ;
These bonds are thus not perfectly liquid, since there is no ‘money back’ guarantee here for the sector of asset
owners as a whole.
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Table 5.5. The production, income, accumulation and financial accounts of worker
households

Uses Sources

Production Account of Households (Workers):
Income Account of Households (Workers):
Taxes Ty[wld + w* (L — L) + w'oyLal + 1ci By Wages wLd

Consumption pyCoyy + pj Cﬁ Unemployment Benefits
w*(L — LY)

- Pensions w’ oy Lo

Savings Sy, i By Interest Payments

Accumulation Account of Households (Workers):
Financial Surplus F§ Savings S,
Financial Account of Households (Workers):
Short-term Bond Accumulation By, Financial Surplus F'S

payments of one unit of money per period) which shows that they are akin to consols
or perpetuities (the same holds true for imported foreign bonds, which are of long-term
type solely).!?

There is no taxation of financial wealth (held or transferred) in the household sector.
Furthermore, although asset holders will consider expected gross rates of return on
financial markets in their investment decision, there is no taxation of capital gains on
these markets, which descriptively seems realistic.

The next set of accounts, the ones of worker households in Table 5.5, is fairly simple
and easy to explain. First, there is no production account in this sector. Income of the
members of the workforce, which may be employed, unemployed or retired, thus derives
from wages, unemployment benefits or pension payments where L = ;L denotes
the total number of persons in the current workforce (L" the part that is employed)
and oL, the number of retirees who have access to pension funds (co;=const. the
participation rate of the potential workforce L). To this we have to add the interest
income on saving deposits (short-term bonds) which is taxed at the general rate used
for financial asset income. All wage type incomes are subject to taxation at the rate
T, and are again by definition divided into nominal consumption (consumption goods
and housing services) and savings. Note here that the employment L4 of the employed
L™ can differ from their normal employment which is measured by L*, the number
of persons who are employed. Note also that wages w are net of payroll taxes (used to
finance unemployment benefits, social insurance and pensions in particular).

I3 Due to the assumption of a given nominal rate of interest on foreign bonds, these bonds can be liquidated if this
is desired by domestic residents, but they are of course subject to exchange rate risk. Foreign bond purchases
by domestic residents will be treated as a residual in the wealth accumulation decisions of the asset holders.
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Table 5.6. The production, income, accumulation and financial accounts of the
monetary and fiscal authorities

Uses Sources

Production Account of Fiscal and Monetary Authorities:

Government Expenditure for Goods py G Costless Provision
Government Expenditure for Services w? Li',' of Public Goods

Income Account of Fiscal and Monetary Authorities:

Interest Payment i B Wage Income Taxation
TwlwLl?® + w'(L — LY) + w"ayLa]
Interest Payment B! Profit and Interest Taxation
t[r’pyK +iB + B']
Pensions w'a; Ly Rent Income Taxation
e (ph Cﬁ‘ - PJ'SH Kp)
Unemployment Payroll Taxes r,,de
Benefits w¥ (L — LY)
Government Consumption p, G Value Added Tax typy(Cy + Ce + G)
Salaries wagj Import Taxes z,5p;;, Jd
Savings Sg

Accumulation Account of the Fiscal Authority:
Savings SLE
Financial Deficit F D
Financial Account of Fiscal and Monetary Authorities:
Financial Deficit FD Short-term Debt B
Long-term Debt py, B!

We assume in the following that workers have a positive savings rate and that they
hold their savings in the form of short-term bonds solely, which is mirrored here in the
accumulation and financial account in a straightforward way.

There are finally the accounts of the fiscal and monetary authorities (see Table 5.6),
which due to the many taxation schemes and transfer payments that are assumed are
more voluminous than the preceding accounts — at least with respect to the income
account. There is first however a fictitious production account where the supply of
public goods is valued at production costs which consist of government expenditures
for goods and labour.

The sources of government income consist of taxes on the various forms of workers’
income (taxed at a uniform rate), of taxes on the various forms of profit, interest and
rental income (again taxed at a uniform rate), payroll taxes, value-added taxes and
import taxes. Uses of the tax income of the government are interest payments, trans-
fers to the unemployed and retirees, and the costs of the aforementioned government
‘production’. In general all these uses of the tax income of the government will exceed
its income so that there will result a negative amount of nominal savings Sg which
balances the income account of the government. ‘
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There is no accumulation of real assets in the government sector, which means that
we only have to look into the financial account of the government to see how the
excess of government outlays over government revenue is financed through short- or
long-term debt. Note that there is some type of accounting money in the economy that
however only fuels the economy during the transactions period, but does not appear
as flow in the financial accounts of asset owners, and workers, and the government,
but instead returns to the banking sector at the end of each transaction period ¢ by the
settlement of all budget restrictions in the economy. In striking contrast to a cash in
advance constraint we thus assume in this chapter that agents can obtain all money they
need for transaction purposes during the transaction period 7 (as intra-day credit in one
form or another), but that they have to satisfy their budget constraint at the end of each
such period t where money holdings are not needed and are thus not present. Instead
all liquid asset holdings concern the short-term bonds of the government as some form
of interest bearing saving deposit.

There is a variety of further types of taxes that could have been included into the
structure of the model as we have discussed it so far. The most important types from
a macroeconomic point of view are probably: corporate profit taxation; investment
taxes (or subsidies) — fixed business investment and housing investment — including a
treatment of depreciation allowances; financial wealth taxation and inheritance taxes;
capital gains taxation; real property taxation; taxes on the rents imputed in the case of
asset holders.

In the model of this chapter corporate income taxation would reduce to taxation of the
windfall profits of firms, since all expected earnings of firms are distributed to workers
and as dividend payments to asset holders. We leave (gross) investment as untaxed in
order to stress that this type of activity is to be supported for the future development of
the economy by the government. Financial wealth taxation will be considered in future
work where a more advanced and much more interdependent structure for the small
open economy to be introduced in Section 5.4 is considered. Similarly capital gains are
not taxed in order to stimulate financial investment in risky assets (and since it is also
difficult to treat in its exact amount and dating and, from an institutional perspective,
with respect to capital losses). Real property taxation is probably a major item in many
countries, but is here left aside for simplicity as are the imputed rents of the housing
services consumed by the asset owners of our economy.

There are further taxes on the state level and on the local level of government admin-
istration (which are here completely ignored), taxes on private insurance and pensions
(which do not exist in our model), product specific taxes, subsidies for employment
and investment on the margin, and turnover taxes, which may be important from a
partial microeconomic analysis of public economics, but which have to be left aside
here in our broad picture of the macroeconomy. Furthermore, we do not impose internal
constraints on the uses of the taxes that are actually received by the government of our
macroeconomy and which might restrict the use of certain taxes to certain expenditures
or transfers made by the government.
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Table 5.7. The external account

Uses Sources
External Account:

sp*X sp*J4

s(1 —t¥)B} (1—1)Bl*

By /iy sBy/ it

Let us finally describe the balance of payments of the economy under consideration.
This will be done from the viewpoint of the foreign sector which can be viewed as
a fifth agent of the economic structure considered in this chapter. The description of
the behaviour of this agent will however be confined to steady state behaviour in the
subsequent presentation of the structural equations of the model.

Table 5.7 is viewed from the perspective of the foreign economy and in terms of the
domestic currency.

The external, or balance of payments, account (see Table 5.7) shows the trade account
(exports X and imports .J 4. the international component of interest payments (to for-
eigners and from abroad) that are all assumed to cross borders and the outflow and
the inflow of new capital (long-term bonds). Note that this account does not show any
reserve changes of the central bank due to foreign exchange market operations. This is
possible in the approach chosen in this chapter, despite a temporarily given exchange
rate s, since on the one hand the supply of bonds of the government domestically and
abroad of the equities of firms are channelled into the savings decisions of households
without readjustments. On the other hand the excess of domestic private savings is
going into foreign bonds, which in turn implies that the balance of payments must be
balanced without any intervention from the central bank. This will be checked in the
next subsection from the viewpoint of the ex post equality of aggregate savings with
aggregate investment plus the current account balance on the one hand and with aggre-
gate investment plus the capital account balance on the other hand, where both equalities
can be established without any interference from the central bank. The result obtained
is basically due to the fact that all foreign exchange market operations can be settled
without any help from the central bank, and without any rationing processes, since the
residually determined item s Bé/ i1s just provides the balancing item for this account.

This concludes our description of the four accounts of the three typical sectors of a
small open economy (with heterogeneous agents in the household sector) plus a foreign
sector that is here represented solely via the balance of payments.

5.3.2  Gross domestic product, savings, investment and further aggregates

In this subsection we derive some basic concepts of national accounting in the specific
form they receive in our model economy and also the relationships between nominal
aggregate savings and nominal total investment. Considering nominal gross domestic
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product first, we see that this concept aggregates (with respect to uses) total private
and government consumption, net exports, total investment (including housing and all
inventory investment N) and finally the services of housing actually demanded and
supplied. The sources of these expenditures are the depreciation of the capital stock of
firms and of the housing stock, indirect taxes, wage payments of firms and profits in
production and in housing supply.

Gross Domestic Product (GDP):!*
Pyor K + P_vfsh Kp + tupy(Coyy + Cc + G) + TmSP:;,Jd i waf‘f 4 [L=11

= po(Cuw + Ce + G) + pxX — spl 9 + pyl + pyln + pyN + piCj,.

Net domestic product is then obtained (also in nominal terms and at market prices) by
moving the depreciation items from the left-hand side of the preceding equation to its
right-hand side and thus by deducting them from the corresponding gross investment,
giving rise to net investment descriptions for firms as well as for the housing sector of
the economy.

Net Domestic Product at market prices (NDP): 15

Ty P_\-(Cu; +C.+G)+ kai'p:; Jd s u’bL_[} + [T 4 Iy
= po(Cw + Ce + G) + (p2 X — sp=J*) + py(I — 8cK)
+ py(Un — 84 Kn) + pyN + piCy.

Net domestic product at factor costs follows from net domestic product at market prices
by deducting indirect taxes from both sides of the preceding equation which simply
leads to a revaluation of consumption goods and imports, both measured now at prices
without value-added taxes and without import taxes.

Net Domestic Product at factor costs (NDP-F): 16

w”L‘? + IT + Iy,
— P_\-(Cu,! +Coe+G)+ (pxX — pm -I(J) = P.\'(I — & K) + P_\'Uh — 8nKp)
+ pyN + piCj;

On the basis of the uses of nominal savings of the four sectors considered (see their
accumulation and financial accounts), one furthermore obtains via their aggregation
the result

S" =SB+ ¢+ 8§+ Sp ="+ [sBy/if — (B' = B)/ill

14 Gross National Product (GNP) = GDP +s(1 — ) B} — (1 — 7.)(B' — B]).
15 Net National Product (NNP) =NDP + 5(1 — 1) B} — (1 — 7c)(B' — B}).
16 National Income is defined on this basis by NDP-F +s(1 — r(’!‘)B!'l e r(-)(B" - Bi ).
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with

" = peE + p)’I-{_ P_\!(Ih — & Kp) = IJ_\’(I — B4 P,\‘N + P_v(lh — 8 Kp).

We here see that total nominal savings are ex post always equal to total nominal net
investment plus net capital exports. Note that the home country’s capital exports are
equal (in value) to the import B£ of foreign bonds and that its capital imports are given
by the value of the export of the home country’s long-term bonds B! — B']'. Note also
that actual net investment consists of business fixed investment, of actual inventory
changes and of net investment in the supply of dwellings. This important identity of
national accounting is based on the four identities that relate the nominal savings of
the various sectors to the uses made of these savings. Approaching aggregate nominal
savings from the definitions of the various savings items, that is from the income side,
by contrast gives rise to

St=8,+ S + S'} + 8
_ rna . { y :
=1""+ [pxX —spp J1+ [s(1 — 1) B, — (1 — ©.)(B' — BY),
I"* = py(I = 8K) + pyN + py (I — 8,.Kp),
so that aggregate nominal savings equals aggregate nominal actual net investment
plus nominal net exports plus international nominal net transfers. The identities just
discussed thus in sum show that basic concepts of the system of national accounts can
already be quite complicated in our model economy.
We digress to add a detailed calculation to what has just been asserted and in particular
shows that there indeed is no intervention needed from the monetary authority on the

market for foreign exchange, due to the assumed budget restrictions for households,
firms and the government.

Starting from the definitions of the nominal savings of the four sectors the identity
on nominal savings and investment just stated can also be shown as follows:

= Y{‘i?" — puCuw — p;,C}?"
+ Y(D” — puCe + pyZ
+T" —w"(L — LY) — w ayLy — (i B + B') — (p,G + WLy,
which gives rise to
§" = wL? + w*(L — L") + w"ayLy + i By, — pyCuy — ppC?
+r°pyK +iBc + Bl + paCii — py&uKp + s(1 — t)BY — py,Ce + p, T
gt JE Bl = B{) + rj,,'u)L“’

+ 7upy(Y/=I=Iy) —w"(L = L) —w'eLy - (iB + B) — (puG + w®LY).
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These expressions can be rearranged as
w?L? — pyCop +r°pyK +iB + Bl — py8pKn +s(1 — 1¥)By — pyCe
+pyI+ rmsp:,‘,Jd +r(B — B‘{)
+ Typy(Cuw + Ce + G) — (iB + BY) — (pG + w"LY)
= w?L% — pyCy + r*pyK—(1=7)(B' — BY) — pydnKn +s(1 = B = pC;
+ pyZ + Tmspy, J* — p,G
= py(Y* = 8K) + pxX — spjyJ* — (pyCw + pyCc + pyG)
— (1 —1)(B' — B +50 — ¢ B, — pySuKn + pyZ
=py(Y =Y+ pyY? = (pyCuw + pyCe + PyG) — Pyoi K + pxX — ap ]
+5(1—t)BS — (1 — ) (B' — B}) — pydnKn
= pyN + py(I — 8K) + py(In — 8nKp)
+peX —spt It +s(1 — 5B — (1 —7.)(B' - B))
= I" 4+ 5(1 — t*)B} — (1 —w)(B' — BY).

This proves the asserted identity from the viewpoint of the definitions of nominal
savings. Note here that B! — B{ = B{* holds by definition for the international alloca-
tion of domestic long-term bonds and that aggregate goods demand is defined by the
expression Yo=Cyu+Co+I1+1,+G.

Having presented the model from the ex post point of view by means of struc-
tured tables and the system of national accounts we now turn to the structural form
of the model and present in the following section its technological foundations, its
behavioural relationships, various definitions and the budget equations of the four
agents of the domestic economy, and finally also its laws of motion for quantities,
prices and expectations.

5.4 The model

In this section we develop the extensive form equations of our model based on the
structure laid out in Section 5.3. We reformulate the Murphy model for the Australian
economy, as presented in Powell and Murphy (1997), from a macrotheoretic perspec-
tive, by making it a continuous-time dynamic model of monetary growth, suppressing
all discrete lag structures of their quarterly period model in particular. The present
reformulation of the Murphy model is furthermore based on the experience gained
in Chiarella and Flaschel (1999b,c) in the modelling of integrated Keynes—Metzler
models of monetary growth for closed as well as open economies. Certain features of
this dynamical system approach to growth and fluctuations are therefore retained in
the formulation of our continuous-time version of the Murphy model, which of course
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means that its dynamical structure will ditfer from that of the Murphy model to a certain
degree.!”

Our aim in this section is not so much to fully mirror the dynamical structure and
implications of the Murphy model. Rather our aim is to formulate and to investigate,
to a first approximation of this 100 equations approach to macroeconometric model
building, the set of the most prominent feedback structures of macrodynamic theory it
basically contains and the role they play for stability analysis. As we have stated, we
set up an integrated macrotheoretic monetary growth framework that in its generality
is comparable to this type of macroeconometric model building. The current section
therefore attempts to build a bridge between empirically motivated work on structural
model building (where there generally is no analysis of the mechanisms that are hidden
in the formulated structure) and theoretical investigations of reasonably large repre-
sentation of concrete economies, where the interest is to see what the steady state of
such economies will look like in all of its details and what stabilising (or destabilising)
effects are present around it, or have to be added far off the steady state in order to
ensure the boundedness of the considered dynamics.

5.4.1 Preliminaries

Let us start with some notation to be used in the structural equations we shall employ in
our approach to Keynesian monetary growth. Module 1 of the model provides defini-
tions of important rates of return 7, ¥, r", rj,, of nominal wealth W"!3 and of hourly
wages including payroll taxes, w?’, prices p, including value-added tax, of pension
payments per retired worker (in the workforce) per time unit, w", and unemployment
benefits per unemployed worker (of the workforce) per time unit, w", with w denoting
the money wage exclusive of payroll taxes but still including wage income taxes. We
here in particular define the currently expected rate of profit based on the sales expec-
tations Y of firms (net of depreciation §; K) and on actual exports X = x, ¥, imports
J4 = JyY and the actual employment L¢ = [, Y of the workforce of the firms. In a simi-
lar fashion also the actual and the normal rate of return on business fixed investment,
r, r"', based on actual sales and normal rates of capacity utilisation of the capital stock.
Our choice of notation of production coefficients already indicates that we are assuming
a technology with fixed input/output coefficients where export supply is in fixed propor-
tion to actual output ¥, as is import demand and labour demand. Furthermore, potential
output is defined on the basis of a given capital stock as Y? = y? K, y? = const, and
is used in the definition of normal profits in a specific way that has still to be explained.
We use fixed coefficients technology for the same reasons as in Chiarella and Flaschel
(2000), namely that it allows clearer insight into the dynamic feedback structure of the

17 This remark in particular applies to our treatment of financial markets where we attempt to avoid the so-called
Jjump variable technique of models with only rational expectations by allowing for heterogeneous expectations
formation and somewhat delayed adjustments towards interest rate parity conditions.

18 Wealth effects will however only be studied in future extensions of the model of this chapter, but should of
course be kept in mind when interpreting the behaviour of the present model.
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model without altering the qualitative features of the dynamics under smooth factor
substitution technology.

1. Definitions (Rates of Return, Nominal Wealth, Wages and Prices):

pyYé + prxyY — wbl,Y — pmiy¥Y — pySiK

i 1 x) : : - : (5.1)
pyK
. p'\.Y‘f + pexyY — w"’IyY — PmiyY — pySk K (5.2)
o= , 2
pyK
e
ydr = 4" Y' =ayP, (5.3)
l + Vﬁn“’
= p_\‘de g P.\'x_\'Y” . "wh",\'Y” — Pm J'\ P p."{S‘L'K 3 (5.4)
pyK
= PhCil = PyBKon (5.5)
p_\'Kh
i" = —1)ij —n°, (5.6)
W" = B+ B /ij +sBb/if + peE + pyKn, (5.7)
w? = (1 + 1p)w, (5.8)
w' = ao"w, (5.9)
wh = a"w, (5.10)
po = (14 1) py. (5.11)

Note that the various rates of profits are defined on the basis of output prices py net of
value-added tax, since they measure what can actually be distributed to equity owning
households (with the rate ¢ measuring actual dividend payments at each moment
in time, while ¢ measures the actual rate of profit of firms based on their actual
sales).

Firms have a desired rate of capacity utilisation # < 1 (which is not endogenised in
the present model) and thus plan a normal output Y = itY” less than potential output in
order to have capacity reserves in the case of unforeseen demand shocks. Furthermore
they have to hold inventories N4 = B,4¥” which have to grow at the given world
growth rate y in the steady state which means that the demand Y9 they consider
as adequate in the light of their potential output (or as satisfying in the steady state)
must be less than normal production since part of the latter is going into inventories).
The normal rate of profit, 7", is then defined on the basis of this concept of normal
output as the other rates of profits just discussed. The rate of return ry, finally, Ieten
to the housing sector and its actual sale of (=demand for) housing services C
price pp. It is diminished through the depreciation of dwellings at rate &, and set
in relation to the net value of the capital stock Ky, in the housing sector. All capital
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goods are (or have been) purchased at price py in the market for non-traded (domestic)
goods, since value-added taxes only concern consumption expenditures in the present
model.

We often compare profitability as measured by the above rates of return with required
profitability given by the expected long-term real rate of interest (1 — t.)i; — 7 which
is related to the price of long-term bonds (consols or perpetuities) in the following
well known way pp = 1/i;, ¢ a weighted (long-term) expected rate of inflation to
be defined in module 5b of the model. Note that we calculate this required rate of
return net of interest taxation, while all other rates in this block are gross rates of
return.

Aggregate nominal wealth of asset holders and workers (the latter only hold short-
term debt of the government as saving deposits) is composed of short-term fixed-price
(= perfectly liquid) bonds of the domestic government, B, held only domestically, long-
term bonds issued by the domestic and the foreign government in the amounts held by
domestic residents, B{, Bé, equities £ and the value of the housing capital stock Kp,
again measured at producers’ prices. We assume that there is no resale market for houses
(and goods in general) and thus do not have a secondary market in this segment of the
economy in order to keep things simple in our one domestic good economy (once these
commodities are sold they do not reappear on the market). Financial assets by contrast
are traded in secondary markets and give rise to certain price adjustment equations that
are implicitly based on stock reallocations in the financial markets considered. Asset
markets are therefore still treated in a preliminary way, since portfolio decisions are
not yet modelled explicitly (see module 6 of the model).

Note that government bonds are treated as net wealth.'” However, since wealth
effects are still excluded from the behavioural equations to be introduced later on, this
concept of wealth is here presented solely in order to point to the necessity of treating
such wealth effects in future extensions of the model. Note furthermore that central
bank money is not treated as a component of financial wealth in the present chapter.
Such money is here assumed to be used for intra-day transaction purposes solely and is
supplied by branches of the central bank without user costs (cash, ATM and credit cards)
for the public during the day, but which however transfers this type of money back to
these branches at the end of each ‘trading period’, by fulfilling their budget equations
and due to the loss of interest rate payments that would otherwise arise. Households,
firms and the government thus do not need to hold money balances for intra-day trading
(due to flexibilities in the management of their intra-day income accounts) and are thus
not forced to devote part of their asset holdings to pure cash holdings. Paper money
fuels the economy within each period, but is simply stored in the banking sector at
the end of it, while all savings decisions go into interest-bearing assets solely.?? A

19 A Ricardian equivalence argument might lead to the exclusion of workers’ saving deposits By, from aggregate
wealth, since the wage taxation rate is endogenous and is varied by the government in order to establish a
desired ‘government debt/GDP ratio” in the economy.

20 Since there is no need to hold non-interest-bearing cash balances in our type of economy.
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Keynesian liquidity preference function, if it were explicitly present in our model, thus
would concern the allocation of wealth (of wealth owners) between liquid short-term
and illiquid long-term bonds and is thus not related to the specific treatment of cash or
the means of exchange management chosen in the present chapter.

The remaining equations in this module define (on the basis of before tax money
wages w) gross wages w” that include payroll taxes (as the intended basis for govern-
ment transfers to the unemployed, the retired, etc.), pensions w” and unemployment
benefits w", which are all in constant proportion to money wages w. Finally, p, is the
consumer price of the domestic good that is assumed to be in fixed proportion to the
producer price p, on the basis of a given value-added tax rate .

Module 1 finally provides the definitions of unemployment benefits, rents paid to
retired worker households and consumer prices (producer prices plus value-added tax)
which are not explicitly represented in the consolidated list of equations that Powell
and Murphy (1997) supply, but which are not different from their use of these concepts.
Crucial differences in the equations considered so far therefore basically concern the
use by Powell and Murphy of model consistent inflations in the calculation of the
required rate of return used by investors and their definition of private wealth that they
use in the single optimal consumption function of their model.

Module 2 concerns the household sector where two types of households are dis-
tinguished, pure workers and pure asset holders or wealth owners. Of course, these
two types of households are only polar opposite cases in the actual distribution of
household types. Nevertheless we believe that it is useful to start from such polar oppo-
site household types before intermediate cases are introduced and formalised. Powell
and Murphy (1997) consider only one type of household explicitly (although they
briefly refer to the effects of income distribution implicitly contained in their formula-
tion of a consumption function) the consumption behaviour of which is based on the
life-cycle hypothesis with respect to wage income and wealth. We shall use differen-
tiated saving habits for the two types of households instead (as they can be derived
from Cobb-Douglas utility functions?') and we will ignore wealth as a direct argu-
ment in our consumption functions (leaving this issue for later reformulations of the
model).

5.4.2 Households
We consider the behavioural equations of worker households first:

2a. Households (Workforce):

YPr = (1 - gp)[wl? + w*(L — L") + w ey La] + (1 — 7)i Bw

= Y2 + (1 — 7)i By (5.12)
LY=L%+L} (5.13)

21 Note in this respect also that the relative price py/pp does not yet play a role in the consumption decisions of
workers.
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LY =Lj+Lg=L7+Ly (5.14)
Co = cy(1 — t)[wl? + w*(L — LY) +wayLyl, CS =C/p, (5.15)
Co = a(Co/Cu— D +af(e—8) +y (5.16)
paChe = en(1 — ) [wL? + w*(L — L") + w' oy Ly] (5.17)
Cf =alcfoscf — 1 +ale—2a) +y (5.18)
Sw = Yg” — puCuy — Phcf(j =By (5.19)
Ly=Ly=Lo=n  (Lo(0), Li(0), L2(0) given) (5.20)
i = Pn, @ —n), H=rle,é) (5.21)
L=al, (5.22)

The first equation in this module defines the aggregate disposable income of workforce
households by the sum of the wage incomes of the employed, unemployment benefits
for the unemployed, unemployment being measured by o L1 — L™ ,?? and the pensions
of retirees, after taxes (with the tax rate t,, uniformly applied to these three types of
workers” incomes). Furthermore workers as a group also have interest income from
their holding of saving deposits which is taxed as all other interest payments (which
goes to pure asset owners) by means of the rate 7.. Note that retirees L receive
pension payments in an amount that is scaled down by the given participation rate oy
(of the persons L between 16 and 65) which is constant in the present model. Pensions
are thus paid to both employed and unemployed workers in the workforce once they
retire. 23

Next we consider the number of employed workers L' who are working in the sector
of firms, L, or for the government, Ly, there providing public services. In contrast to
LY we denote by L? the actual employment of the employed which can be larger or
smaller than the normal hours of work L™ of the employed workforce due to over- or
undertime work (such situations by assumption only occur in the firm sector, but not
in the government sector, see equation 5.14).

Desired consumption (in nominal and in real terms) C.", C? of workers is pro-
portional to their nominal and real wage income, respectively, with ¢, denoting the
uniform marginal propensity to consume of both employed and Llnem;:;loyed workers
as well as for retirees. Note that we always use consumer prices p, when going from
nominal to real magnitudes (we thus ignore the influence of the price pj of housing
services here and later on). Note also that the interest income of worker households
does not influence their consumption plans here, since we assume that all of their inter-
est income is saved in order to simplify the feedback from asset accumulation into the

29 S ; 9 5 5
“< oy the participation rate of the workforce which is endogenously determined in the Murphy model for the

Australian economy.

23 e ; : B G
'_I‘he participation rate is also applied — for reasons of simplicity — to the growth rate in pension-receivers that
is caused by the assumed migration of whole families.
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real part of the model. Following Powell and Murphy (1997) we assume that actual
consumption plans Cy, of all types of workers adjust towards desired consumption
with a time delay that depends on their deviation from desired consumption and on
the state of the labour market which is measured by the rate of employment ¢ (plus a
trend term y that ensures the existence of steady growth paths later on). The demand
for desired housing services is treated in the same way as the demand of workers
for consumption goods which means that we assume for this type of consumption:
Ph C,‘f” = cp(l — T)[wL? + w'(L — L™) + w"a; L], with ¢; as marginal propen-
sity to consume these services. Note that we have to use the price for these services
on the left-hand side of this consumption function. Note also that adjustment towards
desired levels is of the same type as the one for the consumption of the domestic goods
produced by firms.

