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1. INTRODUCTION
Inspired by the charming result

ZF}CZ :E1E1+17 (11)
k=1

Clary and Hemenway [3] discovered factored closed-form expressions for all sums of the form
>r_ F3, where r is an integer. One of their main aims was to find sums that could be expressed
neatly as products of Fibonacci and Lucas numbers. At the end of their paper they mentioned the
result
< 1
Z Bl = 5E1E1+1Fr'1+2 > (1.2)
k=1
published by Block [2] in 1953.

Motivated by (1.1) and (1.2), we have discovered an infinity of similar identities which we
believe are new. For example, we have found

< 1
Z FFenF o Fslias = " T30 ARV SOV ST DAY PR (1.3)
k=1
and
< 1
Z Fka+1Fk+2Ec+3Ec2+4Ec+5Ec+6Ec+7Ec+s = 11 T 00 AR (1.4)

k=1

In Section 2 we prove a theorem involving a sum of products of Fibonacci numbers, and in
Section 3 we prove the corresponding theorem for the Lucas numbers. In Section 4 we present
three additional theorems, two of which involve sums of products of squares of Fibonacci and
Lucas numbers.

We require the following identities:

E. . +F,_.=FEL, keven, (1.5)
E+F_,=LF, kodd, (1.6)
B =y = F L, kodd, (1.7)
Frsx = Foi = LFy, keven, (1.8)
L.+L_,=L1L, keven, (1.9)
L+L,,=5FEF, kodd, (1.10)
Lw~L,=LL, kodd, (1.11)
L..—L,,.=5FF, keven, (1.12)
I2-L,,=-2=-1I,, nodd, (1.13)
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Sk -1}, =—4=~I2, (1.14)
SFE Ly, = 2= I, (L.15)
Identities (1.5)-(1.8) occur on page 59 of Hoggatt [4], while (1.9)-(1.12) occur as (9)-(12),

respectively, in Bergum and Hoggatt [1]. Identities (1.13)-(1.15) can be proved with the use of
the Binet forms.

2. A FAMILY OF SUMS FOR THE FIBONACCI NUMBERS

Theorem 1: Let m be a positive integer. Then
Y Filpg oo g By = L2ttt @b
k=1

L2m+1

Proof: We use the elegant method described on page 135 in [3] to prove (1.2). Let /, and
r, denote the left and right sides, respectively, of (2.1). Then [, =1, = F,F, ...F 0, .. Frpan.

Also,
EF r

By —ha = H—T:;M[E1+4m+l - E’I—l]
2Zm+1
FFoi Fos
== nz e [F('n+2m)+(2m+l) - PEH+2m)—(2m+l)]
2m+1

=1 —1,_, using (1.7).

Hence, to prove that [, =r, it suffices to show that /, = ;. But

— FiF.’:) te ‘Ft'lm+1Fém+1L

r] L 2l (S].[I'ICC Fén = Ean)

2m+1
=1/;, and this completes the proof. U
When m=1 and 2, identity (2.1) reduces to (1.3) and (1.4), respectively. However, while
(1.1) and (1.2) can be proved in a similar way, they are not special cases of (2.1).

3. CORRESPONDING RESULTS FOR THE LUCAS NUMBERS

Corresponding to (1.1) we have

ZLZ :LnLn+l_2’ (31)
k=1
which occurs as I, in Hoggatt [4]. The Lucas counterpart to (1.2) is
< 1
Z L’Ii Lk+1 = 5 LnLn+1Ln+2 -3 (3 2)
k=t

The constants on the right sides of (3.1) and (3.2) can be obtained by trial, and also in the same
manner as in our next theorem, demonstrating a certain unity.

Theorem 2: Let m be a positive integer. Then

" LL Ly
2 Ll Liam Lam = %ﬂ_ Ry, (3.3)

k=1 2m+1
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where

Rn — LnLn+1L"'Ln+4m+1 , I’I:O, l: 2)

2m+1
Proof: Again, let [, denote the left side of (3.3). Then
LL,...L, 4
R,-R, ==l 1]
2m+1
LL. . ...L.a,
= ——.ﬁl—ﬂ—[[’(n+2m)+(2m+l) = Liramy-amny]
= LnLrH-l T Li+2m o Lrl+4m [by (1 1 1)]
=1-1_,.
From this we see that /, — R, = ¢, where c is a constant. Now,
c=0L—-R,
Ly
=LL,... L4m+l[L2m+l - f‘ﬂ:l
2m+1

I} . —L
_ L 2m+l 4m+2
= LiLy... Ly 20t —=tms2
2m+1

—-_ LoLiLy. .. Lypyy [by (1.13)]

L2m+l

=-R,
This concludes the proof. 0

Since this method of proof applies to (3.1) and (3.2), we see that the appropriate constants
on the right sides are -2 =—L¢L, and -3 =—-1 L,L,L,, respectively. Accordingly, we write (3.1),
for example, as

n
Z Li = [LkLk+1]3~
k=0
We use this notation throughout the remainder of the paper.

Remark: If for m=0 we interpret the summands in (2.1) and (3.3) to be F? and I2,
respectively, then we can realize (1.1) and (3.1) within the framework of our two theorems.
However, the same cannot be said for (1.2) and (3.2).

4. MORE SUMS OF PRODUCTS

In this section we state three additional theorems, two of which involve sums of products of
squares. Using (1.5)-(1.15), they can be proved in the same manner as Theorems 1 and 2, and so
we leave this task to the reader. In each theorem, m is assumed to be a nonnegative integer.

Theorem 3:
Z FeFpsy o FryamaDisomn = +IF i3 > 4.1
k=1 2m+2
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S LL., ..L i
Z Ll LisamsaFrerame = [MI‘—JM—”'H} . 4.2)
k=1 5F‘Zm-!-Z 0

Theorem 4:

: FF2 .. FZ
ZFI?FILZH . E52+4mFék+4m ] n+}17 n+4mtl , (43)
k=1 4m+2

z LR, §
Z L%L%H'l i Li+4m‘Fék+4m = [M?F__Mil' . (44)
k=1 4m+2 0