Itis of course questionable whether the considered marginal propensities to consume
are really uniform with respect to the three types of situations adult workers may
be in and whether they all use the actual rate of employment as an expression on
the prospects of their future incomes. Introducing different behaviour in this place is
easily possible, but should be left to investigations with a more pronounced empirical
orientation.

The next equation defines nominal savings S);, of workers and states that these savings
are held in the form of short-term bonds solely. As already explained in the preced-
ing section money is assumed to fuel real transactions via its circulation, since there
is no cash or income in advance constraint for obtaining such means of payments
for intra-day trading.?* It is thus considered to be stored in the banking sector (here
only the branches of the central bank) after each round of transactions. Note that
workers do not accumulate wealth in the form of real estate which is of course not
true for example for the Australian economy. Including this into the present module
and adding a resale market for houses is thus left here for future extensions of the
model. >

When we say ‘workers’ we have, as already noted above, three groups of persons in
mind: L, the potential workforce, Lq the young people (below 16 years) and Lo, the
retirees (above 65 years). All three components of the workforce households grow —
via migration into the considered country (and possibly also by reasons internal to the
economy) — at the same rate n, for reasons of simplicity and for the purpose of later
steady state analysis. Note that these new members of the workforce are immediately
treated as the residents of the country under consideration. This rate n follows with a
delay the growth rate # which represents the desire to migrate (with constant popula-
tion shares) into the labour market of our economy and which is here endogenously
determined through the state of the labour market e and its rate of change é.

24 Note again that the temporal budget equations of all agents in the economy must be fulfilled at each end of the
trading period 1.

25 1t is however possible to assume that the consumption of the domestic good through workforce households is
partly going into the purchase of houses if it is assumed that goods purchased cannot be sold anymore at a later
point in time to another sector of the economy.
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Actual labour supply (in terms of persons), finally, is given by o; L with «; the par-
ticipation rate, and is divided according to the state of the economy into employed and
ulnemployed people, L, L — L". Note again that we have assumed that the participa-
tion rate is constant in time and thus do not make any use of the encouraged/discouraged
worker effect as in Powell and Murphy (1997, Ch. 6.7).

Summing up the module 2a thus basically describes the two consumption decisions
of workers’ households based uniformly on their various sources of wage income.
It is easy to derive such consumption functions by assuming Cobb-Douglas utility
functions. Powell and Murphy (1997) make use of a life-cycle approach in the place of
our description of the consumption behaviour of workers and thus immediately include
wealth effects into the consumption decisions of their single type of household. We
shall apply their approach to consumption behaviour in our two agents framework in
another paper, see Chiarella er al. (1999a,b), and will then study the role of wealth
effects in such an extended framework.

Next, we consider the other type of household of our model, the (pure) asset owners
who desire to consume C. (goods and houses as supplied by firms through domestic
production ¥) at an amount that is growing exogenously at the rate ¥ and which is
thus in particular independent of their current nominal disposable income Y””. The
consumption decision is thus not an important decision for pure asset holders. Their
nominal income diminished by the nominal value of their consumption p,,C. is then
spent on the purchase of financial assets (three types of bonds and equities) as well
as on investment in housing supply (for worker households). Note here that the one
good view of the production of the domestic good entails consumption goods proper

and houses (both at consumer prices p,) so that asset holders buy houses for their
consumption as well as investment purposes.

2b. Households (Asset Holders):

Y2" = (1= w)[r’pyK +iB. + B} + piCjl — pyduKn]

+s(1 — B} (5.23)
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n = Ber (8l — gn), gh = In/Kn (5.29)
Cd
= h = x ¢
Ph = ﬁp,ﬂ, (F = uh) +Kkppy + (1 —xp)m (5.30)
h
Kp=In/Kn — 8 (5.31)

Equation (5.23) defines the disposable income of asset holders that consists of dividend
payments of firms (which distribute their whole expected profit to equity holders),
interest on government bonds, i B, + B!, insofar as they are held by domestic residents,
rents for housing services net of depreciation, and interest payments on foreign bonds
held by domestic households (after foreign taxation and expressed in domestic currency
by means of the exchange rate s). Private savings of asset holders SI concerns short-
term and long-term bonds (domestic and foreign ones with respect to the latter), equities
and net housing investment.

We assume in the following that the amount of savings of asset holders that goes into
short-term bonds, B, is given by B — B,,, which means that asset holders passively
accept the inflow (or even the outflow) of short-term bonds that is implied for them
by independent decision of the government on its short-term debt policy and by the
savings decision of workers (that only concerns short-term bonds). This is clearly a
very restrictive assumption which — together with the treatment of the other flows of
financial asset accumulation — must be improved in further elaborations of the asset
market dynamics of the model.

Note that there is no inside debt of the household sector (lending of asset owners
to worker households). Note also that we have supplied — and not only here — a full
treatment of budget equations including all feedbacks on asset accumulation that are
implied by them, a degree of completeness which is missing in the Powell and Murphy
(1997) model.

The supply of housing services C; is assumed to be proportional to the existing stock
of houses that is devoted to the supply of such services (there are no maintenance costs
in the housing sector as in Powell and Murphy (1997)). We assume for simplicity that
there is no resale market for dwellings. Note again that the production of dwellings is
part of the production activities of firms and thus part of the homogeneous supply of
the domestic (non-traded) output.

The demand for housing services has already been defined in module 2a. We assume
that housing demand is always served and we can guarantee this in general — up to
certain extreme fluctuations in the demand for housing services — by assuming that
house owners voluntarily hold excess capacities as measured by the exogenously given
desired rate of capacity utilisation iij, of the housing service supply. We have assumed
in the workforce sector that their demand for housing services grows beside short-term
influences with trend rate ¥ (underlying the steady state of the model). This implies
that housing services per household grow with trend rate y — n, where n is the natural
rate of growth of the workforce. Therefore, over the growth horizon of the economy,
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we have that worker households consume more and more housing services {measured
by square mefres per housing unit for example).?®

Equation (5.27) of moduie 2b describes the desired rate of gross investment of asset
holders, which depends on the (expected!) long-run profit rate r;: in the housing sector
compared with the required rate of return, measured in reference to government consols
by i" = i; — x® (via Tobin’s g as relative profitability measure), on the interest spread
iy — (i + &) as a measure for the tightness of monetary policy (here based on an interest
rate policy rule) and its perceived (or only believed) effects on the level of economic
activity and employment,?” on the actual rate of capacity utilisation®® with respect

to housing services (representing the demand pressure in this investment behaviour),
if

g—';,: — iy, on the trend rate of growth y and on the rate of depreciation §j, in the housing
sector. We assunie that the actual rate of investment g in houses follows the desired
one, g;f, with some delay.?” Furthermore, the long-term rate of profit "1’; in the housing
sector follows the actual profit rate in this sector, r, with a delay, an approach towards
long-run views in investment behaviour that will also be used in the description of the
dynamics of the capital stock of firms.

The rate of inflation of the rental price in housing, p;,, depends as investment on the
rate of capacity utilisation in the housing sector (the demand pull component) and on a
weighted average formed by the actual rate of inflation of consumer or producer prices
in the production of the domestic good and on the level of this inflation that is expected
as a long-term average, the rate 7, whose law of motion will be provided later on (the
cost-push components).*® Finally actual gross investment plans are always realised and
thus determine the rate of growth of the housing stock by deducting depreciation from
them,

Summing up we can state that consumption decisions of asset owners are basically
driven by exogenous habits that are independent of their income and wealth position
and that their investment decision into the housing sector is preceding the other asset
accumulation decisions as they derive from their choice of nominal savings. These
latter decisions are in the present framework governed by supply side forces based
on the new issuing of bonds by the domestic government and of equities by firms,
Note here that asset holders accumulate or decumulate short-term bonds depending on
the difference between their flow supply by the government and the flow demand of
workers. Asset holders are thus simply adapting themselves to the decisions of these
two other agents. Furthermore, their choice of accumulating or decumulating foreign
long-term bonds is here determined as the residual to all these flows in or out of short-

26 Such a construction is needed for the discussion of steady states of the considered economy.

MEa liquidity and risk premium with respect to long-term bond holdings.

28 Powell and Murphy (1997) use the rate of employment on the labour market in the place of this rate which is
a more indirect way of expressing the demand conditions on the market for housing services.

2% Related to but also different from the approach chosen in Powell and Murphy (1997), which introduces some
inertia into the housing investment decisions of asset owners.

30 This adjustment equation for rental prices in housing differs considerably from the one chosen in Powell and
Murphy (1997).
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and long-term domestic debt of the government and the flow of new equities issued
by firms and is thus determined as a last step in the savings decision of asset holders.
The essential decisions in this block of the model are therefore the housing invesiment
decision and the pricing rule for housing services which is based on demand pressure
as well as cost-push elements.

5.4.3 Firms

In the following module 3 of the model we describe the sector of firms, whose planned
investment demand is also assumed to be always served, just as all other consumption
and investment plans. We thus assume for the short run of the model that it is always of
a Keynesian nature since aggregate demand is never rationed, due to the existence of
excess capacities, inventories, overtime work and other buffers that exist in real market
economies. There is thus only one regime possible, the Keynesian one, for the short
run of the model, while supply side forces come to the surface only in the medium and
the long run of the model. Up to certain extreme episodes in history this may be the
appropriate modelling strategy for the macro-level of a market economy. This is shown
in more detail in Chiarella et a/. (2000, Ch. 5) for an integrated Keynes-Metzler model
of monetary growth of a closed economy.

3. Firms (Technology, Production, Employment and Investment).

YP =yPK, yP =const (5.32)
J4=jyY, jy=const (5.33)
X =x,¥Y, x,=const (5.34)
LY =lyexp(—-m)Y, Iy = 1/z = const (5.35)
iy == B —2), 7y =gk (5.36)

s (5.37)
8 = BLY — B + (v =)L}, @} €(0.1) (5.38)
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I“=[+N (5.45)
K=1/K—8 =g — & (5.46)

As already stated we assume in the sector of firms a fixed proportions technology,
with respect to the three inputs, labour Ljfp, imports (raw materials) J¢, and capital
K, and its two outputs (internationally), non-traded and traded goods, ¥, X (which
are not constrained on the world markets for these two goods). Imports and exports
are thus inelastically demanded and supplied by domestic firms. In addition we have
endogenous Harrod neutral technological progress at the rate z with respect to labour
productivity z = ¥ /L9 — which follows the rate of innovations #; (g;) with some delay.
‘We stress that the capital stock is used to measure potential output Y? = y# K in the
following, while all other magnitudes are provided by the Keynesian regime and its
demand determined output rate Y. The rate of capacity utilisation u is defined on the
basis of this concept of potential output and will receive importance when describing
the investment behaviour and the pricing policy of firms. Firms employ a labour force
of amount L which supplies labour effort of amount L‘} as determined by the present
state of sales expectations (plus voluntary inventory production). This labour force of
firms is adjusted in a direction that reduces the excess or deficit in the utilisation of
the employed labour force, L‘} — iy LY, which means that firms intend to return to

the normal usage of their labour force thereby.?! An additional growth term for the
employed labour force takes account of the trend growth y of domestic output, but is
diminished by the effect of Harrod neutral technical change which when working in
isolation would allow to reduce the workforce of the firms.

Next there is the formulation of the desired gross rate of capital stock accumulation
of firms which depends on four factors. First, relative profitability, measured by the
deviation of the long-term rate of profit »/ from the required rate of interest i = i; — ¢
via the type of calculations underlying Tobin’s ¢. Second, on the interest rate spread
i; — (i + &), again representing the tightness of monetary policy and its believed effects
on economic activity and employment. Third, on the rate of capacity utilisation « of
the capital stock of firms in its deviation from the desired rate of capacity utilisation32
ii, which is given exogenously. Fourth, on trend growth y and the rate of depreciation
8 of business fixed investment. As in the case of housing investment, we assume
that the actual rate of accumulation g is following the desired one with some time
delay. Furthermore, also the expected long-term rate of profit r; is adjusted towards the
currently expected rate of profit 7 with some time delay.

Firms produce output to cover expected demand for it and intended additions to
inventories. Expected sales are also the basis of the dividend payments of firms and
thus do not allow for retained earnings of firms, whose income Y is by definition equal

31 Note that this normal usage includes a certain amount of absentism and is thus less than the full normal usage
of this labour foree (% < 1).

3 . .
32 We could include here'a depeadence of the gross rate of investment on the rate of change of the rate of capacity

utilisation which would add Harrod's accelerator to the presemt framework (which is in fact done in a similar
fashion in Powell and Murphy (1997)).
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to their output ¥ minus the expected sales ¥, which in turn must be equal to desired
inventory changes, to be defined below. Valued at producer prices py these inventory
changes thus also represent the nominal savings of firms.

Due to these assumptions, on the dividend policy of the firm in particular, and due
to our assumption that firms only use equities for financing their expenditures, we get
as budget equation of firms

peE = py(l =8 K) + ]Jy(N -1,

implying that firms finance net investment and unintended inventory changes by issuing
new equities (no bonds and no bank loans are allowed at present). Note here that
unintended inventory disinvestment gives rise to windfall profits to firms which are
retained, not subject to taxation and used to finance part of the fixed business investment
as shown in the above equation. We stress once again that this particular financing rule
is not crucial for the dynamic evolution implied by the model, but should of course give
way to more realistic financing conditions in later reformulations of the model. The last
two equations of module 3 then define the total actual investment of firms {for national
accounting purposes) and the growth rate of the capital stock which is determined by
the net rate of capital accumulation planned by firms.

Powell and Murphy (1997) allow for substitution in production by using a nested
input technology of Constant Elasticity of Substitution (CES) type and CES transfor-
mation curves with respect to the two outputs that are produced by firms. With respect
1o such smooth transformation functions they then define medium-run marginal cost
and revenue pricing procedures which act as attractors for the development of short-run
prices in a particular way. We reconsider their approach to substitution and competitive
pricing in Chiarella er al. (1999a,b). Furthermore, Powell and Murphy (1997) do not
distinguish between actual working time and the normal working time of the employed,
but use a single employment equation in their place which differs from our definitions
of (efficient) employment L of the employed L™ and which is not backed up by budget
equations. Finally there are some minor differences in the description of the investment
behaviour of firms which, however, do not matter very much (it can be shown that the
medium-run target prices of Powell and Murphy (1997) can be reformulated in terms
of rates of capacity utilisation; see Chiarella ef al. (1999a,b) in this regard).

Note finally that there is here no value-added tax on depreciation, investment and
planned or unplanned inventories as in the housing sector considered beforehand and
that there is no direct taxation of firms. Summing up the above module of the model
basically provides descriptions of the output, the employment and the investment deci-
sions undertaken in the sector of firms and this on the basis of various delays concerning
employment, investment and underlying profitability measures (the delayed output
adjustment decision is described under the heading ‘quantity adjustment’ in module
5a and the price adjustments undertaken by firms are considered in block 5b of the
model).

Next, import and export prices are treated in the simplest way possible by assuming
that they are fixed in terms of the foreign currency and thus need only to be multiplied
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with the exchange rate in order to arrive at domestic producer prices. There is no
subsidy or tax on exports, but there is a tax rate on imported commodities of size T1,,,.
This module of the model basically impacts the profitability of firms as measured by
the expected rate of profit r® in the first block of our model.

3a. Export Prices and Import Prices in Domestic Currency

Pm = (1+ Tm)SP,T, (5.47)
Px = 5Py (5.48)

In contrast to Powell and Murphy (1997) there are here no inventories held with respect
to imports or exports. Since imports only serve as intermediate inputs of firms there is
also no need to represent them in the consumer price index of the domestic country.
Note furthermore that imports are demanded and exports supplied independently of
their price changes, since they are in fixed proportions to the output ¥ of the domestic
commodity. Note finally that the Purchasing Power Parity (PPP) theory cannot be valid
here, since there is no common basket of goods that is produced and used internationally.

Powell and Murphy (1997) allow for certain price responses on the world market —
due to varying imports and exports of the Australian economy — which we briefly
consider in Chiarella et al. (1999a,b). Furthermore, they divide exports (in fixed propor-
tions) into agricultural and non-agricultural exports which from a theoretical perspective
does not contribute much to the generality of the model, but which may provide extra
descriptive relevance.

5.4.4 The government

In module 4 we describe the public sector of the economy in a way that allows for
government debt in the steady state and for a monetary policy that fixes the rate of
interest on short-term debt in view of the level of the long-term world rate of interest,
the domestic rate of inflation and the domestic level of activity of firms.

4. Government (Fiscal and Monetary Authority):

T" = 1wl + w*(L — LY) + w' oy L,] + r,,-u:L" + 1y py(Cyw + Cc + G)

+ T [r’p,K +iB + B! + ;J;,Cff — 8, Kpl + r,,,s,.'):,J‘! (5.49)
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L;{ = Ly = oz G/ exp(3r) (5.51)
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B=af(p,G+iB+ B
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— T+ w*(L — LY) + w'ayLy + wPLY) (5.57)

B'; _ O‘El‘él (5.58)

Bl = (1 — o, ) B! (5.59)

The first equation in the government module describes the tax collection by the govern-
ment which consists of taxes on wages, unemployment benefits and pensions, payroll
taxes as the basis of state transfers to worker households, value-added taxes on con-
sumption goods, capital taxes on profit, interest and rent (net of depreciation), and
import taxes. Note that — symmetric to the treatment of interest payments received and
taxed abroad — we have here that all interest payments of the government (to domestic
residents or foreigners) are taxed domestically and thus contribute to a reduction in
domestic government debt. Note also that there are no taxes on wealth, investment,
depreciation and inventories and of course none on firm income which is equal to
intended inventories plus windfall profits or losses, Y4 —ve, solely.

Government expenditures are assumed to be a fixed proportion of expected sales
(at consumer prices) and employment in the government sector is a fixed proportion of
real government expenditure. In view of later steady state calculations we assume that
this employment relationship is also subject to Harrod neutral technical change (of the
same type as in the sector of firms), but that government employees have fixed normal
working hours and thus are never over- or under-employed as is the case for the workers
in the sector of firms. Note that this implies that there is no lag in the employment policy
of the government in view of its employment function shown above.3

With respect to monetary policy we assume that monetary authorities determine by
legislature (the change in) the nominal rate of interest on short-term bonds (which
are not traded internationally) by means of a Taylor type policy rule.3> There are no
money holdings in the private sector of the economy and there is therefore no need to
specify the new supply of money, used for open market operations as well as foreign
exchange market operations. With respect to the first type of operation we observe

33

w

3 An easy extension of this rule for government expenditures would be to assume the ratio g depends negatively
on short- and long-term interest rates i, iy, which could also be extended to the consumption decision of
workforce households and which thereby give extra power to the interest policy rule of the central bank to be
considered below. Note also that we do not consider delays in the adjustment of government expenditure (and
the employment decisions that accompany it).

Note here that the employment level in this part of the economy is much larger than any other employment
level within each firm and may therefore allow for such a direct employment policy simply due to retirement
effects and the like.

See Flaschel ef al. (2001) with respect to this particular choice of an interest rate policy rule.
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that there is no need for it in an economy where the short-term rate of interest is
directly set by the monetary authority and where transactions are performed by costless
temporary credit by the branches of the central bank that must be settled in accordance
with the budget constraints at the end of each day. With respect to foreign market
operations we have shown in the preceding section that they are not needed as long as
the private sector just absorbs the inflows of domestic bonds and equities and invests
the remaining savings into long-term foreign bonds. This considerably simplifies the
feedback structure between the real and the financial sector of the economy, but of
course should give way to more realistic descriptions of the financial markets in future
extensions of the model.

With respect to the interest rate policy of the central bank we assume that it attempts
to move the actual rate of interest, i, toward the steady state short-term rate of interest,
ip20 as it is determined by the world rate of interest on long-term bonds minus the
liquidity premium that applies to them, but that it at the same time aims at moving
the actual rate of inflation, p, toward some target rate, 77, for example from above by
raising the rate of interest in order to reduce economic activity (as measured by the
rate of capacity utilisation #) and thus the demand pressure on the rate of inflation. Of
course, high levels of economic activity u will make this decision for a tight monetary
policy more pronounced than low levels of activity which explains the third term in
our interest rate policy rule. In view of the fact that we will not consider inflationary
processes in the world economy, but shall assume given world market prices for imports
and exports in module 8 of the model, we set the target rate of inflation 7 of the central
bank equal to zero throughout this chapter (in order to simplify the presentation of the
interior steady state of the model).>’

Note again that money is not held as a store of liquidity and wealth by the private
sector of the economy, but is only used as means of transactions that flow from banks
(here only branches of the central bank) to households, firms and the government and
then back to the banking sector on each trading day, without any income-in-advance
restrictions.

We use d to denote the ratio between government debt and expected sales (debt-
GDP ratio) at consumer prices and assume as policy rule for the tax rate on wages that
this rate is adjusted such that government moves debt into the direction of a desired
debt-GDP ratio d augmented by a term that describes reactions to the rate of change
of the debt-GDP ratio d as in a derivative control feedback loop. The burden of too
high debt thus falls entirely on wage income which supports our view that government
bonds are net wealth. In addition, the import tax rate ,, is adjusted in order to reduce
any possible surplus or deficit in the trade balance in terms of the domestic prices for
exports and imports (which include import taxation).

36 Or at Jeast attempts to not let it go too far away from it.

37 We shall show in future work however that this rate should be chosen positive in order to avoid certain problems
caused by the actual behaviour of money wages (and that central banks actually generally have a target that is
greater than zero).
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The next two equations, on the debt financing of the government, are based on their
left-hand sides on the actual government deficit or surplus. Government revenue is
based on nominal taxes T" and is used to finance nominal government expenditures
PG, interest payments on short- and long-term debt (i B+ B'), unemployment benefits,
pensions and the wage sum of state employees. The deficit that generally will come
about in this way is then financed by issuing new short-term or long-term debt. We here
assume that the portion cj of the new government debt is financed short term, while
the remainder is financed long term.

For accounting purposes we have added the definition of nominal government savings
Sg which — if negative — is financed in the just stated way through short- and long-term
debt. Finally we have to state how the new long-term government debt is distributed in
the world. As before we here too assume that this is done in constant proportions with
respect to the domestic and the foreign market for domestic long-term debt.

New assets are therefore distributed to asset owners in fairly rigid proportions (on
primary asset markets) supplemented by a procedure whereby we will only introduce
laws of motion for the various asset prices in the following, but will not develop a full
portfolio approach to the determination of asset prices (or their rates of change) and the
implied portfolio adjustments on secondary as well as on primary asset markets. Hence,
asset markets are represented here solely by way of certain interest rate adjustment
processes (and their impact on the investment decisions of firms and in dwellings).
Asset markets are in this chapter thus surely modelled less complicated than in a full
portfolio approach (and the liquidity preference schedule this approach would imply for
the holding of short-term debt). More or less assets therefore just flow into the private
sector of the economy in proportions that are determined by the government and the
firms, which represents a very tranquil way of asset absorption. It is therefore quite
obvious that asset markets are the substructure of the model that need improvement
most urgently; see also the module on asset price dyna1nics.38

For the moment we justify this approach to asset accumulation and their price dynam-
ics by the fact that we at least provide by it a complete — although not yet really
convincing — description of the dynamics of asset markets, which must be improved
later on by a static or dynamic portfolio approach to the behaviour of these markets
that gives more role to the demand side. At present however supplies of new assets
just flow into the economy — up to the foreign investment of asset holders — and lead
through some type of not explicitly formulated process to interest rate differentials
and the dynamics of asset prices and expectations about them as they are described in
Section 5.4.

Note that this description of the government sector excludes open market operations
as well as foreign exchange operations of the central bank. The first type of policy is not

38 Koper and Flaschel (2000) integrate a portfolio approach into the real dynamics of the 6D Keynes—Metzler
model of Chiarella and Flaschel (2000) and find that the implications of this portfolio approach to the real-
financial interaction share many similarities with model types where the present approach to asset market
dynamics is used instead.
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needed in an economy where the interest rate on short-term bonds is set by the central
bank and where accounting money only serves the purpose of intra-day trading until
all budget equations are settled again. The second type of policy is not needed since
the supply side description of asset markets and the accommodating behaviour of asset
helders with respect to foreign bonds always clears the market for foreign exchange as
we have seen in the preceding section.

In sum we have a target rate of inflation @ of the central bank which is here zero
by assumption, a debt target per unit of expected nominal GDP which is given by d,
government’s expenditures which are a given share in expected GDP, and the attempts
of the government to establish external trade equilibrium via import taxation. In a sense
the behaviour of the government is therefore still fairly neutral, although we allow for
steady state debt and deficit according to certain rules. There are certain similarities
between our description of the government sector and the one of Powell and Murphy
{1997), in particular with respect 10 the wage tax rate adjustment rule. It is not difficult to
add farther policy rules to this module of the model, as e.g. an anticyclical government
expenditure and empioyment policy rule, an anticyclical behaviour of payroll taxes or
other formulations of the Taylor interest policy rule. Later extensions and modifications
of the model should concern the introduction of a banking industry (which transforms
short-term debt into long-term debt, issues loans to firms and the like) and a less rigid
diversification and distribution scheme for the allocation of government debt to the
various other agents of the madel {(where we in principle have followed Powell and
Murphy (1997} for the time being).

5.4.5 Quantity and price adjustinent processes

We now come to the description of the dynamics of quantities (module 5a) and prices
{module 5b). Module 5a of the model basically describes a Metzlerian inventory adjust-
ment process for the non-traded good produced by firms.>® Module 5b describes the
nominal adjustments in the goods and in the labour market, as well as the adjustment
of long-term inflationary expectations z*.

5a. Quantity Adjustments in the Production of the Domestic (Non-traded) Good:

VetV =Cy+ Cotk I+ Iy + G (5.60)
§" =80+ S+ S =1" 4+ NCX" = I"" + NX" + NFX" (5.61)
" = py( — 8t K) + py(Iy — 8, K) + pyN (5.62)
N = By (5.63)
T = B, (NY = N)+ yN? (5.64)
Y=Y+1T (5.65)

39 There are no sales and delivery constrains for traded goods and there is thus no direct need to consider inventory
adjustment processes in their case.
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V¢ = Bye(¥d ~ YO) 4 yYe (5.66)
N=Y-—YY (5.67)

The first equation in 5a contrasts expected sales Y¢ with aggregate demand and actual
sales Y of the non-traded good for our Keynesian description of the short run of the
model. Actual sales = aggregate demand consists of five different items here (two
types of consumers’ demand, two types of investors” demand and the government’s
demand for domestic goods). Next we consider once again (for consistency reasons)
the accounting identity for actual total savings, actual total investments and the balance
in the current or the capital account, where nominal actual total investment /"¢ is
defined by net fixed business investment and net investment in houses and by total
inventory changes — everything valued at producers’ prices. This equation provides an
important consistency check for our analysis of goods market disequilibrium in the
context of a small open economy. It also implies, see Section 5.3.2, that the flows of
new assets supply are equal to the absorption of these supplies by the household sector
(workers and asset holders).

The remaining five equations describe the inventory adjustment process. Desired
inventories N¢ are a constant fraction of expected sales ¥¢. Intended inventory changes
Z are proportional to the gap between desired inventories and actual ones, N, plus
a term that accounts for the fact that inventory formation takes place in a growing
economy with trend growth . Output decisions ¥ are based on the sum of expected
sales and intended inventory changes, while sales expectations ¥Y¢ are changed in an
adaptive way through the observation of the discrepancy between actual sales ¥ 4 and
the expected ones Y, again augmented by a term y Y that accounts for the trend
growth underlying the evolution of this economy. Finally, actual inventory changes N
are just given by the difference between actual output and actual sales, which once
again gives expression to our general assumption that the short run of our economy is
always of a Keynesian nature and not perfectly foreseen by the agents of our economy.
This inventory adjustment process is the same as the one in Powell and Murphy (1997)
with the exception that sales expectations are always correct in the Murphy model.

Next we consider the wage-price dynamics of the model. This type of dynamics is
receiving more and more attention in recent studies of primarily empirical orientation*?
and thus represents an important module of the present stage of modelling the details
of a small open economy with an integrated treatment of its short-, medium- and long-
run behaviour. We stress however that we do not yet treat consumer price indices and
the role of import prices in the formation of the money wage and the price level PCs
respectively; see Chiarelia er al. (1999a,b) in this regard.

5b. Wage-Price Adjustment Equations, Expectations:

ﬁ:’b = )Bwu (e — &)+ ﬁwu (”? - 5_‘?) + Kw(ﬁv "I":"{l) + (0 — k)T + Hl) (5.68)

40 See Fair (1997, 2000), and Stock and Watson (1999).
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Po = Py = Bplu — it} + (0 ~ 7)) + (1 — ip)® (5.69)
7 = Bre(tze (P — ) + (1 — aze) (T — 7)) (5.70)
LY=1LY+LY =LY+ LS (5.71)
e=LY/L=es+e=LY/L+LY/L (5.72)
W =LY/LY, [y =LILY =1] (5.73)
¢ =Pile—2) (5.74)

Wage inflation ©® = 0 is nearly of the same type as in Powell and Murphy (1997).

Wage inflation responds in the traditional PC manner; to the state of the demand pressure
in the labour market as measured by the deviations of the rate of employment ¢ from
its NAIRU level &; to the deviation of the employment rate u}“ of the employees of
firms from their norm (including absentism) which is measured by &?}’ (and which
corresponds to the derivative term for the rate of employment, é, that Powell and
Murphy (1997) employ in this place); and to the usual accelerator term of price inflation
which is here measured as a weighted average of actual price inflation based on short-
term perfect foresight (plus the actual rate of productivity growth) and expected long-
term price inflation (plus the long-run rate of productivity growth) in the place of
the simple adaptive scheme used by Powell and Murphy (1997). Wage inflation is
therefore governed by demand pull terms augmented by a weighted average of cost-push
expressions.

The law of motion for consumer prices p,, of the non-traded commodity is formulated
in a similar way, as a second type of PC. In the place of the concept of medium-run
prices used by Powell and Murphy (1997) we use the demand pressure measure 1 — i1,
the deviation of actual capacity utilisation from its norm, as one cause of price inflation.
In Chiarella er al. (1999a,b) we show that this measure is closely related to the medium-
run price concept of Powell and Murphy (1997) in the case of smooth factor and output
substitution. The cost-push term in the price inflation equation is given as a weighted
average of current wage inflation and the one expected for the long run (both made less
severe in their influence on price inflation by the existence of a positive growth rate of
labour productivity, now and in the longer run).

Expected long-term inflation 7° in turn is based on a weighted average of two
expectations mechanisms, an adaptive one with weight ¢; and a forward-looking one
with weight 1 — ;. Forward-looking expectations are here simply based on the inflation
target of the central bank 77, in the usnal way of a regressive scheme of expectations
revision. Inflationary expectations are thus following a weighted average of actual
inflation and the target rate of the monetary authority.

This description of the wage-price spiral is based on formulations used extensively
in Chiarella and Flaschel (2000) and is therefore not explained in more detail here.

Equations (5.71) to (5.73) describe some definitions concerning total employment
{(through firms and the government) and the outside rate of employment e as well as
the inside rate of employment ™ of the employed. The last equation, finally, assumes
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that the NAIRU rate of employment follows the actual rate of employment with some
delay. We here deviate again from Powell and Murphy (1997) who consider this rate
of employment as being determined exogenously. Note that firms follow the rate «®
when deciding on the change in the workforce they employ.

We can see from the above description that only the inflation rate of non-traded
domestic goods matters in the wage-price module of our economy. Housing, mean-
ing the rental price of dwellings (and its rate of change py), is thus completely
ignored in this description of the wage-price interaction. This simplifies the feedback
structure of the model, but should give way to a domestic price index of the form
Pc = Py p}l"“ and its rate of change in the wage equation in future reformulations of
the model.

5.4.6 The dynamics of asset market prices and expectations

The sixth module lists the dynamic adjustment equations we assume to hold for the
asset prices of our model: long-term domestic bonds, pp, equities, p., and for the
exchange rate (in view of the given US § rate of return on foreign bonds). We stress that
reallocations of the stock of wealth are not considered explicitly in the present version
of the model (which also does not yet allow for wealth effects in the behavioural
assumptions that are employed).

As already discussed in the preceding descriptions of the modules of the model, asset
flows and asset accumulation are determined by supply side conditions in the main in
the present form of the model and are thus just absorbed by asset holders, at least as
far as short-term bonds (leaving aside those already purchased by worker households},
long-term domestic bonds and equities are concerned. In contrast to this, asset holders
are supplied with an investment demand function as far as their housing investment is
concerned (which is never rationed) and they balance their savings account thereafter
by purchasing or selling foreign bonds on the world market. This is surely only a
preliminary approach to the accumulation of financial wealth and its distribution to
the two household sectors we consider. We return to this question in Chiarella e al.
(1999a,b) where money holdings are added to the model and are adjusted in time via
changes in the short-term rate of interest.

The adopted approach to asset accumulation is acceptable in a continuous-time
framework, if there is subsequent stock reallocation according to a specified money
demand function and if all other assets can be considered as perfect substitutes for each
other, since asset holders are in such a case indifferent with respect to their holding of
interest bearing bonds, see Sargent (1987) for example. In the present approach there is
however no stock demand for transaction balances and thus ne explicit reallocation of
stock positions that have been changed by flows of new assets into the asset markets.
Furthermore, due to somewhat delayed responses of asset prices to expected interest
rate differentials we depart in the following from the perfect substitutability assump-
tion. Thus we have to acknowledge that asset market dynamics are not yet well-founded
as far as conceivable behaviour of individual holders of financial assets is concerned.
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Franke and Semmler (1999) provide a portfolio approach with imperfect substitutabil-
ities to the determination of the temporary structure of interest rates of the economy
which will be adapted to the present framework in either stock or flow form in futere
extensions of the model.

6. Asset Prices, Expectations and Interest Rate Adjustments:

Py = Bp [l — )it +mp — (I — )i + E), Pp=—4s (5.75)
o= Bpl IR o — (1 = it + ) (5.76)
§ = Bl — 1) + &5 — (1 = )iy + 7)) (5.77)
Tps = By, (Py — 7bs), pe =1/ (5.78)
Tpe = Pb (5.79)
Ty = @pTps + (1 — o) mpe (5.80)
Tes = Brepy (Pe — Tes) (5.81)
Tee = P (5.82)
e = UsTes + (1 — 0} TTec (5.83)
€5 = Pe, (5 — €5) (5.84)
€ =3 (5.85)
€ = oy + (1 — a)ec (5.86)

Note first of all with respect to the three laws of motion for the bond price, the share price
and the nominal rate of exchange. that they have to be based on interest rate differentials
after taxes, but that there is no taxation of actual capital gains in the model, and thus
no tax term applied to expected capital gains in the formulae shown above.

Instead of a full portfolio approach to asset market equilibria it is assumed in the
above adjustment equations for asset prices py, p. and the exchange rate s that stocks
in asset markets give rise to forces that imply certain laws of motion for their prices.
The law of motion for the price of long-term domestic bonds, pp = 1/}, for example,
states that the rate of change of pj, is determined by the differential between the net rate
of return (I ~ 7,)iy + 7, on long-term bonds (including expected capital gains ;) and
the short-term rate of interest (1 — 7,.)i (of fixed-price bonds and after taxes) augmented
by a liquidity and risk premium & that is exogenously given. In the limit, 8,, = co, we
interpret this dynamic law as anequilibrium relationship: (1 —z.)ij+mp == ((1—7)i+E)
which could then be used as in Blanchard (1981) to study the conventional type of
saddlepoint adjustment processes based on the jump variable technique. Yet it is not at
all clear under which circumstances fast, but finite adjustments of consols prices will
lead to dynamics that mirror such saddiepoint dynamics obtained in the limit. On the
contrary, considerations of small size models as in Fiaschel e al. (1997) have shown that
nothing of this type can be expected in general. Therefore, we stick to the assumption
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that the rate of interest /; == 1/pp of long-term bonds follows the movement of the
short-term rate of interest ¢ (in the above assumed way) with some delay which may
be very short, but which is larger than zero.

The next equation describes the evolution of equity prices, p., in a similar way. Their
rate of change, p., is driven by the discrepancy between the rate of return on equities
(dividend payments of firms after taxes and expected capital gains 7, per equity value)
and the rate of return on long-term bonds after taxes (including expected capital gains).
Note here that (lmr”p)# describes the actual dividend payments per unit of equity
value and representsta nominal rate of return which - leaving capital gains aside — has
to be compared with the nominal rate of interest on bonds (1 — )iy in order to make
the correct rate of return comparison. Assuming g, = oo would again imply the often
used assumption that long-term bonds and equities are considered as perfect substitutes
and would thus Jead to asset market representations of a more conventional type.

Finally, we assume that the dynamic of the exchange rate, $, is also based on an
expected interest rate ditferential, namely between domestic and foreign long-term
bonds (both after taxes), the latter augmented by the expected capital gains from possible
devatuations, e,, of the domestic currency and the former by expected capital gains on
domestic bonds. Note here that the foreign rate of interest is exogenously given so
that there is no comparable capital gain on long-term foreign bonds. An increase in the
above differential makes foreign bonds more atiractive which leads to a capital outflow
and thus an increase of the demand for the foreign currency which is the (here implicit)
cause for the increase of the exchange rate s implied by equation (5.77). Assuming g; =
oo would lead us to the limit assumption of uncovered interest rate parity (UIP) — often
employed in the literature — which in this chapter is however subject to some time delay.

With respect to expected capital gains on long-term bonds and equities we assume
heterogeneous expectation formation. On the one hand, there is technical or time series
analysis (for a certain group of asset owners), which here boils down to an exponen-
tially weighted formula based on past observations or simply an adaptive formation
of expectations with speeds of adjustment Sr, , Br,, (Iess ambitious ‘retired” or less
well-informed asset owning agents which we here identify with the fraction of elderly
people among the asset holders). On the other hand, there exists a portion of asset
owners with correct expectations pp, pe (ambitious ‘younger’ or well-informed agents
who achieve myopic perfect foresight by sacrificing leisure time).

We thus assume that the establishment of myopic perfect foresight is very time con-
suming (reducing the leisure time of the ambitious wealth owners significantly). There
is thus only a certain fraction, the ‘younger’ ones of the population of all pure asset
owners, who devote themselves and their leisure time to this formidable task (repre-
sented by 1 — «), while the other (the less ambitious ones among the wealth owners)
rely on less time consuming time series analysis in order to make their predictions
of temporary asset price changes. The market opinion is then simply reflected on the
macroeconomic level by the average of these two expectations generating mechanisms
formed by means of the weight ¢, 1 — ey in each case (long-term bonds and equities).
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In line with the dominant view of currently prevailing economic theory we consider the
less ambitious agents as the stupid ones and the ambitious agents as the clever ones.

Due to their myopic perfect foresight clever agents of course perform better than
the stupid ones and thus will have a higher overall rate of return than this latter group.
Yet, since they will change their behaviour in later parts of their lives (due to changing
habits and obligations of people that get older) they will only temporarily outperform
the market and accumulate wealth at a higher pace. The overall effect of the existence
of these two groups of people among the pure asset holders is that markets would adjust
their prices according to the interest rate differentials perceived by the stupid agents,
but that the existence of clever agents and their perfect short-run expectations works
such that the former interest rate ditferentials are transformed and corrected to some
extent into the directions the clever agents see them to be. This is due to the redirection
of portfolio demands as they come from this second group of agents which are not made
explicit here. Adaptive expectations that are too high with respect to actual changes in
asset prices are thereby made less severe in their impact on asset demands and resulting
asset price changes.

In order to justify this approach to expectations formation further we now insert this
average expectation on asset price or exchange rate changes into the corresponding
price formation rule which in the case of long-term bonds, for example, implies the
following final form for the adjustment of bond prices:

2 ﬁpb

Ph— = o =
; I = anJ'],(l - O-'.s')

together with equation (5.78) for 7. Increases in the population and the weight 1 — o4
of the clever ones among the asset owners (with their time-consuming establishment of
myopic perfect foresight), starting from «y = 1 therefore increases the volatility of bond
prices and the difficulties to predict them perfectly, since it increases the adjustment
speed with which the interest rate differentials as viewed by stupid agents (weighted
by their fraction in the total population of asset owners) is transferred into bond price
changes.

There is an absolute upper limit with respect to this increase in volatility
which is represented by the critical proportion « of ‘less ambitious’ asset owners
given by:

[(1 —ze)ip + osmps — (1 — 1o)i + &)]

O{f = Bp, — D/Bp, < 1.
At o the speed of adjustment of bond prices has become infinite while it is still finite
(and working into the right direction) for all admissible «; that are larger than a.
Decreasing the number of less ambitious asset owners therefore is bounded by this crit-
ical value oy where the young workaholics must finally lose sight of the true behaviour
of asset prices and the exchange rate. We do not however investigate in this chapter
the adjustments that may take place in the share «; of time series based expectations
according to some switching mechanism between the two groups of asset owners here
considered, but assume instead that this proportion is constant in time at a ‘balancing
age’ where asset owners switch from ambitiousness to laziness. Endogenous changes
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in this dividing line and also other reasons for such a switch should be incorporated at
a later stage.*!

Whatever the outcome of such a discussion may be, we thus here simply assume
that there is a mechanism at work that creates heterogeneous asset owner behaviour
and heterogeneous expectation formation of a type and extent that prevents the model
converging to situations of overall myopic perfect foresight in the financial markets.
Rather a situation is reached where asset price reactions to interest rate differentials are
still normal with respect to direction and are finite.

Of course, these considerations of long-term bond price dynamics apply to the
dynamics of equities in the same way and as the above module of asset prices shows also
to the dynamics of the exchange rate and the expectations mechanisms there assumed.
In all three cases we assume therefore a lower limit for the proportion or market share
of ‘less ambitious’ or ‘stupid’ asset owning households given by

at = (ﬁ\ = 1)/}6\

where x stands for the asset market under consideration. Note that we must assume
that e, is larger than all three critical ratios that are generated on the three considered
asset markets in order to have normal reactions of asset prices and exchange rates on
all three markets.

We stress that all interest rate comparisons are made with respect to gross levels of
these rates (not net of taxes at the rate t.), so that the tax rate 7. does not show up in
these laws of motion for interest rates, asset prices and the rate of exchange. Taking net
rate in the place of gross ones would only complicate the above formulae without any
change in substance.

This closes the description of the behaviour we assume for the asset markets of the
economy. Powell and Murphy (1997) assume only ‘clever’ agents or ‘workaholics’®
to exist in their formulation of asset market behaviour and assume in addition that
adjustment speeds of asset revaluations are always infinite, leading them to the usual
interest rate parity conditions as for example for the comparison of domestic and foreign
long-term bonds: (1 — 7. )i« +§ = (1 — 7.)i;. Their model thus is based on the limiting
case of myopic perfect foresight in the asset markets which leads them to the then usual
jump variable technique as assumed representation of the forward-looking behaviour of
agents and restricts the dynamics of the model to its stable manifold (thereby removing
all local instability from sight). We do not follow this procedure in our formulation of
the dynamics of the model, which only partly incorporates forward-looking behaviour
on the asset markets, whose dynamical implications are — as will be seen — radically
different from those with complete myopic foresight on the asset markets and perfect
adjustments of asset price (no interest rate differentials).

41 See Brock and Hommes (1997), Chiarella and Khomin (1999) and Sethi (1996) for examples of analysis of
the implication of such switching mechanisms.
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The consequence is of course that we will have differentiated rates of return at each
moment in time, without formulating a full portfolio approach to take account of the noan-
uniformity of these rates. In sum, we must state that the description of the asset market
adjustment processes represents the module of our model where future improvements
are needed the most. At present ‘causality’ runs from the interest rate policy of the
central bank (with respect to short-term debt which is not traded internationally) to
adjustments in the rate of interest of long-term debt to adjustments of the exchange
rate (in view of internationally traded long-term bonds) to changes in the rate of profit
expected by firms. There are also adjustments in equity prices based on the rate of
return for long-term bonds but these adjustments do not feed back into the model due
to the lack of wealth effects and more advanced financing rules for firms {and due to
the hierarchy chosen for the adjustment of asset prices). With the exception of the latter
type of dynamics we have effects of the above changes in asset markets on business
fixed investment and housing investment, but this is basically all that relates the real
and the financial part of our economy. Note here also that the monetary authority is
steering the short-term rate of interest basically from an anti-inflationary perspective
and that it can do so to some extent since short-term debt is not traded internationally.
Of course, it has to accept then the consequences that result from the adjustments of
the long-term rate of interest and nominal exchange rates.

5.4.7 External accounts and foreign country data

The next module, 7, describes the various items that appear in the balance of payments
Z, nominal net exports N X", nominal net (international) interest payments ¥ F X" and
nominal net capital exports N C X", Concerning nominal net interest payments, which
are normally interpreted as net ‘factor’ exports N F X" and which need not cross borders
and thus need not appear as an item in the current account, we have in fact assumed
that they do cross borders. They are fully present in the calculation of the disposable
income of wealth owners and also in the current account of the balance of payments
Z. We stress again that the balance of payments must be balanced in our model due
to assumed behaviour of asset holders with respect to the domestic supply of debt and
equities and the international adjustments that residually follow from them.

7. Balance of Payments:

NX" = EX" — IN" = spiX — spi J¢ (5.87)
NFX" =s(l —t})BS — (1 — z.) B (5.88)
NCX" = sBh/in — B\ /4 (5.89)

Z=NX"+NFX"-NCX"=0 (5.90)

Module 8 finally provides the data needed from the ‘foreign’ economy in the simplest
form possible. It is assumed that the modelling of the foreign economy is based on the
same qualitative principles we used for the description of the domestic economy and

5.4 The model 177

that it is inflation free, exhibits a constant rate of growth and a constant rate of interest
on long-term bonds.

8. Foreign Country Data:

i1« = const, {world interest rate) (5.91)
T} = const. (foreign tax rate = 7, by assumption) {5.92)

Yy = const. (world growth rate) (5.93)
py = const. (world price level] of the export good) {5.94)
Py, = COISI. (world price level of the import good) (5.95)

This closes the description of the extensive or structural form of the model of a small
open economy and its detailed comparison with the structure of the Murphy model for
the Australian economy.

‘We stress once again that the short run of the model is Keynesian throughout which
means that supply bottlenecks can either be avoided through appropriate buffers or have
to be added still for larger deviations of the economy from its steady state behaviour
as described in Chiarella et al. (1999a,b).%

Summarising our comparison with the Murphy model as presented in Powell and
Murphy (1997) we can state that their model basically differs in the range of assets
they allow in the financial part of the economy where we use a disequilibrium approach
to asset market dynamics and expectations while the Murphy model rests on interest
rate parity conditions coupled with perfect foresight of investors, both with respect
to financial as well as real investment which is a limit case of the approach we have
adopted. It may be that this limit case is the only convincing case of the situations we
allow for asset market dynamics as far as a pure flow treatment of these markets is
concerned. In our view this would imply that the asset market module of our model
must be replaced by a full portfolio approach in later reformulations of the model as it
is presented in Franke and Semmler (1999).

The largest difference is the difference in the treatment of production as far as formal
difficulties are concerned. Powell and Murphy (1997} have to solve an eight dimen-
sional non-linear equation system in their treatment of the objectives of firms on the
background of their nested CES technology while we have only explicit linear expres-
sions for the same procedures in the case of a fixed proportions technology of the same
type. We show in Chiarella ef al. (1999a,b), however, how the approach chosen for the
Murphy model, its so-called neoclassical heart, can be integrated into the model of
the present chapter and that the qualitative dynamic behaviour of the model remains
the same.

Further differences concern household behaviour where we show in Chiarella ef al.
(1999a,b) how the representative life-cycle approach of the Murphy model can be

42 gee Chiarella er af. (2000) for the details of such an extension which explicitly includes the possibility of and
the reaction to supply bottienecks.
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integrated into our heterogeneous household framework. There we also allow again for
the conventional type of money holding and a Cagan type money demand function for
the two types of households we consider. There are also many further, but generally
minor, differences to the Murphy model which will not be investigated here. In view
of this we would nevertheless claim, even at the present stage of the investigation, that
the model of this chapter and the Murphy model are very similar in spirit, although of
course different in purpose still, with respect to the weights these two model types give
to theoretical or applied considerations.

5.5 The next steps

We have introduced and discussed in this chapter in great detail an integrated macrothe-
oretical model of monetary growth for a small open economy in extensive or level form
which has many features in common with the macroeconometric model for the Aus-
tralian economy as presented in Powell and Murphy (1997). Our aim in this chapter was
to provide a starting model which can provide macrofoundations to applied models of
the Murphy type, in the twofold sense that all budget equations of all agents that are con-
sidered be spelt out in their details and in their consequences (the assumed behaviour of
gconomic agents of course being consistent with these budget restrictions) and second
that there be a fully specified steady state solution to be used as a consistency check
and as a reference path for the dynamics implied by the model.

For the moment we have used fairly conventional macro descriptions for the
behaviour of households, firms and the government without demonstrating how they
can and have been microfounded in the literature. Specific microfoundations may be
provided later on and may change some of the modules we have presented here to
a certain degree, but we expect that they will not change the general outlook and
type of investigation of the presented description of labour, goods, and asset mar-
ket dynamical (disequilibrium) adjustment processes. In our view, macrofoundations
(or macroperspectives) come first (before microfoundations), since they provide the
overview across the modules of the structure to be studied in their dynamic interdepen-
dence, while microfoundations are needed later on to obtain hopefully a firmer basis
and more convincing formulation of the modules used in the initial macrostructure.

Our next steps in pursuing the project of macrofoundations and macro analysis in
this way will aim at obtaining first of all a thorough presentation of the intensive or state
variable form of the model (explaining its characteristics in detail also on this level).
We then calculate (with respect to real magnitudes) on this basis a uniquely determined
interior steady state solution of the model and study the comparative dynamic implica-
tions to which it gives rise. This will lead us to a 34 dimensional non-linear dynamical
model and its steady state solution which in this general form is difficult to understand
with respect to the many economic features it contains and which generally can only
be investigated from the numerical point of view.

In order to approach the understanding of such large disequilibrium growth models
in a systematic way we shall simplify them in various ways in the subsequent chapters.

We shall make use of a core 18D model that is obtained from the general version
by suppressing certain secondary feedback structures of the full 34D dynamics. This
18D model can be further reduced to a basic 61> Keynes—Metzler—Goodwin type real
dynamical model of a closed economy as it was introduced in Chiarella and Flaschel
(2000, Ch. 6). Starting from this model type various routes for extending it back to the
18D structure will then be investigated and compared in their numerical behaviour, see
Chiarella ef af. (2003b) for details.

Next, from the theoretical point of view, we shall isolate all the partial feedback
mechanisms that are contained in the 18D core case in order to discuss their stabilising
or destabilising potential from a theoretical point of view. This will add extra insights to
the numerical investigations already carried out and will often allow us to predict how
the full 18D model behaves when some of these feedback mechanisms become more
pronounced; see Chiarella and Flaschel (1999b) for details. In this way we will arrive at
a method of understanding large theoretical (but small applied) macrodynamical mod-
els that is quite new, since these models have rarely been studied in the literature from
the theoretical perspective, although Barnett and He (1999) is one important exception.
It is our opinion that there is an urgent need for similar investigations of the dynamical
features of applied or applicable integrated macrodynamical models and that tools are
now indeed available for the achievement of progress at this frontier. We expect that one
outcome of this analysis will be that applied structural disequilibrium models of mon-
etary growth will exhibit a rich menu of attractors (points, limit cycles, quasi periodic
orbits and also more complex ones) and also interesting transient behaviour towards
such attractors that will severely question the narrow, but still prevalent, view of only
steady state attractors as far as the deterministic part of published macroeconometric
models is concerned. In our view this understanding will drastically change the way
such models are conceived and utilised in theory as well as in applications in the future.




6 Intensive form and steady state
calculations

6.1 Introduciion

In this chapter we derive and investigate the 34D intensive (state variable) form of the
applied structural model of disequilibrium growth we have introduced and discussed
in its originally extensive form level in great detail in Chiarella and Flaschel (1999b)
and in the preceding chapter. We will represent the resulting 34 dimensional dynamical
system from various perspectives, providing compact intensive form representations
of the real and the financial sector of this economy in tabular form and also in the form
of a system of national accounts. We will then discuss to some extent the economic
content of the resulting laws of motion from their intensive form perspective, thereby
showing that the model can be understood from the outset on the intensive form level.
Presenting the system from these various perspectives serves the purpose of making
the reader acquainted with the notation and the relationships that apply on the intensive
form level of the model. We hope that this approach will increase the readability of the
laws of motion for quantities (including rates of growth), for prices (including wages,
asset prices and also expectations), financial asset accumulation and feedback fiscal
and monetary policy rules to be presented and discussed in Section 6.3. Section 6.4
then calculates the (up to the determination of nominal variables) uniquely determined
steady state solution of this dynamical system and briefly considers its comparative
dynamic properties which are generally very simple in nature. We then go on and
show that the dimension of the dynamics can be significantly decreased by only a few
simplifying assumptions (leading us from 34D to 18D dynamics) whereby we obtain
what we will call the 18D core dynamics of our approach to disequilibrium growth.
We shall briefly compare these dynamics in Section 6.6 with the fourteen equations
second order system of Bergstrom et al. (1994), a prominent example from the literature
on continuous-time macroeconometric model building and testing.! We then use an
approach similar to the one by Barnett and He (1999), who reconsider the fourteen-
equation model just mentioned from the numerical perspective, in order to study the
nusmerical properties of our 18D core dynamics in particular with respect to the role

1 See also Bergstrom and Nowman (2007} for a survey on this literature,
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played by speeds of price and quantity adjustment. In the present chapter, however,
we shall for the time being use only eigenvalue calculations based on one-parameter
changes in order to see which adjustment speeds (and their corresponding feedback
chains) are stabilising in the full 18D dynamics, and which are destabilising when
they are increased. In future work we will also calculate, as in Barnett and He (1999),
bifurcation boundaries in various two-parameter spaces (which bound the regions of
local asymptotic stability of the system) and will then show that the bifurcations that
occur are essentially of the Hopf type (which at present is only a conjecture based on
earlier work on such disequilibrium growth dynamics).

6.2 The real and the financial structure on the intensive form level

Tables 6.1 and 6.2 provide a survey of the structure of the economy to be investigated
in the following and they do so on the basis of what has been presented and discussed in
Chiarella and Flaschel (1999b) with respect to the extensive structural form of a general
disequilibrium monetary growth model by transferring this discussion to the intensive
form level and related steady state calculations.? This chapter therefore continues the
analysis begun in Chiarella and Flaschel (1999b) by showing that this model type has
a well-defined intensive form state variable representation and also a basically (up to
the level of nominal variables) uniquely determined interior steady state or balanced
growth path solution.

6.2.1 The real part of the economy
Let us start with a presentation of the variables that comprise the real part of the economy
to be considered which, as already stated, are all recalculated here in per unit of capital
form as far as the side of quantities is concerned, plus in efficiency units in the case of
labour, and also in efficiency units in the case of wage rates, since these variables also
would exhibit a positive trend otherwise (since they rise with labour productivity on
average). Price levels, however, are at present without trend in the considered model,
since it is assumed that the central bank follows an interest rate policy rule with a zero
target rate of inflation, which restricts the steady state solution of the dynamics to zero.
Table 6.1 describes the real sector of the considered economy. We have a labour
market, three commodity markets and the housing market. Domestic production y =
Y /K, perunit of capital, concerns one good that is only domestically used (for all private
consumption ¢,,+ ¢, all investment gﬁ, gjf Z/K,alsointo housing, and all government
consumption g = G/K and which uses up all the imports j¢ as intermediate goods)
and one good that is only used for exports x. There is thus only a single commodity
used in domestic absorption — up to the housing services cff demanded by workers.
We denote the demand for this domestically produced and absorbed commodity by
yd(m Y‘I/K).

2 In order to clarify the notation used and the contents it represents the reader should therefore wiilise this original
presentation of the model.




182 Intensive form and steady state calculations

Table 6.1. The real part of the economy

Labour Non-traded Goods  Exports Imports Dwellings
Workers 1 =oylf cg - - cp
Asset holders - gﬂ' - - o Sff
Firms l?",l?" yf’,y,gg,l"/]( X i -
Government lge = !gw g - - -
Prices w, w', wh W py=(1+t)py px=spf pm=(+Tm)spl PPy
Expectations w¢ = Pl 7f = pf - - Tt = p
Stocks !‘i” v=N/K - - kyy
Growth n E= gf! — 8 - - K= 5’5':’ — 3

N=(—yhHyv

Our model exhibits three domestic sectors: households, firms and the government, but
with heterogeneous agents in the household sector, workers and (pure) asset holders,
the former supplying their labour {¢ (measured here in efficiency units) at the gross
wage level w?¢ (which includes payroll taxes) and the latter the housing services ¢
for the workers. Firms produce a non-traded domestic and an exported commodity
and employ labour l}““" {with varying rates of utilisation ldf‘?) and imports j¢ (besides

their capital stock K) for these purposes, and invest into fixed business capital g,‘(" (per
unit of capital) and inventories Z/ X . Government finally provides public consumption
goods g, pays rents w'¢ and unemployment benefits w"° and also employs part of the
workforce l;;" . There is endogenous growth a of the potential labour force L, of the
capital stock K, by gg — & and of the stock of housing K}, by gﬁ — &5, (supplied at
price pj for rental services) and also actuat change of inventories v = N /K that is
different from their desired rate of change Z/K.

6.2.2 The financial part of the economy

Let us next consider the financial part of the economy. Note that all stock variables
B, By, B, B Bﬁ, Bi , E (and their rates of change) appearing here are measured rel-
ative to the gross value of the capital stock p,K based on prices p, that include
value-added tax. They are then denoted by lower case Latin letters (and by ¢ in the case
of equities F).

The first column in Table 6.2 shows that we do not consider money heldings in the
model of this chapter; see Chiarella and Flaschel (1999b) for details. At present there
are only (four) interest-bearing financial assets in our model that can be held by the
(pure) asset owners and by the workers of our economy (as shown in Table 6.2). As in
the Keynes—Metzler model of monetary growth of closed and open economies — see
Chiarella and Flaschel (199%a,b,c,d, 2000) — we here assume, in order to start with a
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Table 6.2. The financial part of the economy
Short-term Bonds Long-term Bonds Equities Foreign Bonds
Warkers Bq_ﬂ/(pUK) = B;wbw - - T
Assetholders  Be/(pyK) = Bebe Bl /(puK) Ef{(puK) BL/(puK)
Firms - - - E/(ppK) -
Government B/(pyK) = Bb B i (puK) - LT
Prices il pp =1/ pe sp, =S5 -A'I?/zf
Expectations - mp = pf e = Pl e =4
I
Stacks b=B/(ppK) U =Bl (puK), &=E[(pyK) by=By/(puK)
¥, = Bl /(puK)
B ol h 5 Al
Growth B B, Bl E BS

simple representation of financial flows, that bonds are only issued by the government,
that firms use only equity financing and pay out expected earnings as dividends, and
that there exist also long-term bonds issued by the ‘foreign government’. Financial
flows between the sectors of our economy are therefore very narrowly defined. Note
that we allow for savings out of wages in the present model (in a Kaldorian way) and
that workers save only in the form of short-term debt (interest-bearing saving deposits®
held at the local branches of the central bank).* All other assets (plus the remainder of
short-term debt) are exclusively held by the (pure) asset holders of our model. We stress
that this formulation has served the purpose of simplifying the budget constraints of the
agents in Chiarella and Flaschel (1999b), but should be extended in future developments
of the model.

This s the basic structure we assume for our economy which will be further explained
in the next section from the viewpoint of national accounting before we present and
discuss the intensive form of the model of Chiarella and Flaschel (1999b).

6.3 The implied 34D dynamics

In order to study the dynamics of our stylised disequilibrium growth model analytically
and numericaily it is necessary to reduce the equations of the model presented in
Chiarella and Flaschel (1999b) to intensive or per (value) unit of capital form. This
has already been indicated and discussed in the preceding section from the viewpoint
of the system of national accounts by dividing all (nominal) level magnitudes through
(the value of) the capital stock K of firms (measured at consumer prices py) and by
taking note of the fact that the model exhibits Harrod neutral technological change

3 QOr fixed-price bonds, which are perfectly liquid, while the other type of bonds, long-term bonds (here consols
or pespetuities, held by asset holders), cannot be redeemed at a given price from the viewpoint of the sector of
asset holders as a whole, » )

4 For the purpose of financing government expenditures with no explicit reserve requirenents.
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which means that all variables involving labour must be measured in efficiency units,
so they are to be multiplied by the term exp(n; 1) in order to remove the trend in labour
productivity from them. Note that this procedure must also be applied to the nominal
wage w which is to be replaced by the term w*® = w/ exp(n;¢) since nominal wages w
will rise with labour productivity in the steady state and must therefore be detrended
and replaced by the wage rate per efficiency unit of labour in order to get a variable
that in principle allows for stationarity (:0¢ = & — ny).

Note here again that the model has been formulated in a way that implies zero price
inflation in the steady state if it is assumed that the target inflation rate of the central bank,
7, equals zero - an assumption that will be made for the remainder of the chapter. The
variables such as w®, py, py therefore need not be detrended any further, but represent
state variables of the dynamical system to be formulated below. The first two laws of
motion of these state variables are easily obtained from module 5b of Chiarella and
Flaschel (1999b) by inserting there the definitions for u}’ = Ijﬁ" /l}"’, ¥ = y/y’in
particular and by replacing level variables by their intensive form measures. In the
same way we obtain the dynamical laws for long-run inflationary expectations 7 ¢ by
making use of 7 = K, and also the law of motion for the price of dwelling services
Pir. see module 2b of Chiarella and Flaschel (1999b).

Note finally that the magnitude ¢, = C,./K, the consumption of asset holders of the
domestic good per unit of capital, is a given magnitude in the steady state of the model
(but not off the steady state), due to the assumption . = y made in Chiarella and
Flaschel (1999Db).

6.3.1 The laws of motion
Let us start our presentation of the model in intensive form by first considering the
quantity dynamics it implies,” which are given by

1. The Quantity Dynamics (seven laws of motion):

3= Bye 07 — ¥ + (¥ — (gk — 8)y*, (6.1)
b=y — 3!~ (g — 8Iv, (6.2)
Cu = (0, fow — 1)+ af (e — &) + v — (g — 8t), (6.3)
& = alel/el — 1y +af (e ~2) 4y — (g — ), (6.4)
Ce =1y — (gr — &), (6.5)
19 = By — a9 +y ~ (g — &), (6.6)
g = file —e). (6.7)

These formulae are obtained from the extensive form presented in Chiareila and
Flaschel (1999b) by the usual growth rate formula for intensive expressions, for example

5 These dynamics, as well as the growth dynamics, will be considerably more complicated # substitution is
allowed for in the production possibilities of firms: see Chiarella e a/. (1999a,b) on this matter,
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172’—/7{ = V¢ — K with K = g — &, by reformulating such expression in terms
of time derivatives whenever necessary. The dynamical laws for quantities describe
sales expectations dynamics, actual inventory dynamics, three types of consumption
demand dynamics for workers (domestic goods and housing services) and asset holders
(domestic goods including houses), the dynamic employment policy of firms and finally
the dynamics of the NAJRU rate of employment.

Next we describe the price dynamics as far as real markets are concerned:

2. Wage/Price Dynamics (four laws of motion):

@ = P, (e — &) + Bu, (U7 — i), (6.8)

“+ Kw([’j_\' +np) + (1 = e} (m” + Hp) —ny,

]3}’ = ﬁp(}’/)’p —u)+ prc + (1= Kp):rfca (6.9)
7€ = Brelttne (Py — ) + (1 — age) (0 — T, (6.10)
¢! .
Pu=Bn | = dn ) +rnpy+ (1 — k) (6.11)
h

These equations for wage and price dynamics (including medium-run inflationary
expectations) and rental price dynamics are straightforward consequences of the laws
of motion as they were formulated in Chiarella and Flaschel (1999b).

We have next the dynamics of asset prices, expectations about the dynamics and
the dynamics of certain long-run concepts of interest and profits. Note that we here
make use of Tobin's ¢ = j')’i—i as an aggregate expression for the joint dynamics of
equity prices p, and the number of equities £. Given the formuiation of the model in
Chiarella and Flaschel (1999 it suffices to describe the dynamics of ¢ in the intensive
form which moreover, due to the lack of wealth effects and the like, does not feed back
into the rest of the dynamics. Note however that the expression for p. from Chiarella
and Flaschel (1999b),

ﬁPr
11— ﬁpe(l — )

with aggregate expectations mp being determined by ey + (1 — ) Pp, has to be
inserted into the law of motion for Tobin’s ¢ in order to get a description of these
dynamics that is complete. Due to the isolated nature of these dynamics it is however
not necessary here to go into more detail.

Pe = ({1 — Tc)f"'/q + s Tes — ((1 = )i + 73], (6.12)

3. Assel Prices and Expectations (eight laws of motion):

‘Bp.')
1- ﬁpb(l - Oly)

ﬁb = [(1 — )i -+ ogmpg — (1 — 7p)i +&81  (pp = /i),

(6.13)
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Tps = ﬁ:frb; (ﬁb =~ TThs)s {6.14)
~ A A e — O +y - d_ R\ Mo € — ¢

G = pe—py4 BTOTY =Y (ﬁq(ﬁ YV E VBV o s,

(6.15)
Tres = Br,, (Pe — Tes), (6.16)

. Bs s .

§ o= m[(l -7 )11* + g€ =~ (1 — )i + 7))l (6.17)
és = Be,(§ — &), (6.18)
M= Br (e — rl), 6.19)
P = By (rn = 1) (6.20)

We have first the law of motion for the price of long-term bonds, pp = 1/i;, which is
here expressed in terms of the interest rate that these bond prices (consols) represent.
This interest rate adjusts in the direction of the risk free interest rate on short-term
bonds after taxes (1 — 1.)i, augmented by a risk and liquidity premium & for long-term
bonds. Note that we have removed the perfect foresight expectations from the left side
of this adjustment equation which, as shown in Chiarella and Flaschel (1999b), gives
rise to the fraction in front of the shown formula. Note furthermore that only the law of
motion of ‘less ambitious’ expectations is then needed in order to make this substructure
determinate, but that aggregate expectations on these bond price changes iy, are needed
in the subsequent laws of motion of asset prices.

Making use of the formula for the rate of change of equity prices . expected on
average we can transform the law of motion for equity prices just as the law of motion
for long-term bond prices and also remove the explicit representation of ‘ambitious’
agents, as shown in the representation of the p, dynamics. This law is again to be
supplemented by the law of motion for the expectations of ‘less ambitious’ agents.

The next law of motion concerns Tobin’s ¢ which, as already shown, is measured by
the ratio between the value of equity stock and the producer price of the existing capital
stock, that is g = L . We have § = p. — py + E — K where the first two inflation
rates have already been determined in equations (6.12) and (6.9). For the remaining
expression E/E /K = E — K wehave

—r—— ~

BB = b — R = PeE 2K

pyK  peE
=gk — 8 +y — ¥~ (BulBuaY* — V) + ¥Buty)1/q — (gr ~ k),

-~ K

which yields the law of motion for Tobin’s ¢ shown in module 3. Note again that the
expression for ¢ can be inserted into the ¢ dynamics and thus gives rise to one law of
motion in Tobin’s ¢ solely.
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The method used to describe the dynamics of p, also applies to the law of motion for
the exchange rate s by removing again the correct expectations of the ‘ambitions’ agents
from its right-hand side after having inserted the expression for average expectations
¢ = a5, -+ (1 —ay)3 into this formula. Again this is to be supplemented by the law that
describes the evolution of the expectations of ‘less ambitious’ agents in the postulated
adaptive way.

There follow the two laws of motion for expected long-run proﬁtab111ty, ', which
is used in the investment equation for the capital stock, and vl 5> Which is used in the
investment equation for the capital stock in housing. Both of these measures follow
their short-run equivalents with some time delay.

Next we consider the laws of growth that apply to the economy under consideration:

4, Growth Dynamics (six laws of motion):

B B, —n), (7 =7ie, ), (6.21)
I =n+n — (g — &), (6.22)
gk = By (8 — gr), (6.23)
kn = gn — 01 — (g — 8, (6.24)
én = Ben (gl — 8n), (6.25)
iy = By — ), 1y = (0 {gi))- (6.26)

The growth equations represent the time rate of change of the so-called natural rate
of growth, the law of motion for the full employment labour intensity (in efficiency
units), the time rate of change of gross investment per unit of capital (also for the
housing sector), the growth rate of the relative magnitude of the stock of houses to the
capital stock employed by firms and finally the time rate of change of the rate of Harrod
neutral technological change. There is no further comment needed with respect to the
above presentations of the growth laws of the economy which again use the formula
K = g — & in the formulation of intensive expressions.

Next the dynamic feedback rules for government behaviour are collected. These
concern the steering of the short-term nominal rate of interest by the central bank, the
dynamic wage taxation rule based in reaction to the evolution of government debt d
and the motion of the tax rate on imports, which is here used to establish a balanced
trade account in the steady state.

5. Monetary and Fiscal Policy Rules (three laws of motion):

=B (i +&—iy+Bi,(By —7) + Bi, /¥y — i), (@=0), (6.27)
. . b+b'fi
2 = oy, (d)d = 1) + 0z ,d, (d = —T}J) : (6.28)
- sof
Ty = U, PeX = Pt Pri] . (6.29)
PxX
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Note with respect to module 5 that the aggregate accumulation of government bonds
cannot be divorced from the real sector (even though wealth effects are not yet included
in the model) due to the assumed wage income taxation rule whereby the government
attempts to steer a certain ratio for government debt to a desired ratio d.

There remain the dynamics of aggregate and individual asset holdings which rep-
resent the most involved block in our dynamical system. We have already stressed
that the individual allocation of government bonds (between workers and asset holders
and also throughout the world) does not feed back into the remaining dynamics, since
only total government bonds matter in the present context due to the absence of wealth
effects in consumption and due to the independence of consumption of workers and
asset holders from their interest income. In the current version of the dynamics only the
laws of motion for b and &' feed back into the real part of the dynamics via the wage
tax collection rule of the government.

6. Assets Dynamics (six laws of motion);

b=oflgy* +ib+ 4
= " (W p) (€ = 1) + (W' po)euls + (W) p)IEe]
— (Py + 8¢ — 80)b,
=i (1 —af)lgy* +ib + b
— " (@ P = 1) + (W' podauls + ('] py)Ie)
— By + g~ 30,
=yl —cp— ?Cﬂ — By + 8k = 8)bw, (b =b —by),

v
V=g, —algyt +ib + 0
= " @ ) = 1) + W) podayls + (W] pu)IEe]
— (Py + g — Sp)b).
= i1 — af (1~ o)y +ib+ b
= 1" (W pp) U — 1Y) + (W' po)euls + (W) o)L
~ (By + & — 8B,
by = By /(puK) — (By + gk — 80D,
where we have
By
127.9

_ Br: MB{/i!_ peE
K pyK K

il*
D
o ?[yc - Cp

Py
~ﬁmwmm

i : o
f{y;-o —co— (o + (L —ap)af gy’ +ib+ b — "
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+ (W )€ = 1) + (W' poauls + (W™ o)l
— (py/po)gr =8 + 3 — ¥ — (Bu(Buay® — v} + ¥y ¥*)]
- (p)‘/PU)(gh - 8fz)ki1)}

according to the flow budget constraint of asset holders.

This part of the dynamics is to some extent missing in the Murphy model; see Powell
and Murphy (1997), with which we compared our model in detail in Chiarella and
Flaschel (1999D), due to the lack of a complete treatment of the budget equations of the
three sectors that form the basis of this model. As indicated above the laws of motion
of the individual assets that are held by the household sector in our model however
do not feed back into the rest of the dynamics, since they do not show up in the real
part of the economy. Therefore, only the two laws of motion for short- and long-term
government debt are really needed at present in the discussion of the growth pattern and
the fluctuations that may occur around them which are implied by the disequilibrium
growth model under consideration.

Note with respect to the right-hand sides of these stock accumulation equations that
they are based on a fixed ratio o:f’; describing the allocation between the short- and
long-term financing of government debt done by the government (as in the Murphy
model) and that the term in square brackets, the government budget equation

gyt.’ + ib + bl' _ t” + (w“e/pv)(le _ l’u)e) + (wre/pv)a,[!; + (wl)c‘/])v)lge‘

in both cases represents the sum of government expenditure for goods, labour, interest
and transfer payments (o the unemployed and retirees minus ¢, the sum of all taxes
that are raised by the government (per value unit of capital).®

The total amount of debt financing is thus represented through the expression shown
above, leading to b + by/i;, and it is split via the weights «f, 1 — af, applied to
the Government Budget Restraint (GBR) in the above intensive form, into short-term
financing b {equation (6.30)) and long-term financing b/ i; (equation (6.31)). Note that
(Py+ gk —3dr)band ( Py+gr— 81)b' have to be deducted from the resulting expression,
due to the fact that these bond variables are in intensive form and are thus divided by
mK.

The dynamic equation (6.32) for real savings of workers per unit of capital,
by = By [ (ppK), Tollows from the definition of this expression and from the defini-
tion of the disposable income of worker households and their saving plans, while the law
of motion for short-term debt of asset holders per capital, b, = B./{(py K). is a simple
consequence of the two laws of motion assumed for the expressions b and by,.

The next two dynamic laws (6.33) and (6.34) for the distribution of new domestic
long-term debt throughout the world basically follow again from the budget restriction
of the government shown above (expressed in intensive form), since there is also a

& Note that all wage concepts in the above iniensive form of the GBR are in efficiency units (to allow for
stationarity) and are deflated by consumer prices py.
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fixed proportion afl assumed to apply with respect to the distribution of long-term
debt between domestic and foreign asset holders. The expressions for the proportions
of long-term financing that go to domestic and foreign residents, &', bé = B‘,’ /H{psK)
and bt*, b’l* = Bi* /(py K), are thus obtained by applying the weights a}f], 1 - afl to
b* and again noting the fact that now (py + g — Sk)b‘; and (P, + gr — 5k)b11* have to
be deducted from the resulting expressions (due to the intensive form formulation) in
the place of the former expression (py + g — s)b'.

There remains the law of motion of foreign assets held by domestic residents which,
due to the definition of the intensive variable bf,_ = Bé /{pyK), basically demands the
determination of the variable Bé /(pyK) in terms of intensive expressions. This task
is solved residually by referring to the fact that Bé is given by the disposable income
of asset holders minus their consumption minus all other asset accumulation that these
households undertake. This provides the last law of motion shown in the above block
of asset accumulation equations, which is thus purely residual in nature.

6.3.2 Static relationships

Thereis a variety of definitions and static relationships used in the above collection of the
laws of motion of our disequilibrium model of monetary growth. These abbreviations
are collected in the next six blocks of the intensive presentation of the model and are
generally immediate consequences of the corresponding equations in extensive form
presented in Chiarella and Flaschel (1999b).

7. Output and Demand on the Market for Goods (including Housing Services):

d

¥ o= e+ o+ gk + grky + gy°, (6.36)
y == ¥ 4 Bu(Buay® — v) + ¥ By’ (6.37)
X = Xy, (6.38)

i =jyy, (6.39)

€8y = cy(1 — Typ) [w + w (¢ — 1Y) + wyl5)/ po, (6.40)

o = ey (1 — Ta)[wI9e + W (¢ — 1) + w"Coyls)/ pi. 6.41)

Note with respect to block 7 of the static equations that all variables are obtained here by
dividing the extensive expressions by K, giving rise for example to &y, = K /K. The
same procedure applies to block 8 of the algebraic equations underlying our dynamic
model:

8. Employment, Labour Supply and Retirees:

lff =lyy, (seeblock 1 for the law of motion for /%°), (6.42)
19 = 17 = 0y g7, (6.43)
R R A O B ) (6:44)
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=T+ T, (e=1"10), (6.45)
15 = (L2(0)/L1{0) [ (6.46)

Note again that all magnitudes concerning labour inputs and supply are expressed
in efficiency units — due to the technological condition Lifc = lyexp(—mH)Y that
represents Harrod neutral technical change. When muitiplied with wages measured
in efficiency units the term exp(—nyt) just cancels from the resulting expression and
gives the corresponding wage payments in both efficiency units and original levels.
Note, finally, that we need initial conditions in order to relate the sizes of the intensive
expression for potential labour supply and retirees.

9, Desired Growth Rates of the Capital Stocks (Firms/Dwellings):

gl = o ((l - — i) + el — G +EN +ehOfyP —D) +y +8&,  (647)
! i P Cfi

gh = ol (1=, = ) kel (r = G+ ) +ouGlh — i) +y +on. (648)
H

The growth rates of the capital stocks for fixed investment of firms and housing invest-
ment of asset holders (here shown as gross rates) are an immediate consequence of their
original formulation in Chiarella and Flaschel (1999b), and simply state that these ratios
are assumed to be influenced by long-run profitability measures, by the interest rate
spread and by the rate of capacity utilisation. The same immediate correspondence to
what has been introduced in Chiarella and Flaschel (1999h) holds true for the following
definitions of rates of return needed for the dynamical laws or just for the discussion
of the steady state of the model.

10. Rates of Return on Real and Financial Assets:

re =y — 8 + (px/ py)x — W/ pIS = (o /py)J7, (6.49)
dp ﬁyp ( [
b —MMH—! y - uy )!
Y 1+ yBa
= ydp — 5+ (px/[)y)xyyn _ wbelyyn _ (pm/Py)jyyna (650)
i"= (1 — )iy — =°, {6.51)
= (pn/ py)cs / kn — Sn. (6.52)

The following definitions of the various prices we use in our model in addition to the
prices that appear as state variables in the dynamics are also an immediate consequence
of their definitions in the extensive form of the model in Chiarella and Flaschel {1999b)
when account is again taken of the fact that wages have to be expressed in efficiency
units in order to ensure their stationarity in the steady state: w® = w/ exp(n;?).
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11. Consumer Prices, Gross Wages and Trangfers:

Px = 5Py, (6.53)
P = (14 Tu)spp. (6.54)
w? = (1 4 7,)u°, (6.55)
w' = o, (6.56)
W = a'w, (6.57)
po = (1 + %) py. (6.58)

Finally the short-cut expressions for the intensive forms of disposable incomes and
taxes are easily obtained from their extensive form analogues and are of the form
shown below. Note that the expressions for disposable income of workers and asset
holders are only needed in their bond accumulation equations and, as the model is
currently formulated, are not yet involved in the consumption decisions of the two
types of households considered.

12. Disposable Incomes and Government Taxes per Value Unit of Capital:

¥2 = (1 — 1) [0 + W (€ — 1Y) + Wl ls) po + (1 — T)iby,  (6.59)

)’51 = (1 = ) [W9 4w (1° — 1Y) + w oyl po. (6.60)
y8 = (0 —t)ré(py/ pu) + ibe + B+ (puf puct — (py/ Py)dpks]
+5(1 — )b, (6.61)

=1y [welde Tt (f — ey & wrea’lg]/pv +1, (wt’/pﬂ)ldt’
+ Tu()’d — 8k — ghkh)(Py/pv)
4 Tc[’"e(Py/P'u) o Dy A b! + (P podrnkn] 4 Tms(]};:/pv)jd- (6.62)

In closing the discussion of the intensive form of our disequilibrium model of monetary
growth we stress again that the law of motion for equity prices p, is not needed, since
it can be substituted into the law of motion for Tobin’s ¢. It can thus be removed from
explicit representation, since there is here no feedback from Tobin’s ¢ on the real part
of the economy, due to the lack of wealth effects in the current version of the model.

6.4 Steady state analysis

In this section we show that there is, up to the level of nominal variables, a uniquely
determined economically meaningful balanced growth path or steady state solution of
our model. This steady state provides us with a useful reference path for the dynamical
evolution implied by the model, which may or may not converge to this steady state
solution, not even if long-run moving averages are used in the place of the temporary
positions that the economy will pass through.
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The calculation of this interior, economically meaningful, steady state” of the full
model (which up to the level of nominal magnitudes for wages and goods prices is
uniquely determined) is in many respects simple due to the given growth rate of the
world economy and the given interest rate (on consols) abroad. Note that we only
consider expressions for the total supply of domestic bonds in the following, and not
their distribution at home and abroad which can be easily obtained from the savings
decisions of workers and pure asset owners.

To simplify subsequent presentations of the dynamics of the model, and also its
steady state solution, we assume in the remainder of this chapter for the consumption
of asset owners that C,. == 0 and for the liquidity premium applied to long-term debt that
£ = 0. These two assumptions do not restrict the dynamical behaviour of the system
in any significant way.

The first set of steady state conditions presented below concerns the growth rates of
our small open economy, and are given by

=gk—5k=3g—5k =>gk=gf=y+6k, (6.63)
y =g — o= gf}’ -8 =an= g;‘}' =y + 8, (6.64)

y=7@ +a(g) =A@ +0y +8&) =e m=dn=n). (665

These equations state that capital (and thus also output) will grow with the external
rate ¥, to which also the natural rate of growth adjusts. This means that the steady state
value of NAIRU rate of employment &(= ¢) has to adjust such that y = 17(&) + 1 (gr)
holds. This determines a unique NAIRE e = ¢ for the long run of the model under
suitable (but simple) assumptions on the function 7.

The next set of steady state conditions concerns inflation and expected inflation (for
all prices that exist in our model, except wage rates) and also the various rates of interest
and profit of our model:

Po=pPy=pr=n" =Tps=Tp = Moy =M, = €; = € =0, (6.66)
[.,’k = ;Y = it = = = r;l_ (668)

These conditions state that there is no steady state inflation and thus no non-zero expec-
tations of it, which is due to the interest rate policy rule of the central bank. Furthermore,
all (expected) rates of return are equalised in the steady state and determined by the
world rate of interest on long-term bonds i;".

The next block concerns the steady state determination of various guantities, of
the steady state ratio of government debt to aggregate demand and of the tax rate on

7 We thus negleet as alternative steady state positions all zeros which can be obtained mathematically from the
growth law formulations that our model employs. Note also the steady state depends parametrically on the initial

conditions for 5‘.,:?;% Do —g—ll"—% that characterise the initial composition of the labour force, the initial outpui

price level (including value-added taxes) and a relative expression for the consumption of asset owners.
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imports:

y=yPa, =y, (6.69)
e = 19° =1y, (6.70)
If = 1% = 0ggy”, (6.71)
1 = 19¢ = 1'ge 4 e, (6.72)
=18 [e=¢&), If =1a, I = (Ly(0), L (O)I, (6.73)
x=xyy, =gy, (6.74)
d=G+b/iH/5y =d, (6.75)

o = Pt
o (6.76)

These equations still depend on the steady state value of y°, which will be given
below, and they reveal certain supply side influences on the steady behaviour of our
economy.

Further steady state relationships on the side of quantities are

¥ = % 6.77)
YBu

Y=y v=Bay, (6.78)

oy =Cyyon 6% = cnpoyly/pn, (6.79)

Yo = (1= T) w1 + w" (1€ — 1Y) 4w qls)/ p,,. (6.80)

By using the distribution laws for government bonds we furthermore find that

b= ajdy”,
b =i (1 —of)dy",

(6.81)
(6.82)

from which the individual distribution of bonds can be derived if desired.

Next, one can determine the nominal steady state expressions on the basis of an
(arbitrarily) given price level p,. This indeterminacy of the general price level of
domestically produced goods is due to the fact that the central bank has adopted an
interest rate policy rule and allows for intra-day deviations from the budget constraints
of the two types of households, the firms and the government and that therefore,
in our present model, money is not held as cash balances by the agents of our
econony.
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P» = undetermined and thus a parameter, (6.83)
py = po/(1+ 1), (6.84)
be € _ g, —i¥
W via if =yt — b e whe= LT (6.85)
Py lyy
wt = ,wbe/(l o+ T'p)a W' = 0[trwe’ w' = o’ wt (686)

The equation for the determination of gross wages in efficiency units holds since we
have balanced trade in the steady state (see the above), and thus no influence of the
international trade in goods on the rate of profit in the steady state. Note here that net
real wages w® (excluding payroll taxes, but before wage taxation), measured in terms
of consumer prices p,, and efficiency units, are given by

w* 1 v =8 —if
Pv A+ )1+ 1) lyy

o =

and thus do not depend on the arbitrarily determined nominal price level p,,. This obser-
vation also applies to all other real magnitudes implying that there are no real effects
of shocks which lead to a different consumer price level py, in the long run.

The equations cjf = iiyky and iy = pp cﬁ /(pykn) — 8, on the one hand, and ¢y y£ | =
p,,cjf/pq,, y¢ = nygt + ¥ + 8 + (¥ -+ 8p)ey, + gy°, on the other hand,® allow us to
determine the price ratio py/py and kp, yfj], T, according to

Pu/py = (i + 8n) /itg, (6.87)

(1 —g) — y — 8
PR i ek ot . : (6.88)
cyif +8n)/(en (I + ) + ¥ + n
D

Va1 = Pritikn/{ch Pu),

(6.89)

D

Yl
o , 6.90
Ty fwelde 4 qute (¢ — [We) 4 wéals]/ py o

Note also that this determination of yg , and kj must be used above for the determination
of consumption plans per unit of capital.

There remains the determination of the steady state value of the exchange rate s,
since the price of long-term bonds, py = 1/i}, has already been determined and since

9

% Note that the last equation represents goods market equilibrinm in the steady state.
9 This in wrn determines the prices px, pm-
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the price of equities does not matter in the core 34D dynamics of the model.!® The cal-
culation of the steady state exchange rate is economically complex, but mathematically
quite simple. Mathematically it is provided by the implicit equations for the variables
1", s on the basis of the expression for ¢, namely

0= gy’ +ib+b — 1~ + [ — ") + wqil§ + w14/ p, — yb/af,
0 = Ty /(1 = Tw) + Tp (W py)I¥e
+ (py/ P! — 8 ~ gitkn) + tuspl i pu ~ 1,
where
19 = Tlr’Upy/ po) + 7B+ 6+ (pu/ po)et — (py/ Po)Suka]
= 2l(r* + ik} (1 + 1) + ifb + b1,
These equations lead to
=gyt ib 4 b — 1€ [ — 1)+ w eyl + w19 py — ybjof,
(6.91)

_ = [y /(L = 7) + (@ p)I™ + T (py/ P — gff — gk
Tt [Jf;;jd/Pv

(6.92)

We see that the long-run rate of exchange is neither determined in the market for
goods, nor through the trade balance, nor by international capital flows, but rather is a
complicated expression of many parameters and steady state values of the model and
is in particular heavily dependent on the form of the GBR and its components.

Note finally that the dynamics of equity prices imply that ¢ = 1 must hold true in
the steady state, so that p, £ = py K and that the steady state distribution of long-term
bonds can be derived from block 6 of Chiarella and Flaschel (1999b), while the steady
state value of by, (and b,) follows by setting (6.32) equal to zero. This gives rise to'!

b=a~q—wmwmﬁ
v y — (1~ )i}

L}

due to the difference that exists between the definitions of y_g , and y;,? .

Summarising, we see that the steady state of the considered economy depends heavily
on the data assumed to apply to the rest of the world (generally in a fairly straightforward
and simple way) and that the steady values of the wage taxation rate and in particular
the exchange rate are complicated functions of the parameters and various other steady

19 “The same holds true for the disposable income of asset holders y.,

‘l] . » . B - .
This solution 1rnplu_:s by economic regsoning that ¥ > (1 — rc"‘):‘}" should hold true in the world economy
{because of the particular interest income policy of workers).
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state solutions of the dynamics. Furthermore, since the steady rate of profit ¢ and thus
also the real wage rate w® = w*/ p,, (see the above expressions) are determined through
the foreign rate of interest, we obtain for the real wage "¢ (after taxes, at consumer
prices and in efficiency units) the expression

PR bl TR ik Sk
hd (1 + 7)(1 ‘i‘fp) l}‘y

ne
[42]

which implies that all increases in the three tax rates shown (value-added tax, payroll
taxes and — endogenously determined — wage income taxes) fall on real wages of
workers (measured in this chapter solely by the consumer price of domestic goods).
There is however also an influence of the value-added tax on overall interest rate income
per value unit of capital, besides of course a dependence of this income on the capital
taxation rate ..

Output levels {per unit of capital) and also steady employment (per unit of capital
and measured in efficiency units) are basically determined through supply side consid-
erations (technology and desired steady rates of capacity utilisation), but the former
also depend on government expenditures g per unit of capital and thus will change with
this ratio.

We stress again that the external growth rate ¥ determines the NAIRU rate of
employment via

y =@ +my + 8.

which implies that an increase in ¥ will increase the NAIRU rate of employment ¢ if
n’ > 0,7 € (0, 1) holds.

The above has also shown that no inflation occurs in the steady state of the 34D
dynamics as far as goods and asset prices are concerned. It is of course important to
also consider economies which allow for (moderate) price inflation in the steady state,
in the place of stationary price levels that here prevail in the steady state. Just as rates of
growth, the steady levels of interest and profit rates are here all fixed and given through
the external rate of interest i so that there is no possibility that the considered country
may exhibit an extraordinary level of profitability in the steady state.

6.5 The 18D core dynamics of the model

In order to get (as a starting point for our dynamical investigations of the model in
subsequent chapters) a dynamical system that is, on the one hand, as close as possible
in spirit to the one of the general model of this chapter and, on the other hand, also
as low dimensional as possible, we consider in this section a simplified structure for
our Keynesian disequilibrium dynamics of monetary growth which reduces its 34D
representation to the following 18D core dynamics. This reformulation makes use
of the assumptions C, =0 and £ =0 that have already been used in the preceding
section (there to simplify slightly the calculation of the interior steady state of the
model), and it removes furthermore certain delayed adjustment processes from the
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considered dynamics, which gives the dynamic model an outlook that is not too far
from the theoretical models introduced and analysed in Chiarella and Flaschel (2000,
Chs. 6, 7). Furthermore, the natural rate of growth, of Harrod neutral technological
change, and of employment are assumed as constant in the following analysis. Finally,
the parameter o, is set equal to zero, implying that there is only a proportional
influence of government debt on the wage taxation rate {and no longer an additional
derivative one).

6.5.1 The laws of motion

1. The Quantity Dynamics (three laws of motion);

¥ =By (v = ) 4+ (v — (g — S0, (6.93)
D=y~ —(gd — &, (6.94)
P = B — @9y + 1y — (gff — 81, (6.95)

In the quantity dynamics we have removed the adjustment equations (6.3), (6.4), (6.5)
for the actual consumption of workers (for goods and housing services) and replaced
these consumption plans by the desired consumption targets which are now immediately
realised (without any lag). Furthermore, the NAIRU rate of employment, &, is no longer
considered as endogenously determined by (6.7), but is now a given parameter of
the model. There remain the equations for the adjustment of sales expectations, for
inventories and for the workforce employed by firms.

2. The Wage/Price Dynamics (four laws of motion):

B = B /1 = &) + Bu, U /1Y — L) + kwhy + (1 — k)7, (6.96)
f’\y = ISp()’/)’p — i)+ Kpﬁfe +(1 - Kp)ﬂ'ca (6.97)
7€ == Brelone (By — ) + (1 — aze) (0 — 7)), (6.98)

da
=B | =) + by + (1 =) (6.99)

1
There 1s no direct change to the dynamics of the various types of price adjustment
rules of the model, on the market for labour, goods and housing services (including the
expectations formation mechanism for medium-run inflation rate of the domestically
produced good), but an indirect one due to the assumptions y = n + 1y = i + e, on
natural growth and employment (which are now considered as given and together with

all constant).

3. The Growth Dynamics (two laws of motion):

fe=y—(gf — 8. (6.100)
fon = g — 85 — (g — 8. (6.101)
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In block 3 we assume that the natural rates of growth and of technical change, n, 1y,
are given exogenously and equal in sum to y. Furthermore actual accumnulation rates
are assumed to adjust with infinite speed to their desired targets and thus are no longer
represented as lagged adjustment rules. Moreover we have removed here the acljgst—
ment equations for the rates of return r, rf! by assuming that these rates adjust with
infinite speed to their short-run equivalents, which are now used in the corresponding
behavioural equations in their place.

Next, we present the set of equations that represent the dynamics of asset accumu-
lation and asset prices that are needed for the analysis of the real part of the dynamics
of the model:

4. Asset Market Dynamics (six laws of motion):

b=call(gy* +ib+b

— 1 (W py) (I — 1Y) 4 (W po)ols + (WP pu)iSe]

~ (By + & — 80, (6.102)
B e i1 af)gy +ib+ 0

— 1 = @ po) (I = 1) + @ poJanls + " p)

— (By + g — 80b', (6.103)
; . 1
Pp = t“gffﬁTmE(i — To)ip - asmps — (1 — 72)i)], (ll = E) , (6.104)
oy = By, (Pb = Tbs)s (mp = o7y + (1 — &ts) fp),
§= T_%‘“i_&s[(l — o)) 4 ases — (1 — 7o)y + 7p)], (6.105)
€y = Be, 5 — €). (6.106)

The price adjustment rules in block 4 concern the nominal value of long-term bonds
pp and the nominal exchange rate s and they are based (as explained in Chiarella and
Flaschel [1999b] and also in this chapter) on heterogeneous expectations of the pure
wealth owners of the model. Note that, as in the larger model, the dynamics of equity
prices and of Tobin’s g are not needed in the investigation of the core dynamics of the
model. '

Next, the dynamic policy rules are presented which are basically the same as in
the larger model. Note however that we have removed the derivative term from the
right-hand side of the wage tax rate dynamics (6.28) to obtain (6.108).

5. The Feedback Policy Rules (three laws of motion):
P= =B — i)+ Bi, (By — O) + Bi, (v/¥F — ), (6.107)

£

l -
P = oy, (d)d — 1), (d = M) , (6.108)
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PxX — [)m.jd
PxX '
Summing up we have thus arrived at an 18D dynamical system by setting certain
adjustment speeds equal to infinity or equal to zero, by cutting certain feedback effects
of the individual distribution of bonds on aggregate demand (based on the facts that
C, == 0 holds and that workers save all their interest income), and by assuming constant
‘natural’ rates of growth as well as of employment. Note that the housing services sector
feeds back into this core dynamics of the model through the investment demand for
dwellings (on the market for domestic goods) and through its rate of return which is in
particular determined by the law of motion for the rent price of housing services.

(6.109)

b —
Tm = Oy,

6.5.2 Static relationships
As abbreviations and static relationships we now have the following reduced and
modified list of equations underlying this 18D dynamical system.

1. Output and Demand:

¥ =5, + g + gikn + g¥°, (6.110)

C = CyYiols 6.111)
e = puenyBy /pn. (6.112)
=¥+ BulBuay’ — v) + ¥Bu ¥, (6.113)
=Xy, (6.114)

— . (6.115)

2. Employment and Labour Supply:

=1y, (6.116)

=1 = aygy", (6.117)

=19¢ +1°, (6.118)

= l?" + 1Y, (6.119)

= (L200)/ Ly (0)I] = (L2(0)/ L1 (0))I¢ [y (6.120)
3. Growth Rates of the Capital Stocks of Firms and Asset QOwners:

=of (I~ =i+ — i)+ Ay -+ y + 5, (6.121)

Cd

=l (1 =ty — i) +af i — iy + o ﬁ —dig by A8 (6.122)
7

4. Rates of Return;

P = 3¢ = 8 (pa/ Py)x = (07 P — (Dl py) . (6.123)
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i =1 — 1) — 7wt (6.124)
ri = (pn/ py)ei ey = 8. (6.125)
5. Prices, Wages and Transfers:

Px = SPy, (6.126)

P o= (1 + Tp)spp. (6.127)

w? = (1 + Tp)u’, (6.128)

W = e, (6.129)

w' =" we, (6.130)

o= {1+ 1)py. {6.131)

6. Disposable Income of Workers and Taxes Per Value Unit of Capital:

y2. = (1 = w)[w1% + w1 — 1Y%) + w i)/ po. (6.132)

y2 = y5 + (1= 7)ibw, (6.133)
1 = T [whl 4w (I — 1) + W el§)] py + Tp(w ) p

+ 10 (py/ po)Y — 8§ = gitkn) + Tsp i/ Pu, (6.134)

1€ = T lr¥py/ po) + ib+ B 4 (] pu)ci — (py/ Pkl (6.135)

The steady state of the model! is the same as in the preceding section. The dimension of
this dynamical system can be further reduced, to dimension 16, if the housing sector is
removed from the model.

6.6 Qutlook: feedback structures and stability issues

We have presented a structural model of disequilibrium growth which is fairly complete
with respect to markets, sectors and agents. We believe it is sufficiently detailed to
capture the essential dynamic features of modern macroeconomies, while at the same
time abstracting from the welter of detail that inevitably must characterise large-scale
macroeconometric models such as the Fair model for the US economy or the Murphy
made] for the Australian economy.

We considered the model from the point of view of national accounts, and then
discussed the development of its extensive form and finally expressed its dynamic
structure in terms of intensive form state variables. We saw in particular thatin intensive
form we are dealing with a 34D dynamical system. We further found that with a small
number of further assumptions (concerning consumption of asset holders and certain
secondary delayed adjustment processes) the dynamics reduce to an 18D dynamical
system which we call the core model.

There turn out to be eight main partial feedback mechanisms contained in the 18D
core model. First, the labour and goods market interaction, the tendency of which to



202 Intensive form and steady state calculations

become destabilising is determined by an interplay between wage and price flexibility.
Second, the expected sales and inventory accumulation interaction. The tendency to
instability of this mechanism is determined by the relative values of speeds of adjust-
ment of expected sales and inventory changes. Third, the dynamics of the housing sector
are determined largely by the strength of investment into this sector and the speed of
adjustment of the prices for housing services. This partial feedback mechanism is always
stabilising. Fourth, the dynamic interaction between the level of economic activity and
the nominal interest rate (the so-called Keynes effect). The stabilising/destabilising
tendency of this mechanism is very dependent on the sensitivity of the nominal interest
rate to the price level. We note that when considered in conjunction with the Taylor-
style interest rate rule used in our model this mechanism is by and large stabilising.
Fifth, the inflation/expected inflation mechanism. This is essentially a destabilising
effect (associated with the names of Mundell and Cagan) determined by the interplay
of speeds of adjustment of prices and inflationary expectations. Sixth, the bond and
stock market dynamics (originally considered by Blanchard (1981)), first in isolation
and then in their interaction, are driven by rates of return and expectations feedback.
The mainly destabilising tendency of this mechanism is driven by the speeds of adjust-
ment of bond prices and expectations of bond price inflation. Seventh, the dynamics
of the GBR. This mechanism, when considered in isolation, is stabilising provided the
rate of growth of government debt is restricted in certain ways. Eighth, the exchange
ratefexpected exchange rate (Dornbusch) mechanism where stabilising/destabilising
tendencies essentially depend upon the relationship between the speed of adjustment
of exchange rates and exchange rate expectations.

The 18D core model of this chapter has been studied in a series of papers; see
Chiarella and Flaschel {1999b,c.d), Chiarella et al. (1999a,b, 2003b). These papers
discuss the feedback structure of the 18D core dynamics in great detail with respect to
the partial stabilising or destabilising feedback chains that are present. They also present
further numerical investigations of the model both from the local and the global point
of view (adding also extrinsic non-linearities in order to achieve global boundedness)
and extending the theoretical basis of the disequilibrium growth model employed so
far (by allowing for smooth input and output substitution and other flexibilities).

Prototype subdynamics of the 18D system which are often discussed in the literature
in isolation, and which we have briefly discussed above, will be derived and analysed
in subsequent chapters. The current chapter provides more insights into the stability
properties of the 18D dynamics by investigating the partial feedback chains it contains
(often well known from comparative static analysis) with respect to the partial dynamics
to which they give rise. The interaction of these partial dynamics has been studied in
Chiarella et al. (2003b}, there basically from the numerical point of view as in Barnett
and He (1999) who as we have seen in Section 6.1, use a 14D second order dynamical
representation of the UK economy to study the bifurcation loei to which such a model
type can give rise.

We close this chapter by giving a graphical representation of the disequilibrium
growth approach that will be considered in the subsequent discussion on the intensive
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form level. Figure 6.1 shows the various points we wish to stress in this book in different
fonts. The figure presents as a starting point the basic market hierarchy of Keynes’ (1936)
General Theory as we interpret it. This view agserts that asset markets dominate {(in a
casino-like fashion) the outcome in the real markets basically by way of the investment
decision of firms that here still simply depend on financial markets and the structure of
nominal interest rates that they generate, but does not exercise a feedback influence on
them. Effective demand (with a Metzlerian feedback mechanism included) that derives
from the investment decision determines the outcorme on the market for goods which
i therefore purely demand determined. Finally, at the lowest level of the hierarchy,
there are the labour markets which just have to accept the amount of employment that
is generated by (expected) goods demand and the technology with which firms produce
their demand determined supply of goods (including intended inventory changes).

This ‘prejudice’ on the fundamental macroeconomic forces that may (or may not)
shape the temporary equilibrium position of the economy represents in our view a way
of thinking that allows one to approach the full situation in a systematic hierarchically
ordered way, and which does not just state that everything depends on everything else
as far as financial decisions, and quantity and price determination, are concerned. Of
course, one has to address the question of which feedback mechanisms have to be added
to this picture (and those which may be left aside due to their minor importance) and
in what way they would alter the temporary equilibrium position (or its evolution) as
determined by the fundamental ‘causal nexus’ from the asset market to the Jabour market
shown by the grey boxes in Figure 6.1. Therefore, the proposed feedback mechanisms
(or repercussions) have to be discussed as to their importance for full employment
positions or (if they work with a delay) as to their role as a stabilising or destabilising
mechanism in the evolution of the temporary equilibrinm positions of the economy. Of
course, there may be feedback mechanisms of great importance that are still missing
in Figure 6.1. An example for this is given by the Fisher debt effect relating firms with
households or banks which is still missing in our model due to the limited (supply
side oriented) treatment of asset markets and the financial decisions made by firms.!2
By contrast, it may be questioned whether for example the Keynes short-term interest
rate effect on investment or the Pigou effect on consumption demand are really of
importance in the picture of the real and financial interaction shown by the black
portions in Figure 6.1. There are also feedback mechanisms that are internal to the
asset markets and that may create cumulative processes in them that are bounded by
certain switches in expectational regimes.

Animportant controversial aspect of Figure 6.1 is given by its presentation of supply
side influences. In our view this is basically the question of the wage-price interaction
(including expectations) which should be approached from the viewpoint of a separate

12 Note however that we have a Fisher debt effect in the present model as far as the sector of households is
concerned where we can have the situation that workers with a high marginal propensity 1o consume become
debtors to asset holders {(with a low or zero marginal propensity to consume) which in this way implies that
consumption will be depressed in deflationary periods and will accelerate in periods of inflation.
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Traditional Keynesian Theory: Summary
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Figure 6.1 Advanced traditional disequilibrium growth dynamics: graphical summary. Different
fonts and shading represent the market hierarchies, supply side features, feedback mechanisms and
feedback policy rules

treatment of Phillips curves (PCs), one for the nominal wage and one for the price
level. Such an approach allows the analysis to escape from the narrow perspective of
a unique monetarist type of expectations augmented price inflation labour market PC
which does not really allow for the discussion of wage-price spirals, which is needed in
a full approach to disequilibrium growth where both labour and capital can be over- or
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under-utilised. Such a view on the working of the wage-price mechanism, which allows
for a sluggish adjustment of both of these nominal magnitudes, will include Rose (1967)
effects in the interaction of the goods and the labour markets, which generally imply
that either wage or price flexibility will lead to instability in the process that is usually
considered as the medium run of macrodynamic model building.

Finally we assume that certain policy feedback rules interact with the dynamics of
the private sector, Such rules are present in the approach investigated in the present
chapter, but are not yet at the centre of interest in the present stage of the investigation.

Figure 6.1 therefore summarises and contrasts the main substructures we have intro-
duced in greater detail in Chiarella et al. (1999a,b) and which we describe on the
intensive form level in this chapter and also investigate further in subsequent chapters.
Atthe bottom of Figure 6.1 we also see a summary of the main questions that should find
some answers in the course of the investigations of this general approach to disequilib-
rium growth. First, we have the question to what extent the asset markets dominate the
outcome of the real/financial interaction {which, as we shall see, is here still of a very
particular type and thus demands further extensions of the model if the dynamics of
asset prices are to be linked more closely to the stocks supplied and demanded on these
markets). Second, there is the question as to what the various feedback mechanisms
shown add to the real/financial interaction and to what extent they will contribute to
or undermine, when working together, the local stability of the balanced growth solu-
tion(s) of the model. Third, the dynamics of income distribution, as they find expression
in the wage-price spiral, have to be investigated, in particular in their role of shaping
the long-run outcome of this model which has a strictly Keynesian short-run outcome.
Finally, the perspective of our approach is of course to contribute to the analysis of pol-
icy issues which due to the fact that we want to treat medium- and long-run dynamics
as well is more oriented to the treatment of monetary policy rules than to a treatment of
the consequences of isolated fiscal or monetary shocks that occur only once in time. In
the present chapter we have only set the stage for such investigations, while subsequent
work is needed, starting from special cases of the model as in Chiarella et al. (2003b),
in order to understand in a systematic way the implications that are contained in our
approach to disequilibrium growth.




7 Partial feedback structures and
stability issues

7.1 Introduction

In this chapter we continue the analysis of our applied structural model of disequilibrium
growth initiated in Chiarella and Flaschel (1999b,c.d). In those earlier papers we
developed a model of disequilibrium growth which is fairly complete with respect
to markets, agents and sectors and consistent with respect to the various budget con-
straints between them. We showed in Chiareila and Flaschel (1999b,¢,d) that the model
could be expressed as a dynamical system of 34D intensive state variables together
with a number of static relationships. We further showed how a small number of not
unreasonable simplifying assumptions reduced this dynamical system to one of eigh-
teen laws of motion solely, which we have dubbed the core model of this approach
with fixed proportions in production. Qur aim in this, and in the next two chapters, is
to analyse in quite some detail the properties of this 18D core model. In this chapter in
particular we focus on the basic partial feedback structures of the core model and their
stability characteristics.

We can distinguish qualitatively at least seven important feedback chains (plus
stabilising or destabilising policy reaction functions), which we will describe below
in isolation from each other. These will of course interact with each other in the full
18D dynamics of the core model, so that one or another may become dominant when
the parameters of the model are chosen appropriately.!

The structure of the chapter is as follows: Section 7.2 describes the accounts of the
various agents of our modelling framework. In Section 7.3 we summarise the special
18D case of the preceding chapter from the perspective of the various accounts of the
sectors of our structural macroeconometric model of Chapter 5. In Section 7.4 we then
briefly recapitulate the obtained 18D core dynamics subject to the ‘scissor and paste’
methodology we use in the present chapier to study the feedback chains it contains.
In Section 7.4 and Section 7.5 we then start the investigation of the partial feedback
mechanisms contained in the core dynamics of our model by isolating the dynamic

! To simplify the presentations in this chapter we assume in the following without loss of generality 1. = 0,
& = 0, cc = {; see the following compact representation of the 18D core dynamics.
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interaction of income distribution with various measures of economic activity on the
market for labour and for goods which will push income distribution in favour of
labour or of asset holders depending on marginal propensities to demand goods for
consumption and investment purposes and on the speeds of adjustment of nominal
wages and prices in the market for labour and goods, respectively. This multi-faceted
feedback mechanism is related to early (and later) work of Rose; see Rose (1966,
1990) in particular, and also to Goodwin’s (1967) growth cycle model, but there in a
less multi-faceted way due to the simpler real wage mechanism of this model type.
Goodwin’s (1967) growth cycle model nevertheless constitutes the core dynamics that,
married with goods market adjustment processes, will provide the basic 5D situation
from which our numerical analysis of the model of Chiarella et al. (2003b) will start.

In Section 7.6 we consider the Metzlerian inventory mechanism describing the
dynamic interaction of expected sales and inventory accumulation. We also discuss
in this section a certain non-linearity (in the adjustment speed of inventories) which
can ‘tame’ the instabilities that this mechanism is capable of generating. Section 7.7
discusses the dynamics of the housing sector, while Section 7.8 analyses the well-
known Keynes effect which describes the interaction between economic activity and
the nominal interest rate. Section 7.9 describes the Mundell-Tobin mechanism of the
interaction between inflation and expected inflation, and discusses how an interest rate
policy rule may help to overcome this largely destabilising adjustment process.

Section 7.10 outlines the infrequently discussed Blanchard mechanism for the
dynamic adjustments on, and the dynamic interaction between, bond and stock markets.
This section also discusses some non-linear mechanisms which can tame the rapid ten-
dency to instability in the price dynamics of long-term bonds (or equities). Section 7.11
describes the dynamics of the government budget constraint, which, unlike in other
studies and due to the assumptions made, we find to be locally stabilising at least when
considered in isolation. Section 7.12 considers briefly the dynamics of import taxa-
tion. Section 7.13 discusses in some detail the Dornbusch mechanism for the dynamic
interaction between the exchange rate and expectations of its appreciation (or depre-
ciation), identifying the factors leading to stability and instability of this mechanism.
Section 7.14 draws some conclusions and points to future directions in the research
agenda initiated by this chapter.

7.2 National accounting (in intensive form)

The structure of the considered economy from the viewpoint of national accounting is
shown in Table 7.1 (everything being measured in nominal domestic currency units per
gross value of the capital stock).

7.2.1 Firms
The firms produce two kinds of output, the pure export good which is tradable only
on the world market and the domestic good which can only be sold in the domestic
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Table 7.1. The accounts of firms

Uses Resources

Production Accouni of Firms:

Imports sp;, i/ py Consumption ¢
Depreciation 8¢ py / py -
Value-added Taxes tu{c§ + g}py/pu Consumption g
Taxes on Imports t,sp% i9/ py Exports sp’x/ py
Wages {excluding payroll taxes} w"/pylj{" Gross Investment gif'p)-/]Jv
Payroll Taxes tpw®/ pvlfp" Durables (Dwellings) gf;' Py /Py
Profits (r¢ +Z/K)py/pv Inventory Investment py N /(pyK) = py(y — ¥/ pu

Income Account of Firms:
Dividends r®py/py Profits (¢ -+ Z/K)py/ Py
Savings T/ K py/pu

Accumulation Account of Firms:

Gross Investment gi.[ Pyl Py Depreciation & py / py
Inventory Investment N /Kp,/ py Savings ¢ /(puK)

Financial Deficit FD/{pyK)
Financial Account of Firms:

Financial Deficit FD/(ppK) Equity Financing pe £ /(py K )

economy. The domestic good serves as the consumption good for the workforce and
the government (in our simplified 181 dynamical version of the model). It can also be
used for investment in inventories, in business fixed capital and in housing. Firms use
three kinds of inputs for their production: imports, capital and labour. The capital stock
in the sector of firms depreciates by a given rate &;. Value-added taxes (on consumption
goods solely) appear on the left side of the production account and have to be paid to
the government. The balance of this account is the profit of the sector of firms. Note
that all expressions are in intensive form (they have all been measured in domestic
currency units in Chiarella and Flaschel (1999b,c,d)) and are here divided uniformly
by py K. the value of the capital stock (including value-added taxation by assumption).?
We stress that the profits are not subject to any direct tax. By assumption profits are
only used to be paid as dividends to asset holders (and then taxed) or to be used for
planned inventory investments, One can clearly see this in the income account. The
accumulation account displays again that investments in business fixed capital and
in inventories are the only stocks which can be accumulated by firms. There is no

2 Note that all investment and thus also the value of the capital stock and the measure of the rate of profit based on
il are in prices py net of value-added 1ax, since these taxes are only applied to coasumption purchases and not to
investment purchases in the preseat model. Note also that the following uniform intensive form representation
of the model does not immediately apply 1o the structusal form of the model in intensive form, since we do not
need accounting homogeneity in this structural form as is necessary in the present subsection.
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possibility of accumulating financial stocks, that is no holding of bonds by firms in the
present context. The financial deficit of firms must be financed in our present model by
selling new equities. This assumption is of course not very realistic, and thus should be
modified in future reconsideration of the model to allow in particular for bond financing
and loans of firms.

7.2.2  Asset holders

While firms produce and sell two types of goods, the sector of the private asset holders
sells dwelling services. Hence there is a production account for this sector. The income
of this sector consists of interest payments (long- and short-term bonds, the former
also from abroad), dividend payments from the sector of firms and the profits from
selling dwelling services. This income is reduced through profit income taxation. The
remaining amount is the saving of this sector (since asset holders do not consume in the
18D core dynamics of our general model to be considered in this chapter). Savings plus
depreciation is split into gross investment in housing and the financial surplus in the
following account. The financial surplus is distributed by asset owners to all kinds of
financial assets that exist in our model. See Table 7.2 for the accounts of asset holders.>

7.2.3 Workers

This sector does not take part in private ownership production, but only provides the
labour input for firms. Therefore the production account remains empty. The income
account includes wages, unemployment benefits and pensions. Workers’ income is
allocated to income taxes and consumption and savings. All savings is allocated to
short-term bonds. See Table 7.3 for the accounts of workers.

7.2.4 Fiscal and monetary anthorities

The government sector’s production account takes up the costless provision of public
goods which is defined to be identical to consumption of the government. In order
to provide the economy with public goods the government has to buy goods and pay
wages to the workers it employs.

The only sources of income for the government are the various taxes, which are used
for interest payments, pensions, unemployment benefits and salaries. The balance of
this account are the savings of the government. Generally these savings are negative,
hence there is a financial deficit in the accumulation account, rather than a financial
surplus in general.

In financial accounting of the government one can see the sources from which the
deficit is financed, namely by issuing short- and long-term bonds. See Table 7.4.

3 Expressions such as Bb{= B/(pyK)) are used to indicate the way the law of motion, of here b= B/{(p K},
fras to be derived.
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Table 7.2, Accounts of households (asset owners)

Uses Resources

Production Account of Households (Asset Owners/Housing Investment):
Depreciation 8kp, py/ py Rent pycf/ py
Earnings I, /(pu K}

Income Account of Households (Asset Owners):

Tax Payment tcib Interest Payment i

Tax Payment ! Interest Payment &}

Taxes te{ppch/pv = Spkn py/ pov) Interest Payment s(1 — rj‘)b!,

Tax Payment 7.7 py/ py Dividend Payment r€ p, / Py

Savings S8 /(puK) Earnings T /(puK)

Accamulation Account of Households (Asset Owners):

Gross Investment gf{ Py/ Py Depreciation 8;kp, py / po

Financial Surplus FS/(pyK) Savings 8% /(py K)
Financial Account of Households (Asset Owners):

Short-term Bonds b Financial Surplus FS/(pyK)

Long-term Bonds pbé{bﬂ
Foreign Bonds sﬁébg/if
Equities pe Ee

Table 7.3. Accounts of houscholds (workers)

Uses Resources

Production Account of Househelds (Workers):
Income Account of Households (Workers):

Taxes Ty [wei9e 4 whe (1€ — wey 4 w5/ pu Wages wl9¢ f p, = (w"!?" + welge)/pv
Con.sumption g + Prey/ Py Unemployment Benefits w"¢({¢ — I'U¢)/ p,,
Savings S, /(pyK) Pensions w""'!g/pv

Accomulation Account of Households (Workers):
Financial Surplus FS/(py K) Savings 83, /(pyK)

Financial Account of Households (Workers):

Short-term Bond Accumulation éwbw Financial Surplus FS/(pyK)

7.2.5 International relationships

The external account contains all transactions with the foreign countries. It exhibits the
amounts of goods, capital and interest payments that cross the borders. See Table 7.5.
This closes this section on the national accounts of the model that will be investigated
numerically in the following sections.
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Table 7.4. Accounts of the fiscal and monetary authorities

Uses Resources

Production Account of Fiscal and Monetary Authorities:

Government Expenditure for Goods g Costless Provision of
Salaries wbglg"/pv b (we[g‘e + prelge)/py Public Goods = Self Consumption

Income Account of Fiscal and Monetary Authorities:

Interest Payment i b Wage Income Taxation
rw[welde +aghe(e — Jwey 4 ,wralgypv
Interest Payment b'; -+ b’l* Profit and Interest Taxation
Ter® py/pu + Teib + rcbﬁ + ’chi*
Pensions w15/ py Rent Income Taxation t(prch/ py — Spkn py/po)
Unemployment benefits w"* ([ — ™)/ py Payroll Taxes (rpw"lj‘;" + rpwelge)/pv
Self consumption g Value-added Tax rv(cg + &) py/po
Savings Sg/(pv K) Import Taxes r,,;sp;’;,j“r/pv

Accumulation Account of the Fiscal Authority:
Savings Sg/(puK)
Financial Deficit FD/(pp K)
Financial Account of Fiscal and Monetary Authorities:

Financial deficit FD/(py K) Short-term Debt B&
Long-term Debt Blbf/ i

Table 7.5. International relationships

Uses Resources

External Account:

Exports spyx/ py Imports sp;h i /pu
Factor Income from Abroad s(1 — ¢ )b"2 Factor Income to Abroad (1 - ‘t’g}bI]*
Capital Imports E’{*b’l* /iy Capital Exports sBiJ_’)’2 /if

7.3 The core 18D dynamical system: a recapitulation

We will base our subsequent numerical investigation of the 18D core model of Chiarella
and Flaschel (1999b,¢,d) in this chapter on the following condensed form of its eighteen
laws of motion (which is the one used for the simulations reported below) and the unique
interior steady state that this dynamical model exhibits (up to the level of nominal
magnitudes). In order to simplify the notation to some degree we modify the modet of
the previous chapters by assuming in the following for the risk and liquidity premium
& =0 and thus will have ¢ =i =i; =iy, in the steady state. For the same reason we
also assume for the normal employment rate iy = 1, and also C. =0, thus there is no



212 Partial feedback structures and stability issues

consumption goods demand of asset holders who thus save all of their income. All these
assumptions have only slight influences on the steady state position of the economy,
and do not alter at all the dynamics around the steady state.

We consider the steady state values of the model first. All these values should have an
index ‘o’ (denoting their steady state character). In order not to overload the notation,
we do not add this index to the list of steady state values (7.1)—(7.18). Note again that
all steady state values are expressed in per unit of capital form and if necessary in
efficiency units:

e Y'u [y = yPi

Y =Ty P i], (7.1

V= ﬁn"ye’ (7.2)
Iy = ljﬁ" =I,y"i [total employment: ["'* = P+ 17, 1% = aggy®],  (1.3)
1= (1Y +a,gy°)/é, (7.4)
Py = Py [py arbitrarily given]

YT 1¥ g, v YE ) (7.5)
O B

o [T TR T T ) 7o

= py(if +8n)/itp.
_ a0 —g) — (v + &)
ey(if + 8}/ (1 + 1) + (¥ + dn)en”
b=ajdy", (7.10)
b=t (1 —ad)dy,

(1.9)

S [J;X_y — p:f:j."
£ 7] M N ¥
i Jv (7.16)
Prityky,

Ty =1=—
“ L+ T Py Yoot (7.17)

T W ’
So ~ [TwYwl + ‘;’ﬁ:%lwe =+ Hi_?;v(yc — ¥ +8) — (¥ + Sp)kn)]
Tmpf;a.jyy/((l =+ Tv)py) ’

(7.18)
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With respect to the last two of the above equations, for the taxation rate T, and for the
rate of exchange s of the model, we have to apply (besides the above definitions of
v, [ and P, see the above) the further defining expressions

0 _ 5
¢, = itnky,

1 = tlif [+ T} + ib + b+ (pu/ py)ch /(L + w) — Sukn /(1 + )],
4

So=gY +ib+b —15+ [@" (1€ — 1") -+ o L2(0)/ L1 ()]

(14 tp)py
2w yb
+ (14 7p) ————ag¥* — —,
TS TR

yuwl = wI + (1€ = 1") + o’ L2(0)/ L1 (0)°)/ (1 + w) py)

in order to have a determination of the steady state that is compiete.

Note that the value of the exchange rate s will be indeterminate when we have
7., =0 in the steady state, in which case the above formula for s cannot be applied.
Note furthermore that the parameters of the model have to be chosen such that &y, 7oy, 5
are all positive in the steady state.* Note finally that the parameter ey must always be
larger than 1 — 1/8, for x = pp, s, p° in order to satisfy the restrictions established in
Chiarella and Flaschel (1999b,¢,d).

Equation (7.1) gives expected sales per unit of capital K, while equation (7.2) pro-
vides the steady inventory-capital ratio N/K . Equation (7.3) provides the amount of
waorkforce employed by the firms which in the steady state is equal to the hours worked
by this workforce (assuming that the normal working day or week is represented by 1).
It also shows total employment per K where account is taken of the employment in the
government sector in addition. Equation (7.4) is the full employment labour intensity.
Equation (7.5) provides the price level (net of value-added tax) and equation (7.6) gives
the wage level (net of payroll taxes) based on the steady state value for the real wage
wP. The steady state value of the inflation rate expected to hold over the medium run
is zero, since the inflationary target of the central bank is zero.

Next we have the price level for housing rents (in equation (7.8)) and the stock of
houses per unit of the capital stock K (in equation (7.9)). There follows the steady
state value of & = B/(p,K) as well as the one for long-term domestic bonds. The
price of these bonds is given by the given price 1/i}" of foreign long-term bonds in
the steady state; see equation (7.12). The steady state value of the short-term rate
of interest settles at its long-run equivalent as there is no risk or liquidity premium
allowed for.

Import taxes 7, just balance the trade balance in the steady state, see equation (7.16),
while the wage tax rate t,, must be calculated from gross steady wage income y,1 and
the marginal propensity to spend for housing services, see equation (7.17). Equation

4 There are further simple restrictions on the parameters of the model due to the economic meaning of the variables
employed.
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(7.18), finally, provides the steady state value of the rate of exchange which depends on
nearly all parameters of the model, due to the definitional terms shown (to be inserted
into the expression for s shown in equation (7.18)).

Next we present the eighteen laws of motion of our dynamical system which have
been derived in Chiarella and Flaschel (1999b,¢,d) and which of course also make use
of the state variables we have just discussed.

Making use of the formula

Aﬁy = ﬁ}’ -t = K[Kp(ﬁwg(e - é) ‘"%"ﬁw"(lj{-e/l}ue — 1)) +ﬁp(y/y'" - L?)]

for the deviation of the actual inflation rate from the expected one, the laws of motion
around the above steady state solutions of the dynamics read as

¥ =By =y + (v — (g — d)y°. (7.19)
b=y -y —(gf — v, (7.20)
[ = BAY — 17 + [y — (g — S, (7.21)
=y - (g -, (7.22)
D == 7 1 [Bug, T/ 1€ — &)+ B U/ TFE ~ 1)+ kwBp(y/y" — D], (7.23)
Py =7+ teliep B, (/1€ — &) + B, U5/ T5° — 1) + Bp(y/y? — D)), (7.24)
7€ = Brelaze APy + (1 — oz} (0 — x)), (7.25)

g

”~ C -_— ~ .
br = B (k_h - Uh) + kR Apy + ", (7.26)

h
ki = g — 8 — (g — &), (7.27)
b=aflgy +ib+b — 19 —1° + g1 — (Apy + 7 + g — 8)b, (7.28)
Bl = —af)/polgy* +ib+ b — 14 — 1€+ g%
— (Apy + 7+ gf — 8D, (7.29)

ﬁpb
- ﬁ])b(l - 0 )

Tbs == By (Bb — Tbs), (7.31)
= =B — i)+ Bi,(Apy + 1) + B, (y/y" — D), (7.32)

!’;x ~ {1+ T:J:)P:f,jd
pix

ﬁb = [ ~ it + asmpy — (1 — )], i = 1/ pp, (7.30)

* (-x = xy)’: jd = j}’y)! (7.33)

= Oy,

_b-}-pbbf
=

, (7.34)
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§= 1_—ﬁs~’?§»—m[(1 — i} + ases — (L — i + )], (i =1/pp),
(7.35)
€5 = Be, (5 — €). (7.36)

These laws of motion make use of the supplementary definitions and abbreviations
y = ¥ 4 Bu(Bpay® — v} + By,
l?" =1y,
lge =1, = agy”,
1% = 19 + 1°,
=17 + 15,

L2(0)

— lde +at(lf — YY) + "
Ywl [ { L1(0)

FIIA + w)pyl,

C:q) = Cy(i — Tw)wls
C;‘; =(1+ 'fv)PyCh(l — Tw)Ywl/ Ph,
r¢ = y¢ — 8k + P/ py)xyy — (L4 Tp)w®/ py)E — (L4 Tw)spin/ Py) iy,
gl = ok (1 = 1)r® — (1 — 2y — 7)) + ek iy — 1),
kY —@) v+ i =1/pe
g = o (1~ ) ((Pa/ py)el [ hn — ) — (1~ Ty — %)) + af (i — §)
¢h
+a!¢l (k_! - ﬁn’r) +y 48, = 1/ps,
It
d _ o d dk + e
Y=y T g T Bpkn T 8Y
7 = Qs Tps + (1 — o) Py,

+ L2(0) e

de
ORI ]/(1+fv)py,

ga — we [au(le _ l‘we) + o
 L20),

a ¢ fpde e we
t ToW [1 4o ( ) Ao :0)

e:i A+ Tq))py)“‘rpwelde/((l+rv)f)}')

T .
+ 0 — 8k — gk + Tusplyy/ (L + T py),
v

t“=rrf /(1 + ) +ib+ b+ (P'h/Py)Cg/(I + Ty) = Spkn /(1 + )]
Inserting these equations into the above eighteen Jaws of motion gives an explicit system
of eighteen autonomous non-linear differential equations in the eighteen state variables

(7.19)-(7.36) shown above. Note that we have to supply as initial conditions the relative
magnitude i‘f Eg; in order to get a complete characterisation of the dynamics and that the
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evolution of price levels is subject to hysteresis, since it depends on historical conditions
due to our assumptions on costless cash balances for the behaviour of the four agents
of the model.

Our strategy for analysing the 18D core model is to discuss, in the subsequent sections
of this chapter, the various partial feedback mechanisms it contains. In Chiarella ef al.
(2003b) we have considered the interaction of these partial mechanisms, and via a series
of partial analyses built up to an analysis of the full 18D dynamics. We refer the reader
to Chiarella ef al. (2009b) for a more complete description of the business fluctuations
and long-phased cycles that the 18D core model is capable of generating.

7.4 A Goodwin wage income/insider-outsider Iabour market dynamics

In order to isolate this extended feedback mechanism between functional income dis-
tribution and capital accumulation we assume for the parameter «, that it equals 1.
Furthermore we abstract from the government sector and its employment decisions
and from exports and imports and also assume that fixed business investment is simply
given by gf = a’l"(r" — ")+ y + 8; based on the assumptions a§ =0, y=y”, implying
that there is no impact of interest rates on fixed business investment and firms also face
no demand constraint, but produce at full capacity Y7 = y”K throughout.

[t is easy to show then that the law of motion of real wages w® is in this case given

by
Wf = By (e —&) + Bu, (l?/l?{ - ﬁ?)’

so that the demand pressure on outside and inside labour markets are here the sole
determinants of the dynamics of real wages (since the short-run inflation rate is fully
reflected in the adjustment of money wages).® The obtained law of motion for real
wages is easily rewritten as

& = B (/1€ = &) + B, (¥ — TY), (7.37)

with zr';‘r’ = lfp"/l}"’ (ljff" = [,y7) and e = ["¢/1°. The laws of motion of these latter
two variables can then be obtained from the complete model of the preceding section,
in fact specifically from the equations

o=y 18 ~ak@pe -1,

f}’e = By yP /17— ) +y + 8 — af (¢ = 1),

3 Ag:gre‘gate _demand may and will here differ from aggregate supply, but is assumed 10 have effects on the rate of
s price inflation solely with no feedback on the growth dynamics consideraed below.
See the next section for a more complicated real wage mechanism which also takes account of the imbalance
that exists in the market for goods.
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with ¢ given by y* — & — (1 + rp)w”[;‘i". After some manipulations the differential
equations for u"j’ and e can be written as

0y = — (v + ) — 1) = Buf —a'f), (7.38)
e=p (zﬂf - ﬁ?). (7.39)

These laws of motion basically represent the assumed investment behaviour and the
employment policy of firms which indeed influence both of these dynamics. On the
basis of the above assumptions we thus obtain a 3D dynamical system in the state
variables w®, ujfi, e, of the real wage in efficiency units, of the rate of employment of
the employed and of the outside rate of employment.

Proposition 7.1 1. The dynamical system (7.37), (7.38), (7.39) for «°, u*}’ and e has a
unique interior steady state given by

o yp_cgk_fj.
fed (i_i_rp)lyyp’

u% = ﬁ}’, eo = €.
2. The steady state is locally asymptotically stable if B, Ei‘jﬁ > P, € holds.

3. At the value ﬁni = Bue/ ﬂl}’ of the parameter By, there occurs a Hopf bifurcation,
a cyclical loss of stability, of either subcritical, supercritical or degenerate type.

Proof:
1. Obvious.
2. The Jacobian of the dynamics at the steady state is given by
0 ﬁw,, Wy ﬁwﬂ Wy
J = ~oz’1"(l + )y yluy By 0
0 Bty 0
Therefore, —a) = trace J = —fuu¥ < Oand —a3 = det J = ——ﬁw‘,a),,a’]‘(l +p)lyy?

ul Bre, < 0. For az (the sum of the principal minors) we get az = B, a)(,a’l"(l +
p)lyyPuy > 0.According tothe Routh-Hurwitz conditions — see Gantmacher (1959) ~
we have to consider in addition the positivity of

k - -
ayay —dadz = ﬁl“ﬁf’wod] (1-+ Tp)[yyp(ﬁw,, ”1}’ — Buw.fio).

Hence ajas ~ a3 > 0 if ﬁwuﬁ"}’ > Pu,ily. The assertion of a Hopf bifurcation at
B, = P, o /ﬁ}’ is then proved by means of the above expression for ajaz; — a3 asin
Benhabib and Miyao (1981).

3. As in Benhabib and Miyao (1981), due to the above expression for aja; —az. O

We thus in particular have that fast inside wage adjustments speeds, By, , are enhancing
local asymptotic stability, while the opposite holds true for the adjustment speed of
outside wage claims, By, . All other parameters of these dynamics (up to the levels of
the employed rates of Non-Accelerating Inflation Rate of Unemployment (NAIRU)
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type) do not matter for the stability of this partial dynamics between real wages and
the inside and outside rate of employment. This holds in particular for the speed of
adjustment By of the hiring and firing policy of the firms. If the steady state is locally
explosive, because of a high adjustment speed with respect to outside labour demand
pressure, it is easy to establish global stability or boundedness of the dynamics through
simple further (extrinsic) non-linearities as in Flaschel (2000), the main results of which
read as follows:

Proposition 7.2 1. The interior steady state of the dynamical system (7.37)—(7.39), with
smooth factor substitution’ z = (k) in the place of fixed coefficients in production, is of
the same type as before, but now with the endogenous determination of the steady state
ratios xo = (ko) yo = f{ko)/ ko and k, = k(w,), where w, is given by the solution of
the equation y /aff = ' (k(wy)).

2. This steady state is locally asymprotically stable if By, — Pw, € — ¢ > 0 holds
for some suitably chosen ¢ > 0. The size of ¢ can be chosen the larger the term
& (@) = k' (w)w/ k(w), Bt, Pu, becomes.

Proof: See Flaschel (2000). [

Proposition 7.3 1. The dynamical system (7.37)~(7.39) with smooth factor substitution
and supply constraints exhibits the sub domain (0, co) x (0, 2) x (0, 1) of its phase
space as invariant subset which it therefore cannot leave. The dynamics can therefore
be bounded to an economically meaningful domain and may, depending on parameters
and functional shapes, give rise in this domain to a variety of simple or complex motions.
2. The so-called classical regime of non-Walrasian disequilibrium analysis — see
Flaschel (2000) for its definition — is the only regime that is possible in this domain.

Proof: See Flaschel (2000). O

Figure 7.1 provides an example for this type of bounded dynamics where the attracting
set that is shown is still of a simple limit cycle type. The figure top left shows the
stable limit cycle of the dynamics with the additional non-linearity in the growth rate
of the labour supply assumed in Flaschel (2000), while the two cycles that border this
figure show its projection into the adjacent planes, now with the variable v, the share of
wages, in the place of w, the real wage in order to show that profits remain positive along
the cycle (and on the way to it). The figure bottom right finally shows the time series
for the outside and inside rate of employment {with the full employment ceiling for

7 Denoting by k the actually prevailing capital intensity K /L we know from the Solow model of neoclassical
growth that this gives rise to equations of the type

= flk) [y=fRYKL @= f)— Rk = glk).
For the function g there then holds

gty = Fi — FliRy = ffk = — Uk > 0

so that the function g is strictly increasing (due to decreasing marginal products of labour). We denote by
k = k(w) the inverse of g and by ¢; () = k'(w)w/ k{w) > O the elasticity of this function k.
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Figure 7.1 A limit cycle of the dynamies (7.37), (7.38), (7.39) showing the {ull employment ceiling

the first rate sometimes in operation and with a rate of employment of inside workers
that stays below 130 per cent). When inside employment approaches this level it is
furthermore clearly visible that the rate of growth of labour supply responds to this as
assurned in Flaschel (2000) but as in the case of the inside rate of employment only in
a moderate way in order to create the volume of labour supply and its rate of growth
that is demanded by firms.

The result established by this section therefore is that labour demand pressure within
the firms, when operating on wage adjustment in a sufficiently strong way, can desta-
bilise the interior steady state of the model, but only locally if smooth factor substitution
and certain labour supply adjustment processes are added to the model. This global
aspect of the considered dynarnics is investigated in detail in Flaschel (2000) and is
therefore not considered here again, where local feedback mechanisms are at the centre
of interest.

7.5 Adding the Rose real wage feedback chain

In order to sketch the details of this further economic feedback chain which now inte-
grates goods market dynamics into the growth cycle dynamics of the preceding section
we have to derive anew the law of motion for real wages from the wage-price dynamics
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first. Starting from the corresponding equations of the general 18D dynamics we have
W — 7€ = B, (e — &) + Bu, U5/ 1Y ~ TY) + kap(py — %), (7.40)
Py — 7 = Bp(y/yP — 1) + ke, (W — 7). {7.41)

We can see that these equations form a linear equation system in the two unknowns:
W — ¢, py — =, This system can be uniquely solved if k = 1 — Kwicp, # 0 holds
true for «y, «cp € [0, 1], which is so if both of these parameter values are not equal to
1, meaning that the cost-push terms in both the wage and the price dynamics are not
solely based on currently observed price and wage inflation rates. The explicit solution
of this equation system is

~e

B =7 = kc(Buy e = &) + Bu, AF /1P = TP) + kwBp(y/y" = D)),
Py =7 = kliep(Bue(e = &) Pu, (517 — T + Bply/y" = i)

which in turn implies for the real wage, w® = w*/ py, measured in efficiency units and
relative to producer prices, the expression

& = k(1 —icp) (Bu (e — &) + Buy, (5 /17 — 7)) — (1 = k) Bp(3/¥" — D).

The dynamics of the real wage therefore depend positively on the demand pressure in
the market for labour and negatively on the demand pressure in the market for goods,
while the cost-push terms of the nominal dynamics have neutralised themselves in this
relative expression for the wage dynamics. The economic reason for and the meaning
of this result is easy to understand, since real wages should generally also depend on
what happens in the market for goods. It is therefore astonishing to see that studies of
Phillips curves (PCs), that integrate labour market phenomena with price inflation, are
often built on only one of these demand pressures (the one in the labour market) in the
theoretical as well as in the empirically oriented literature.

On the basis of the foregoing discussion we can now describe the feedback chain of
real wage increases onto their rate of change implied by the core 18D model of this
chapter. Increases in real wages will either increase or decrease aggregate demand y?
for the domestic good (per unit of capital) depending among others on the consumption
propensity ¢y of workers in comparison with the marginal propensity to invest i; that
mirrors the influence of the expected profit rate

rf = ye — & + (p.\‘/[)y)x — 1+ T]J)wel;,e - (pm/[)y)jd

in the investment demand function of firms.

Let us consider first the situation where economic activity y or i = y/y” is reduced
through this channe] by real wage increases. We know from the model that this decreases
the employment of the employed and with some time delay also the rate of outside
employment e. According to the above dynamical law for real wages we thus get that
real wage increases are slowed down if wage flexibility is high and price flexibility is
low, since the money wage will then react more strongly than the price level to this
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reduction in economic activity and will thus dominate the response of real wages to
reduced economic activity. In this situation, the interaction between economic activity
and real wages is therefore stabilising, since real wage increases are then checked by
decreases in economic activity through their impact on real wages. However, in the
opposite case of high price flexibility and low wage flexibility real wages will increase
in the case of a reduction of economic activity and will thus amplify the initial increase
in real wages, which creates a destabilising feedback chain between real wages and
economic activity.

Consider next the case where economic activity increases with real wage increases,
since consumption demand responds more strongly than investment demand of firms
to changes in the real wage. Of course, we then get the opposite conclusions to the case
just considered. Price flexibility will now be enhancing economic stability while wage
flexibility will be detracting from it. We thus find that the real wage/economic activity
interaction depends crucially on the parameters that characterise the market for goods
and the labour market.

Either price or wage flexibility must however aiways be destabilising. The destabil-
ising Rose effect (of whatever type) will be weak if both wage and price adjustment
speeds Pu,, Bu,, Bp are low, at least as far as situations of a depressed econ-
omy are concerned. The working of the Rose mechanism in integrated models of
monetary growth is explored in detail in Flaschel er al. (1997) and Chiarella and
Flaschel (2000), where also the original approach of Rose (1967) is reconsidered and
discussed.

We now go on to consider the situation in which we add growth dynamics to the
above considerations as in the considered extended Goodwin (1967) case, but will
now neglect inside employment adjustments (8,,, =0) so that increases in the output
of firms are immediately transferred to new employment with respect to the external
labour market. We thus assume lj’p" =l?"’ and again neglect any cmployment in the
government sector. This gives rise to the following growth dynamics

& = (1 = ) (Bu, Uf /1 = &) = (1 — ) Bp(y/y" — D],

o=y 48p —ak(f =17 — b (y/y? — i),

where [49¢ = Iyyandr¢=y — 8 — (1 + r,,)a)eljﬂ"’ and where the second law of motion
is derived as usual from the growth law for the capital stock. Note here that we
have included now the third term a_f;_'(> () of the fixed business investment func-
tion again, since the rate of capacity utilisation is variable in the Rose type labour
and goods market interaction. Note also that we do not distinguish here between out-
put and the (expected) demand for goods and thus ignore the quantity adjustment
process of firms and the details of the formation of aggregate demand. Instead we
shall now simply assume that output per capital y is a function of real wages ¢
measured in efficiency units and that this function is increasing if we assume that the
impact of real wage changes on y is positive (if consumption demand is more sensitive




222 Partial feedback structures and stability issues

than investment demand to real wage changes) while it is decreasing in the opposite
case.

We thereby arrive at the autonomous non-linear system of differential equations of
dimension 2,

& = ic[(1 = Kp) Buy, Ly y @)/ 1€ — &) — (1 — k) Bp(y (@) [y — D], (7.42)
I =y + 8 — o (@) = & ~ (1 + 1)Ly (@) — ") — b (3(e?)/y” — ),
(7.43)

in the two state variables ¥, [€. We consider here only the case where the rate of profit
r¢ = y(@“) = & ~ (14 7))l y(w®) depends negatively on the real wage w®, namely
where the mass purchasing effect of real wage increases is not so large that it outweighs
the wage cost effect on the rate of profit.® In this case we get for the Jacobian J of the
above 2D dynamics at the steady state the following sign structure (that is typical for
the Rose (1967) employment cycle mechanism)

k(1 = 1) By y(@°)/ —ic(1 = icp) Bus Ly y (@) [ (1€)?
J= =1 - Kw)ﬁpy’(we)/yp]
—ak (r°Y (@) — ok y' (@) /y? 0

=(f g).

The sign of Ji; in the trace is therefore the decisive element that determines the local
stability or instability of the Rose real wage mechanism in isolation as well as its
interaction with economic growth.

A wage mechanism of the extrinsically non-linear type shown in Figure 7.2, as
it was used in Rose (1967),? will therefore generally only be successful in bringing
boundedness to the dynamics of the economy for a given speed of adjustment 8, of
the price inflation rate when the sign in J|; is negative. If the opposite holds true, then
one would need an extrinsic non-linearity with respect to price adjustment, not wage
adjustment, which would need to be assumed to be limited in its speed, in order to get
boundedness for the dynamics in this case. Depending on propensities to consume and
to invest we therefore have to assume more flexible adjustments in the Iabour market
or in the market for goods in order to get boundedness of the dynamics. Not knowing
which situation in fact prevails it may therefore be best to assume that both speeds of
adjustment are fairly low in which case the entry Jyp in the trace of J will be small,
but positive or negative. It can then be hoped that this germ of instability — which in
the general 18D dynamics need not and will not appear in the trace of their Jacobian —
is overcome by the other stabilising mechanisms in the dynamics.

2 In addition the parameter ag' needs 10 be chosen sufficiently small.
The function displayed, By, (¢), replaces the linear term fyy, (¢ — £) in equation (7.40).
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Figure 7.2 A non-linear law of demand in the labour market

If we however are sure that y and thercfore also r¢ depend negatively on the real
wage o, the above dynamical system (7.42}, (7.43) will imply the phase portrait
representation shown in Figure 7.3.1°

This diagram indicates that the growth dynamics of this section are globally asymp-
totically stable if price flexibility is sufficiently low such that the steady state of these
dynamics is locally asymptotically stable. Then ~ as we shall assert without proof — the
growth dynamics are also globally asymptotically stable with respect to the triangular
domain shown in Figure 7.3 and only globally stable. The dynamics will give rise to
stable limit cycles around the steady state if the steady state is locally a repeller (which
could occur for a given value of price flexibility that is chosen sufficiently high)."!

1 we neglect technical change and therefore efficiency units in Figure 7.3,
11 The isoclines &f = 0, {¢ = 0 of (7.42), (7.43) are given by

e __ L€ —1i 1 — iy 5 -
I =iy ()| B I Bp|+e]
“kp

=ty

where w¥ is given by that level of real wages that implies the required rate of profit i, Due to the assumed
shape of the By, function we know that the first expression is always well defined and must always lie between
y(@®)/b and y{w¥)/a; see Figure 7.2. The above two isoclines then divide the phase space as shown in
Figure 7.3.
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Figure 7.3 The viability domain of the Rose dynamics for y'(e€) < 0

The details underlying the construction of the viability domain shown in Figure 7.3 are
given in also Chiarella and Flaschel (2000, Ch. 5). We conclude from the azbove that
large values of B, and either g, or 8, provide problems for the local asymptotic
stability of the interior steady state of the dynamics, but that extrinsic non-linearities
in fact can be tailored so that they tame local explosiveness and bound the considered
growth dynamics to an economically meaningful domain.

7.6 'The Metzlerian expected sales/finventory dynamics

In order to isolate this mechanism we assume that fixed business investment is given
by its trend component solely: g}f = y + 8. In this case we get for the interaction of
expected sales ¥ and actual inventories v from the 18D core dynamics of the general
model, the equation system

¥ = B (0 = ),
b=y—y—yv
Y=l v+ S+ v+ 8+ g,
¢ = Cy Y
Yo = (1= w)[wtlyy + w (¢ — 1Y) + w o)/ py,
¥y ="+ BBy’ — v+ yBay.
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These equations provide us with two linear differential equations in the state variables
expected sales and actual inventories (per unit of capital). To simplify our argument
we have ignored here the delay in the firms’ employment policies and of course do
not take wage-price reactions to the change in economic activity into account in the
investigation of this partial feedback structure. It is then easy to see that a sufficiently
large adjustment parameter value 8, (which can approach infinity in continuous-time
if this is needed) implies that the dependence of y? on y and thus on y° obtains a slope
that is larger than one, in which case the law of motion for y¢ then depends positively on
the size of y, or in other words, the entry J1; of the Jacobian J of the above dynamics
at the steady state becomes positive under these circumstances. We conclude that the
trace of J must then become positive if the parameter 8, is chosen sufficiently large
in addition, since this parameter is not involved in the second component that defines
the trace of J.

The above equations for the 2D inventory dynamics thus show that output y depends
positively on expected sales y© and this more and more strongly the higher the speed
of adjustment 8, of planned inventories becomes. The time rate of change of expected
sales therefore depends positively on the level of expected sales when the parameter
By is chosen sufficiently large. Flexible adjustment of inventories coupled with a high
speed of adjustment of sales expectations are thus bad for obtaining economic stability.
There will, however, exist other situations {(with a low inventory accelerator) where an
increase in the latter speed of adjustment may increase the stability of the dynamics.
The question of local explosiveness and global boundedness of this inventory cycle
dynamics has been discussed in detail in Franke and Lux (1993), Franke {1996) and
Chiarella and Flaschel {2000, Ch. 6).

In view of these contributions we add the following further simplified modelling
and analysis to the observations just made. We now assume, as a simple expression for
aggregate demand in the place of the static equations employed above, that there holds

yi=diy+dy, with dy=>0,d;e (01

and also set the exogenous growth rate y of the general 18D model equal to zero. On
this basis, the isolated inventory dynamics of the model read

¥ = Bye(y! — ) = Byeldry + dp — ¥, (7.44)
b=y-y'=(1—-d)y—do, (7.45)

where the output y produced by firms is again given by
y ==y 4 Bu(Bray® — v), (7.46)

that is as the sum of expected sales and intended inventory changes. The steady state
of the model (7.44)-(7.46) of sales and inventory dynamics is given by

}’g = )’g =Yoo= 1 —d dy, Yy = ﬁ”d)’o.
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Inserting (7.46) into (7.44), (7.45) one obtains a linear system of two differential
equations with the matrix of partial derivatives

J == ( (dl -1+ dl ﬁnﬁnd)ﬁy" _dlﬁnﬁy"
(I —d (1 A+ ﬁnﬁnd) —(1 —dy}Bn '

For the determinant of this matrix we find

Wl =Bye(l~-di)Bn > 0.

and for the trace

trace J = —fye(1 —dy — BuBadi) — Bu(l — d)).

From these expressions we see that the dynamics (7.44), (7.45) can only be unstable if
I —di — BuByed) < 0holds and then if and only if

_ Bl—d)

1-d) - ﬁnﬁ”ddl
applies. Since we want to show in this section the existence of inventory oscillations and
in the limit also of relaxation oscillations for inventory dynamics of sales expectations,
we assume in the following that the adjustments speed 8, for inventory changes satisfies

I —d)
ﬁn - d] ﬁ”a’ >0

at the steady state, which means that the above necessary condition for instability is
fulfilled at the steady state. In this case, the dynamics (7.44), (7.45) would be totally
unstable when sales expectations are adjusted with a sufficiently high speed. In view
of such a situation, Franke and Lux (1993) assume that the inventory adjustment speed
that firms choose is slowed down the further the economy departs from the steady state
(since firms become more cautious then). We add to this assumption the motivation that
firms slow down their inventory adjustment far off the steady state, since they expect
a turn in economic activity which would by itself give rise to the desired direction of
inventory changes. In making this assumption the action of firms will then in fact lead
to such a turn in economic activity which thus confirms the cautious policy adopted by
firms. In their paper, Franke and Lux (1993) present a set of related assumptions which
in sum allow them to show that despite local instability, such an inventory dynamics
will be globally stable or viable and give rise to persistent oscillations (or relaxation
oscillations when expectations tend to myopic perfect foresight).

In the following, we will not reproduce the details of such an analysis, but only
sketch in an intuitive way'? how such global boundedness of the dynamics and the
implied limit cycle (or limit limit cycle in the limit case of relaxation oscillations) can
be obtained in principle.

H
ﬁ,‘»’f > ﬁy" =

2 . ST
12 We also appeal to the special example of the non-finearity introduced by Franke and Lux in the adjustment
speed of inventories,
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To this end, we choose for the adjustment speed 8, of inventories the functional form
of their dependence on sales expectations (per unit of capital) given by

Bu = (B — BN exp(—BL ¢ — yOH + L, (7.47)

where g% — g0 > "E{l";:,ai_f:? and 0 < g < EIIT_B% holds.

On the basis of this modification of the model, the dynamics (7.44), (7.45) become
non-linear, with a steady state that is identical to the one of the linear system and which
must be unstable for a high adjustment speed of sales expectation since the Jacobian J
is the same for the linear and the non-linear system at the steady state. It is not difficult to
show that this non-linear version of the inventory dynamics implies again the existence
of persistent fluctuations or even relaxation oscillations, as in Kaldor (1940) and by
means of diagrams as in Chiarella and Flaschel (2000) and Asada et af. (2003). This
analysis is here simply exemplified for the limit case of relaxation oscillations by means
of the numerical simulation shown in Figure 7.4,

The bottom left panel of Figure 7.4 shows the relaxation oscillations in sales expec-
tations y¢. Inventories v, on the other hand, exhibit no jump in their levels (as is
reasonable), but of course their growth rate is subject to such jumps whenever a regime
switch occurs in the perfect foresight regime from optimistic (nearly perfect) sales
expectations to pessimistic ones and vice versa. The bottom right panel of Figure
7.4 however reveals that such sales expectations are not always perfect, since sales
expectations may overshoot aggregate demand during a regime switch — at least for the
discretisation we have chosen here to simulate this model.

Figure 7.4, at the top right, shows the development of output as compared with sales
expectations {(and aggregate demand). Of course, the path of output must depart in
a systematic way from that of expected sales, since firms pursue an active inventory
policy. Finally, the top-left panel of Figure 7.4 shows again the relaxation cycle in
the phase space, revealing part of the y¢ isocline as well as of the nearly horizontal
adjustments that occur in sales expectations when phases of boom give way to phases
of recession or depression by way of a regime switch in sales expectations.

The panels of Figure 7.4 also show that the cycle period is approximately three years.
We note that the phase length of this cycle can be decreased if the parameter 8¢ is

reduced in size. Of course, the amplitude of the cycle is completely determined by the
shape of the non-linearity that has been assumed for its generation; see equation (7.47)
for the parameter £,.

The discussion of this section may be summarised in the following proposition:

Proposition 7.4 The dynamics of the Meizlerian inventory feedback mechanism are
dominated by a trade-off between By, (speed of adjustment of sales expectations) and
By (speed of adjustment of planned inventories). At low values of both of these param-
eters, this mechanism is locally stable. For By, larger than a certain value, By, acts
as a bifurcation parameter, giving rise to local instability and limit cycles via a Hopf
bifurcation beyond a certain critical value.
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Figure 7.4 A numerical representation of the limiting relaxation oscillations in the Metzlerian 2D
dynamics

7.7 The dynamics of housing supply

In order to study the dynamics of housing investment and housing rents in isolation we
assume that the capital stock of firms grows with constant rate y = g,f_’ — &, that the
rate of investment in dwellings does not depend on bond interest rates and that the price
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level of domestic goods (and thus of the supply of dwellings) p, is a given magnitude.
Furthermore, total wage income of workers (per unit of capital) is held constant at ¥ 51 .
The laws of motions in the housing sector are in this case given by'?

deo

A - c _
kh = g;f — 3], -y = fo (I'h P ;") -+ a’{: li—: —Up i, (748)
h
do
a" Ch -
Pr=Fun| 7 —tnj, (7.49)
h

with

. . =D
Fp = (-hyw]/kh — &,

I = =D
i’ = puCh Yo/ P

This system of equations can be reduced to two autonomous differential equations in
the state variables &, ps with auniquely determined point of rest in the positive domain
of the real plane, given by

kno = cnFgr /G +81),  Pro = Buch T/ Uenoitn),
due to Fip = i" = Chiﬁ] /ey — 8.
Proposition 7.5 The interior steady state of the dvnamics of the housing sector, given by
(7.48) and (7.49), is always locally asymptotically stable with monotonic convergence

back to the steady state for small displacements out of the steady state, so that it is a
stable node.'*

Proof: Let us first consider the above dynamics in the case a3 = 0. In this case we get
for the Jacobian of the dynamics at the steady state the sign structure

7= Jn Jn2y_{ - 0
T\ 2 ) —- =)
This implies the assertion of Proposition 7.5 in this special case, since such a dynamical
system has only real eigenvalues with negative sign due to

(trace J)2/4 — det J = (J1 — Jan)2/4 > 0.

Inthe case oy > Qitishowevereasy to see that the trace will become more negative than
compared with the situation when o3 = 0 while the determinant remains unchanged,
which implies local asymptotic stability also in this case, and of course

(race J)2/4 ~ det J = (Jyy — J2)?/4 > 0.

13 All tax rates are set equal to zero in the present subsystem of the generat 13D dynamics.
19 We here only assert that these dynamics are also globally stable and that this can be proved by means of Olech’s
theorem in & similar way to what is presented in Flaschel (1934).
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The adjustments that take place in the stock of dwellings and the price of dwelling ser-
vices thus do not give rise to the results we derived for business fixed capital investment
{as in Goodwin (1967)) and for the Tobin (1975) nominal dynamics considered below,
since there is no labour market involved in this subdynamics and also no inflationary
expectations mechanism with respect to py,. The latter may be considered a shortcom-
ing of the present model type which should find better treatment in later reformulations
of this macroeconomic dynamics.

Adjustment processes in this segment of the economy therefore do not cause problems
for economic stability, at least as the model is presently formulated.

7.8 The Keynes effect

In order to discuss this effect in the conventional way one has to reformulate the
model by means of 2 money supply rule and IS-LM equilibrium (in the place of the
Taylor interest rate policy rule that we have used in the general 18D dynamics of
Section 7.2). According to conventional LM equilibrium the nominal rate of interest ;
depends positively on the price level p, with all other variables kept fixed. Aggregate
demand and thus output and the rates of capacity utilisation therefore depend negatively
on the price level implying a negative dependence of the inflation rate on the level of
prices through this channel. A high sensitivity of the nominal rate of interest with
respect to the price level, the opposite of the liquidity trap, should thus exercise a
strong stabilising influence on the dynamics of the price level and on the economy as a
whole, which is further strengthened if price and wage flexibility increase. We expect
that this effect is also present {in modified form) in the case of the interest rate policy
rule, as we shall show succinctly below.

Monetary policy rules that attempt to control money supply in order to achieve
inflationary and real stability may for example be formulated as

M ==ty + Bu(@ — p), (7.50)
M =R =L+ (il —n — ﬁ): (7.51)
M= 1= pho+ Bu( — p%). (7.52)

The first rule (equation (7.50)) states that the growth rate of money supply is adjusted
in view of the discrepancy that exists between the target rate of inflation of the central
bank and the actual rate of inflation, implying for example that the growth rate of the
money supply is reduced below its desired level y,, if the actual rate of inflation exceeds
the target rate (based on the assumption that this will dampen economic activity and
the inflationary pressure that derives from it). The second rule (equation (7.51)) can be
considered a special case of the first one, since it uses the steady state rate of inflation
as the target rate. The third rule (equation (7.52)) assumes the so-called p* theory of
the rate of inflation, which assumes that the actual rate of inflation will tend to the p*
rate p* as its centre of gravity where p* is given by the application of the quantity
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theory of money to the case where the economy operates at its potential output level
(or a certain fixed percentage below it). This would therefore give

~

pf=uM/Y?, sothat, p*=u—K,

where v denotes the constant velocity of money'> and ¥ ” the potential output of firms
which is a fixed multiple of the capital stock K in our model. Of course, we couid have
also used the rate 7 ¢, expected to hold for the medium run, in the place of the actual
rate of inflation or the p* rate (where 7€ is in turn partly based on the knowh?c.lge of
P*). Equations (7.50), (7.51) and (7.52) show that there is a variety of pos_31b111t_1es by
which a money supply rule that pays attention to economic activity and inflationary
pressure can be formulated.

Yet, in our general model, presented in Section 7.2 and in Chiarella arfd Flaschel
{1999b,c.d), we have adopted a different approach to monetary policy that.ls based on
a direct setting of the short-run rate of interest (or its time rate of change) in the place
of the more indirect approach that attempts to influence this rate of interest via chz'mges
in the supply of money as described above. We believe that this Jatter approach is, on
the one hand, less ambiguous as far as the definition of the instrument that is being
used is concerned and, on the other hand, more successful in the attempt to stabilise
the economy and to remove inflationary pressure from it. Furthermore in Chia:‘ell'a and
Flaschel (1999b,c,d) we have treated money in a way that makes it redundant in the
presentation of the structural equations of the model. . .

In order to show this last point in as simple a way as possible consider again our
formulation of the Taylor interest rate policy rule, given by

l: = ‘—ﬁll(l‘ - i;’) + ﬁi}l(ﬁy - 0) _i_ ﬁ"n(y/yp - ‘ﬁ)
in the light of the definition of aggregate demand, which we recall in

¥ = o+ g+ gikn + 8",
gli] = ai&(’.e - Ir) "'}"‘aé(l,' —1) —I—(x:l,:(y/yp — &) +v+ Sk,
/ Cfio
gh = =) o — 1) + o ﬁ — iy |,
1

i" =i —n.

Keeping all variables fixed at their steady state values, with the exceI‘Jtion- of the
short-run rate of interest rate {, immediately implies the conventional situation that
aggregate demand depends negatively on this nominal rate of interest — due to invest-
ment behaviour of firms and in dwellings. This implies again that expected sales and
actual output of firms will also respond (ceteris paribus) negatively to increases in the

15 Here assumed to be constant for simplicity of exposition.
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nominal interest rate i, although in a somewhat delayed fashion, depending on adjust-
ment speeds of the sales expectations of firms. Furthermore, domestic price inflation
Py depends positively on the degree of capacity utilisation of firms.

Taken together, this implies that there are only negative feedback mechanisms
involved in the above formulation of the Taylor rule, so that inflation or capacity utili-
sation rates above the norm will be diminished through this interest rate policy of the
central bank (the opposite is of course true in the case of price deflation and less than
normal activity of firms). The Taylor rule therefore has the same stabilising features as
is known for the Keynes effect, and it has the additional advantage that it incorporates
these features in the form of a more direct steering of the economy than a rule that
attempts to control the money supply in a counter-cyclical fashion. Note again that this
stabilising adjustment process will not simply appear as a negative trace component in
the local stability analysis of the full 18D dynamical system.

7.9 The Mundell-Tobin eifect

The assumption that «, =0, @zc =1 in the 18D model of Section 7.3 implies that

equation (7.25) for the evolution of adaptively formed inflationary expectations ¢
becomes

LAl ﬁ:r"ﬁp()’/yp —i1).

In order to derive from this formula the basic way in which 7€ is influenced by the
level of ¢, we make the further assumption that there holds the simplified equations

¥y = const. + gf + gffk;,,

gl =k = @ — N+ + b
gff = Off (Fo — (i1 = 7)) + y + 8.

In these expressions we consider only investment expenditures as variable and only
in their dependence on the expected rate of inflation 7€, that is we allow only for
profitability effects in investment behaviour by freezing the rate of profit ¢ and the
long-term rate of interest i; at their steady state values (k;, is also considered a given
magnitude). On the basis of these simplifications we see that aggregate demand (per
unit of capiral) depends positively on the expected rate of inflation, since an increase in
this rate improves the profitability differential and thus increases the rate of investment,
both for fixed business investment and housing. Since the sales expectations mechanism
implies that sales expectations y¢ (and thus also output y) follow aggregate demand y¢
with a time delay, we get from that a (delayed) positive response of output to increases
in inflationary expectations and hence (according to the above law of motion for these
expectations) a positive feedback of inflationary expectations on their time rate of
change. Due to the delays just discussed this dependence is an indirect one, so that it
does not show up in the trace of the Jacobian of the dynamics at the steady state, but is
distributed in a specific way in the Jacobian’s off-diagonal elements.
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Nevertheless, we have that increases in inflationary expectations have a (somewhat
delayed) positive effect on economic activity and, due to the additional inflationary
pressure this creates, a positive impact effect on their time rate of change. This effect
has come to be known as the Mundell effect in the literature. Its working in a Keynesian
dynamic multiplier/money market equilibrium framework with a Friedmanian type of
PC has been investigated in a 3D approach to such Keynesian/Monetarist dynanics in
a prominent paper by Tobin (1975). In that paper a critical level of the adjustment speed
of inflationary expectations is determined at which the system loses its local stability
by way of a Hopf bifurcation, similar to Proposition 7.1 that we have established in
Section 7.4 for the adjustment speeds in the wage formation process. We claim - but
do not prove here — that the destabilising Mundell effect becomes dominant also in our
18D core dynamics of Section 7.3 if the parameter 85 is chosen sufficiently large (for
tze > 0.)

The destabilising Mundell effect can be checked if an interest rate policy rule is
chosen that attempts to steer the expected real rate of interest as in Flaschel and Groh
(1997). Such a feedback policy rule counteracts the source of the inflationary process
which lies in the expansionary forces that are created by inflation and which in turn
further stimulate the inflationary climate already in existence. We shall demonstrate this
briefiy here for the type of interest rate policy rule we have introduced in the preceding
section.

For this purpose we assume that there is no delayed quantity adjustment process of
Melzlerian type, but that there is goods market equilibrium y = y® = y? throughout,
based on the aggregate demand function y¢ of this section, which is now however
augmented by the terms that describe the sensitivity of investment with respect to
short-term interest and the monetary policy rule applied by the central bank. In sum
this gives rise to the dynamical system

7€ = Bre By [y — D),

vy = const. + gf + &ﬁkh,

g,{,’ = a‘]‘(r’“ — (i — 7)) +a§(f1 — i)+ y + &,
gl = a"(Fy — (i — 7)) + el (G — D) + v + 8.
Py =By (}’d/)’p — i)+ 7,

= —pili —io) + B, (By — O + Bi, U /y" — i0).

This system can be reduced to a two-dimensional system in the two state variables 7,
i as

7€ = BreBp(y! (€, i)/ yP — ) (7.53)
i = =i —io) + (BiyBp + B /y" = ) + By (7.54)
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where y? (¢, i) is given by the linear function
y3 (€, i) = const. + af"l":rrc — as’i;'i + af.‘lzh:frc - af’l::;,i.

The system (7.53), (7.54) is thus a linear system of differential equations with a system
maltrix J that obviously has a positive determinant if ;; is zero (or chosen sufficiently
small).! For the trace of this matrix J in the case of §;, = 0 one finds

—(Bi, By + Bi) (e + o) /P + Bre Bplaf + M) /yP,

which implies that any instability that is caused by the positive term J2; of the matrix J
can in principle (but maybe not in practice) be overcome and neutralised by choosing
the policy parameters §;,, B;, sufficiently large — if and only if investment is influenced
by short-term interest rate changes. We thus see how the destabilising Mundell effect
of inflationary expectations may be overcome by a policy that makes the usual Keynes
effect of models of IS-LM type sufficiently large by way of an appropriately tailored
monetary policy rule.

7.10 The Blanchard bond and stock market dynamics

Blanchard (1981) has investigated the dynamic adjustment processes in the market for
long-term bonds and for equities on the basis of myopic perfect foresight and perfect
asset substitutability by means of the saddlepath dynamics that is then present and the
jump variable technique that is then typically applied in order to have asymptotically
stable adjustment processes after the occurrence of unanticipated shocks or changes in
the expectations of future events.

We have assumned in the presentation of the structural form of our mode) that rate of
return differentials are not instantaneously removed, but give rise to somewhat delayed
adjustments in asset prices. We have also argued that there are always heterogeneous
expectations present, here of asset holders who fall into two groups — ambitious agents
who devote significant parts and their time (and resources) to the effort of forming
perfect anticipations, and less ambitious (or perhaps less well-informed) asset holders
who behave in an adaptive fashion. We have argued furthermore that the market share
of the latter agents, despite their less accurate predictions of asset price dynamics, does
not tend to zero due to the fact that all asset owners have a life~cycle profile that lets them
act in an ambitious fashion when they are young and in a less ambitious fashion when
they become old (due to changes in their preference relations). Although ambiticus
agents have more profitable investments (a fact that is only implicitly present in our
model) their influence is bounded since they become less ambitious later on.

16 1t is however interesting to see that a parameter B, that is chosen too large may lead to saddlepath instability
of the steady state solution.
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For the laws of motion for the price of long-term bonds and expectations about its
rate of change we have assumed

~ ﬂ])[ |: 1 T]

pp = ————————— | — A QT I |, (7.55
P T B —ay) Ly )
s = By (P = 7). (7.56)

Note that the short-term rate of interest i is considered as given in this partial analysis
of the market for consols. Insertion of (7.53) into (7.56) yields

. Of.;ﬁp,, ﬁi’b 1
.= e | s ———_—— t. . (7.57
hs = P [(1 Bl —a) )”bs T8, (0 ey gy TS| 9D

We see that the trace of the Jacobian J of the 2D dynamical system (7.33), (7.57) at
the steady state can be made as positive as desired. This is so, since the parameter 8,
can always be chosen to make J; positive, then 85, can be chosen so as to scale up
J22 in the trace to an arbitrarily large value without changing the other coefficient Jy;
of the trace. [t is easy to show that the determinant of the Jacobian J of the full 2D
dynamics shown above is always positive and that the system switches from stable
nodes to stable foci to unstable foci to unstable nodes when the adjustment speed of
expectations of less ambitious agents is increased from zero towards infinity. Therefore
all local stability scenarios — apart from saddlepoint dynamics — are possible, depending
on the adjustment speed of adaptively formed expectations.

In sum, the foregoing analysis implies that there is a tendency for the price dynamics
of long-term bonds to become at least locally explosive when the adjustment speed of
bond prices becomes sufficiently large and when the expectations adjustment speed
of less ambitious asset owners approach the limit case of myopic perfect foresight
By, — ©00. We stress that the bond rate dynamics influence investment behaviour of
firms and of asset holders and thus will transfer its instability to the rest of the full 18D
dynamical system.

Let us next investigate the isolated bond market dynamics shown above in more
detail, again on the basis of a given short-term interest-rate { ={,. To simplify the
notation we rewrite the system as

f)b = ﬁl (1 + (aempy — io) PB)
) R | )
Ttps = Ba(pp — Tis) = Bo (ﬁl (E + QT — 10) - mm) ,

where for convenience we set ) = f,,(1 — Bp, (1 — ;) and B2 = By, . For local
stability analysis we have to calculate the determinant and the trace of the Jacobian J
of this system at the steady state pyp = 1/ij,, mps = 0. The Jacobian J is given by

J = ( —isB1 ﬁlas/io )
~BaB1/ i BaPras — B )

Therefore, det J =if12 >0 and trace /= — i8] + f2Bi1as — fr=Balfros —
1] — i,81. The critical condition for stability thus is ,BQH = LB/ (Boas — 1) =
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in/(cts — 1/B1).17 Below this value for 82, J has a negative trace and thus the dynarnics
display a stable node or focus, and above it J has a positive trace and the dynamics
display either an unstable focus or a node. In the latter case of an explosive motion of
asset prices on the bond market we have to ask ourselves of course what can limit these
dynamics and thus prevent economic collapse.

We propose the following stylised solution to this problem. Assume that there are
subjective thresholds for the adaptive expectations mechanism, based on deviations of
the long-term rate of interest i; from the given international rate i}, beyond which (for
large deviations) the adjustment parameter S» is significantly reduced, since the agents
who form their expectations in this way believe that the market will not deviate much
further from the norm z,* Should the market, however, continue to do so, they slow
down their response to this fact by following this development with a much lower error
correction speed 82, becoming more cauntious and thus responding in a more reserved
way to such a development (by lowering £2). We shall see that this in turn will indeed
stop the explosive motion and thus confirm the reasons on which this response is based.

To provide a simple example for this (which can, however, be modified in many
ways) assume now that 8 is a function of the rate of interest ¢; in its deviation from the
rate i of the simple form displayed in Figure 7.5, where A is the critical parameter

L 5,

Figure 7.5 Variable speed of adjustment of expected bond price inflation

17 We assume that Syos > | holds true.
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value at which the dynamics investigated above turn from local asymptotic stability to
instability.

Qutside the interval [i]', i f’ ] adaptive expectations are thus made in a cautious way,
as further deviations are considered as suspect and thus followed with lower speed,
whereas inside this interval there is a rapid adjustment towards observed changes in i;.

Calculating the isoclines of the bond price dynamics with the above threshold
behaviour gives rise to the formulae

1
[y — WsTThs
1 1
1
t

ip — {as — 1/ B1)7ps B o — QsTps + F‘bes

pr=0:pp=

fps =0 pp =

and the phase diagram displayed in Figure 7.6.

The assumed threshold behaviour of Figure 7.5 makes the dynamics shown in the
phase portrait of Figure 7.6 stable for large deviations of /; from i} and explosive in
the vicinity of ;. We conjecture that this creates a limit cycle when these aspects are
combined with each other and will look for numerical confirmations of this conjecture
in further extensions of this chapter, also in combination with the impact this has on
the real part of the economy.

The claim just made can be more easily shown if an alternative non-linearity is
added to the dynamics of long-term interest rates. To show this we now assume (for
a given speed of adjustment B of bond price expectations) that the parameter §,
(we assume further that oz =1, B > i, for simplicity) depends on the deviation of
long-term interest {; from the steady state rate i in the way displayed in Figure 7.7.

The functional form shown in Figure 7.7 may be justified by stating that the bond
price dynamics siow down far off the steady rate of interest due to a slowdown in

t.
»

g

Figure 7.6 The phase diagram of the bond price dypamics with the assumed threshold behaviour in
Figure 7.5
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4 &

Figure 7.7 A variable speed of bond price adjustment

capital movements. We admit however that this type of occurrence is more difficult
to rationalise in the heterogeneous agent framework we have postulated for our gen-
eral model. We assume that 8, is chosen such that the speed 8y, (81;) leads to local
instability (stability) when combined with this adjustment speed of inflationary expec-
tations, We know furthermore from the above local stability analysis that we have
asymptotic stability for all parameter values 83 if 81 < 1/cts. We therefore again have
the situation that the 2D bond price dynamics are locally unstable, but subject to stabil-
ising forces when they departs too much from the steady state i}* of the foreign rate of
interest,

If such a threshold behaviour exists, it would give rise to the type of phase diagram
shown in Figure 7.8. In this phase diagram we have in fact already assumed that
the adaptive revision of expectations is very fast so that there is a nearly horizontal
movement in situations of the perfect foresight line 7, = 0. In this situation it can be
judged from the phase portrait shown that there is a single attracting limit cycle for
this type of dynamics (in fact a limit limit cycle or a so-called relaxation osciliation in
the case 8> = 00). We assert that there will also exist a unique attracting limit cycle in
sittations where expectations are fast but not infinitely so.

Markets that slow down in their adjustment behaviour far off the steady state (in the
expectation of turning points of the considered dynamics or simply in their speed of
adjustment) may therefore stabilise what is in fact a cumulative process close to the
steady state and thus induce in fact the turning points that are expected by less ambitious
(adaptively behaving) asset owners or the market as a whole. We have therefore at
least two possibilities at our disposal by which we can generate bounded asset market
dynamics and on this basis also bounded dynamics in the real part of the economy, as
long as these latter dynamics are bounded by themselves.

It is not difficult to show that the results on long-term bond price dynamics hold
also for the dynamics of stock market prices p,; see Asada er al. (2003), which (when
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Tops

Figure 7.8 The phase diagram for variable speed of bond price adjustment

formulated in isolation) can be described as

ﬁp- F . PEE (3
Py = ——— 4t Ty g 4 gttes — (i + 7Tp)] g = Tobin's q },
Pe ] _ﬁpe(l _as){ /q sies Py

§=Pe—Py+ e — 8+ Y~y — (BulBuey® —v) + ¥BuayN/q — (gr — &),

Hox = Pry (Pe — Mes)
and which is here thus to be investigated on the basis of frozen (steady state) values for
the bond market and for the expected rate of profit of firms, due to the partial perspective
adopted in this chapter. From these equations we get for the isolated adjustment of equity
price change expectations the differential equation

e\ SR
. _Fels e ——— + const.
Tes = Brrey [(1 — By (1 — ) Tes T Bp.(l — ) o/

which allows us to draw the same conclusions on the trace of the ¢, 7., dynamics as we
have obtained for the dynamics of the price of long-term bonds. High adjustment speeds
of expectations in the stock market therefore give rise to unstable spirals or unstable
nodes as in the case of bonds, if the adjustment speed of equity prices to rates of return
differentials is chosen sufficiently high. Again, the dynamics can be made viable or
bounded by assuming changes in adjustment speeds as in the case of long-term bonds.
We however do not go into details here as the dynamics of equity prices do not feed
back into the 18D dynamics whose theoretical and numerical analysis is the theme of

this chapter.
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711 The dynamics of the government budget constraint

In order to isolate the dynamics of government debt from the rest of the dynamics we
assume that all of its state variables are frozen at the steady state with the exception of
the variables b, b, t,, which describe the evolution of short- and long-term government
debt together with the adjustments in the wage taxation rate that have been assumed to
take place in view of the deviation of government debt from a certain target ratio (per
unit of expected sales). The remaining dynamics then can be expressed as

b=af [ioh+b' — e’ + 2| — yb, (7.58)
B = ito1 = o) [iob + ' = T’ + 2] = y8, (7.59)
R b+
2y =, (——/J-’fi - ;) , (7.60)

yeéd

where ¢! > 0, ¢? denote certain constants and where ;'} =1,

Proposition 7.6 The interior steady state of the govermment debt dynamics (7.58),
(7.59), (7.60} is locally asymptotically stable if

afiog—y and ip(l —af) —y
are both smaller than zero.

Proof: The Jacobian of the dynamical system (7.58), (7.59), (7.60) at the steady state
reads

a}jia — 0:;[;' —cla;,f
. gy s . r . >
J= ol —ap)ip il —af) —y —cligg(1—af)
aTwl /()’ed) a'l'wl /(iio_)’ed-) 0

Due to the assumptions made we immediately have the result that the trace of the matrix
J is negative and thus @; > 0.!8 Multiplying the second row of this matrix J by
&
. Ay
io(1 ~ af)
and adding the resulting vector to the first row does not alter the determinant of J,
which is therefore based on the sign structure

- 00
J=| + - ~
+ + 0

The determinant of J is therefore negative. We thus also have a3 > 0.

18 We recali that a;, a2, a3 refers to the Routh-Hurwitz coefficients and thus we require ay > 0,43 > 0.a3 > 0,
ayay — a3 > 0 for local asymptotic stability.
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Next we show that the principal minors of J are all positive so that also ay > 0
holds true. This is easily obtained from the full sign structure of the matrix J which is
given by

+ + 0

First, J11 Ja3 — Ji3J31 and Jag J33 — Jo3J3; are obviously positive, since only the off-
diagonal elements are of importance in these cases. Furthermore, also JijJaz ~ Ji2Joq
must be positive as can be seen by means of the same row operation we have used above
for the calculation of the sign of the determinant of the matrix J, again based on the
&
factor —”(?ﬁ The sum a2 of these three expressions is therefore unambiguously
oli—0y

positive,

Finally, also the expression aja2 — a3z must be positive since the —a3 expression, the
determinant of J (due to the above calculation) is neutralised by one of the products in

the expression ajaz which are all positive. |

The assumptions of Proposition 7.6 compare steady rates of return with the steady rate
of growth and thereby restrict the rate with which government debt grows due to the
debt service that has to be made. The two conditions of the proposition weaken the
assumption that is normally made if only one debt financing instrument is considered.
However, we state without proof that there is also one aggregate stability condition
that is sufficient for the stability result of the proposition, namely i, — ¥ < (. Note in
this respect also that one can of course assume that the government relies only on debt
instruments, in which case the dynamical system (7.38), (7.59), (7.60) becomes two-
dimensional. Finally, if Proposition 7.6 does not apply and if furthermore the dynamics
are even monotonically explosive we get, due to the assumed tax rate policy rule, that
the tax rate 7,, tends monotonically to either zero or one. This suggests that the dynamics
are only valid over a restricted domain in such a case and that further adjustments will
come into operation if certain thresholds in wage taxation are crossed. One possibility
that may help to avoid the occurrence of such a situation is given by adding a derivative
term for debt evolution based on a parameter ¢y, , > 0 to the tax rate adjustment rule of
the general model of Section 7.2. We assert that the addition of such a term, a derivative
control in fact, will improve the stability properties in the fiscal policy part of the model.
Nevertheless it may be necessary to add further or other adjustment mechanisms, in
this module of the model, in order to really get dynamics that stay at least bounded if
they are not locally asymptotically stable.

Proposition 7.6 shows that the evolution of government debt (due to the interest
payments that have to be made, to the steady state size of government expenditures and
revenues and also due to the taxation rule that has been asswmed for wage taxation)
contributes to the local asymptotic stability of the 18D dynamical system. The dynamic
instability found in other studies of the evolution of the GBR is thus not a problem in the
present formulation of government debt and its evolution, at least when considered in
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isolation. The extent to which this result holds is dependent on the suppression of other
feedback mechanisms that are involved in the GBR, which may come into operation
when the general 18D core dynamics of Section 7.3 are investigated. We refer the reader
to the much further reaching generalisations of this model type considered in Chiarella
et al. (1999a,b) and also Chiarella et al. (2000).

The monetary and fiscal policy rules we have considered so far have been of a fanly
orthodox type: an anti-inflationary interest rate policy rule, a target debt fiscal policy
rule and an import taxation rule that attempts to reduce the impact of nominal exchange
rate changes on the business sector of the economy. There exist however a variety of
other policy rules that might be helpful in reducing the disequilibria that can occur in
our model economy. At present we only wish to point to four further extensions of
a rule determined behaviour of the government, without attempting to integrate these
features into the general 18D core dynamics model of this chapter or even to discuss
the role of these rules for economic stability and the like. These extensions are:

1. A counter-cyclical adjustment rule for payroll taxes tp.

2. A labour market policy rule that attempts to raise the NAIRE level e.

3. A counter-cyclical policy rule for government expenditures g per unit of social
product (appropriately measured).

4. A counter-cyclical employment policy in the government sector which endogenises
the parameter «.

This brief list must here suffice to indicate that there is a lot of room in our 18D core
model for designing, testing and evaluating various fiscal (and monetary) policy rules.

7.12 Import taxation

The evolution of import taxation, when treated in isolation, is particularly easy, since
its law of motion
A PxX — P.'njd
PxX
can be reduced to
p_'fx -~ (1+ Tm)Pj;jd

®
pix

-
Tm = lm’-’m

where p*, p¥, x, j¢ are given magnitudes of the model.

We thus have only to consider one law of motion here, which is based on a negative
feedback of the rate of import taxation on to itself and therefore is giobally asymptoti-
cally stable and establishes balanced trade in the limit. This simply serves the important
purpose of making the solution of the private sector of the economy independent of
trade flows and the revenues and costs these trade flows generate for the sector of firms
(off the steady state), We expect that this subsector of the model needs further improve-
ments in future reformulations. At present international trade of goods has only limited
but well defined effects on the behaviour of firms, but not on the domestic goods market
or Keynesian aggregate demand in general.
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7.13 The Dornbusch exchange rate dynamics mechanism

The evolution of the exchange rate and expectations about its behaviour can be reduced
to an independent 2D subsystem of the general 18D dynamics of Section 7.3 if the data
concerning bond price dynamics are considered as given for the time being. In that case
the dynamics of s and ¢; read (see equations (7.35), (7.36)).

i B
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€ = ﬂss (8 — &)

[lf + ages — (i + )],

To study the resulting dynamics in isolation we again assume that the other asset market
situations are frozen at their steady state values which fixes the expression (i; + i)
involved in the above equations to if,. From this we thus derive as law of motion for
the change in exchange rate expectations of the less ambitious agents

L ( Be
€5 = Pe, (I — B (1 —a) 1) &

which clearly provides (trivial) monotonically explosive dynamics if the parameters in
the fraction are chosen such that it becornes larger than one. Increasing the parameter
Be, beyond any bound then makes this process as explosive as desired and thus will
significantly contribute to local instability of the full 18D dynamics. Compared with
the isolated dynamics for long-term bonds and equities considered in Section 7.10 we
therefore here find a particularly simple representation of the centrifugal forces that
surround asset market dynamics in our approach to their behaviour.

Increasing the parameters S8 for exchange rate flexibility will increase the positive
influence of the expected exchange rate changes ¢, on the actval rate of change of the
exchange range without bound. For positive oy we get in this way a positive feedback
of exchange rate expectations on their time rate of change which becomes the more
destabilising the faster these expectations are adjusted. This effect is similar to the
Mundell effect we considered previously.

The influence of the dynamics of the nominal exchange rate on the rest of the dynam-
ics is limited in the model of monetary growth investigated in this chapter, since it only
works through the rate of profit of firms which depends on the rate s via exports and
imports and the tax revenue that is generated from import taxation.

The above extremely one-sided situation in the adjustments of the exchange rate is
partly due to our hierarchical treatment of the asset market dynamics, where we have
assumed that the short-run rate of interest is set by the monetary authority, where the
long-term rate of interest adjusts into the direction of this short-term interest rate and
where the exchange rate is driven by the differential that expectations about its rate
of change create between the expected rate of return on foreign as compared with the
expected rate of return on domestic long-term bonds. The positive feedback mechanisms
that exist in the dynamics of asset prices and the exchange rate are therefore built on a
sequential reasoning in our model and lead to an extreme type of instability when the
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foreign exchange market is considered in isolation — without its feedback through the
real part of the economy.

A similar observation is not so obvious, if we allow the exchange rate s to influence
the evolution of the real part of the dynamics, by removing the assumption that the rate
of import taxation is always set such that the trade account of firms is balanced (when
measured in domestic prices). In this latter case, the expected rate of profit of firms does
not depend on their export and import levels and thus on exchange rate changes. As
long as there are no wealth effects in the model and as long as the individual allocation
of bonds on the various sectors does not matter, there is indeed only this one channel
through which the nominal exchange rate can influence the real economy (besides of
course through the GBR which includes the tax income of the government) that derives
from import taxation, but which does not play a role for the real part of the model unless
wage taxation is responsive to the evolution of government debt (as we have seen in the
preceding section). To have this influence of the exchange rate we thus have to extend
the 9D real dynamics by the three laws of motion!?

Pfx — {1+ Tm)P:rjd

fm = g, . s (761)
pix
. Bs 1
5= m I}; Qe — (a +be)] ) (7.62)
€y = Be, (5§ —€5). (7.63)

The exchange rate dynamics are now more difficult to analyse, since their two laws of
motion require the influence of the bond dynamics in order to be meaningful. Otherwise
the two laws of motion (7.62), (7.63) would imply monotonic implosion or explosion
of exchange rate expectations and the actual exchange rate depending on whether the
adjustment speed of the exchange rate is smaller or larger than one (for o, = 1), as we
have seen earlier. The financial dynamics are therefore in this respect immediately of
dimension 5 and one also needs input from the real dynamics in order to get the effects
from the exchange rate s on bond prices pp, and thus an interdependent dynamics and
not one of the appended monotonic form just discussed. Yet, the effect of changes in s
via the rate of profit ¢ of firms and the investment decisions that are based on it needs
to reach a long way in order to influence the market for long-term bonds. Changes in
investment lead to changes in aggregate goods demand and thus to changes in sales
expectations and actual output. This leads to changes in capacity utilisation of firms and
domestic price inflation which (if and only if monetary policy responds to them) are
transferred to changes in the short-term rate of interest and thus to changes in the long-
term rate of interest. In this way there is a feedback of a change in the exchange rate on
its rate of change, which has to be analysed if the full dynamics are to be investigated.

For the moment we consider that this feedback chain is too long and complicated fora
first discussion of the dynamics of asset markets that integrate exchange rate dynamics.

19 Note that the first law is independent of the changes in the exchange rate.
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We thus consider the following simplification of this feedback mechanism, which here
serves to demonstrate that there is some similarity between the isolated bond price
dynamics and the dynamics of the exchange rate. In models of the Dornbusch (1976)
type of overshooting exchange rates there is generally a very determinate mechanism
that leads to a positive impact effect of an increase in the exchange rate s on the nominal
rate of interest 7, via increasing exports and decreasing imports, the resulting increases
in economic activity and in the price level and thus to i increases via an LM theory of
the money market. This mechanism is here used as a basis for the design of a monetary
policy rule that copies this feedback chain according to

I =iy+ Bi(s — $5). it’):i;kv

where i,, 5, denote the steady state values of £, 5. In a first application of this rule we in
addition assume that it applies immediately to the long-term rate of interest i; = 1/po.

The dynamical equations for the exchange are thereby transformed to??

§= ﬁs[l;: + e — (ip + Bi(s — 50} -+ 7ps) ],
€ = ﬁé‘g (f — &)
In order to consider these dynamics in the simplest possible way we finally assume
mps = 0. Rearranging terms we then obtain
§ = Bs[~Bis + €5 + Bisol.
€ = ﬁes (5 —€5).

In this form the system is of the same type as the one for the long-term bond dynamics
shown above. It therefore will give rise to the same conclusions as the bond dynamics
that we have considered in Section 7.10.

Yet this similarity is based on a number of artificial agsumptions as far as our original
18D dynamics are concerned. Therefore using (as is necessary) as policy rule the short-

term interest rate policy of the 18D dynamics would imply for example the extended
dynamics (again assume for oy = 1 for simplicity)

P

Tps = ﬁ:r,u,, (]Sb -~ Ths),

; 1
§ = ﬁx l:l.f + e — (_‘" ‘i‘ﬁbs)] s
Pb

E’.S' = ﬁés (§ - ES)’

=iy + Bi(s — 54)

R I )
Ph= ﬁpb [_ + Tps — l:I s
b

~—

20 We again assume @y = | for simplicity. Note that impert taxation was of no importance in the presently
considered dynamics.
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which is already a 4D dynamical system (as can be seen by inserting the last equation
into the first one) representing in isolation those financial markets that will have impact
on the real part of the economy. The question then arises as to what extent the 2D
analysis of the market for long-term bonds also applies to this two asset approach and
its four laws of motion from the local as well as from the global perspective (giving
rise again to limit cycles or limit limit cycles or possibly also more complex types of
attractors).
Rearranging the above system slightly reduces it to

. 1 .
Po = Bp, I:E + TTpg (if + Bi(s — So))] ) (7.64)
s = Brye (b — Tbs), (7.65)
€ = Pe, (5 — €5), (7.66)
5= Bs {i;“ +6& — (i + Nbs)] . (1.67)
Pb

The interior steady state of these dynamics is givenby pp = 1/if = 1/i;, mp; = 0,5 =
Sos €5 = 0. The Jacobian of the dynamics at the steady state in the case By, Be, < 1,
has the sign distribution

_+0_
- - 0 =
=1+ - -0
4+ - + 0

It is easy to see from this form that the dynamics must be locally asymptotically stable
if the parameter J; is chosen sufficiently small. Setting this parameter equal to zero and
considering only the remaining 3D dynamical system one obtains for the Jacobian the
sign structure

It is fairly obvious that this matrix must fulfil the Routh~Hurwitz conditions for local
asymptotic stability, since this is obviously true for the upper principal minor

Ju Ji2
Ja1 Jn )
Thus the system is obviously composed of two stable subdynamics with all three

eigenvalues having negative real part and determined only by their respective
subsystem.
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Furthermore as far as the determinant of the full Jacobian is concemed we can easily
remove linear dependencies from this Jacobian in order to get for its determinant

-+ 0 -
0 — 0 0

det J = det 00 — o I
+ - 4+ 0

which is easily calculated to be positive. Due to the continuity of eigenvalues with
respect to the entries of the matrix J we see that a negative eigenvalue must be born
adding to the three of the 3D dynamics when the parameter f is changed from zero
to small positive values. We conjecture that this remains valid as long as the parameter
B remains less than one. We thus have the result:

Proposition 7.7 1. The dynamical system (7.64), (7.65), (7.66), (7.67) for bond
pricefexchange rate dynamics has a unique interior steady state which is locally
asymptotically stable for adjustment speeds of prices and expectations sufficiently low.

2. The steady state will generally lose its stability in a cyclical fashion by way of
a Hopf bifurcation if in particular the adjustment speeds of the adaptively formed
expectations are chosen sufficiently high.

The second part of Proposition 7.7 holds true since we have shown that the deter-
minant of the full Jacobian J is always positive, so that eigenvalues cannot become
zero (in particular when the imaginary axis in the complex phase plain is crossed. We
conjecture but cannot show this here that all eigenvalues will become real and will thus
give rise to saddlepath dynamics with monotonic features if the adjustment speeds in
the above model are all chosen sufficiently high.

If all adjustment speeds are set equal to infinity the dynamical system (7.64)-(7.67)
reduces to the 2D form

§ = Bi{s — So).

By = i — — + Bils — s0).
Pb

In this representation the order of dependence of the two asset markets is reversed
and the saddlepath dynamics that are then implied are cleatly visible. In the case of
unanticipated shocks that concern these dynamics, the traditional mode of analysis
would then be to apply the jump variable technique which would here imply that the
system immediately jumps to its new steady state values (s,, 1/i;") when these values
have been moved to a new location through the assumed type of shock.

We thus see that the rational expectations solution in our deterministic model is
a limit case of our approach that demands a new solution technique if one wants to
suppress the explosiveness of the asset market subdynamics under perfect foresight
and infinitely fast price adjustments as far as the obtained 2D dynamics are concerned.
We believe however that the considered limit case is too ideally chosen and that one
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should apply the relaxation oscillation methodology of Section 7.6 in the derivation of
the limiting properties instead of simply setting all adjustment speeds equal to infinity
and of only discussing the consequences of replacing certain laws of motion by simple
algebraic conditions when deriving this ideal situation of perfect flexibility and perfect
anticipation of asset market prices. We admit however that the relaxation oscillation
methodology is difficult to apply to the 4D dynamics considered above due to the
assumed hierarchical structure in the interaction of long-term bond prices with the rate
of exchange. The task would be much easier if the expected rate of return on foreign
bonds could be compared with the short-term rate of interest in the law of motion for
the exchange rate, which however would demand a reformulation of the asset market
structure of our general model.

7.14 Conclusions

Summing up the isolated stability or instability results we have obtained in this chapter
we can state the following conclusions.

We have found that either wage or price level flexibility is bad for local economic
stability. Whenever wage flexibility is good its flexibility on the outside tabour market
will nevertheless be bad for local stability if it becomes too large compared with the
demand pressure that originates from the inside labour market. Next, a very flexible
adjustment speed of planned inventory holdings has been shown to lead to local insta-
bility when coupled with a rapid adjustment of sales expectations. We have in addition
described situations where some of these local instabilities can be overcome by certain
bounds on the behaviour of these subdynamics.

On the nominal side there was still more room for the occurrence of centrifugal
forces around the steady state of the model, since the price level of goods and long-
term bonds as well as equity prices and the nominal exchange rate all gave rise to local
explosiveness if adjustment speeds in these markets are sufficiently high and coupled
with a rapid adjustment of the expectations of workers (in the market for goods) and
less ambitious asset holders (in the remaining markets).

Stability only came about, first, through the Keynes effect and the nominal interest
rate policy of the central bank that derives from it; second, through assumptions on the
size of steady rates of returns as compared with the size of steady economic growth
coupled with a stabilising feedback rule between government debt and wage taxation;
and third, through a simple adjustment rule for import taxes. Stabilising forces therefore
mainly originate in the behaviour of the government and the central bank, unless the
relaxation oscillations mechanism considered in Section 7.6 and Section 7.10 can be
successfully applied to the expected rate of inflation, sales expectations, long-term bond
price expectations and expectations on exchange rate changes as far as the adaptive
component of these expectations is concerned.

This brief discussion of the basic partial feedback mechanisms of our full 18D dynam-
ics on balance suggests that increases in the speeds of adjustments of the dynamics will
generally be bad for economic stability or viability. Exceptions to this rule are given
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by either wage or price flexibility and by the sales expectations mechanism, in the case
where inventories are adjusted in a sufficiently slow fashion. Mathematically speak-
ing it should be noted finally that the destabilising effects we have discussed in this
chapter will generally not appear as obviously destabilising mechanisms in the guise
of positive entries in the trace of the Jacobian of the system at the steady state. Rather
such destabilising effects will be hidden somewhat in the many principal minors that
underlie the calculation of the Routh—-Hurwitz conditions for local asymptotic stability
in high dimensional dynamical models.

Due to our simple formulation of the investment and pricing behaviour with respect
to dwellings and housing services we have also found local asymptotic stability in this
part of the private sector. The overall impression nevertheless surely is that the steady
state of the private sector is more likely to be subject to centrifugal forces than to
centripetal ones, which moreover generally will not remain bounded to an economically
meaningful domain around this steady state if the 18D dynamics are considered from
a more global perspective. This is in particular shown by the numerical simulations in
Chiarella ef al. (2003b). Extrinsic non-linearities, such as the assumptions underlying
relaxation oscillations, therefore have to be added, at Ieast far off the steady state, in
order to obtain economic boundedness for the considered dynamics. Further important
and still very fundamental candidates in this respect are downward inflexibilities of
nominal wages and/or prices, supply bottlenecks as in non-Walrasian macroeconomic
theory, further non-linearities in the inventory mechanism and in investment behaviour,
and the like. Such extrinsic non-linearities have to be added later on to the intrinsic
ones that are ‘naturally’ present in the dynamics we have considered so far*! in order
to obtain a dynamic model that can generate viability for the orbits it implies. These
are studied in a systematic way in Chiarella et al. (2003b).

21 Due 1o growth rate expressions, products or quotients of state variabie as they derive from multiplicative value
magnitudes {w“}_‘;" for example) or certain quanltity ratios (ljﬁ"/l?"’ for example), and the fike.
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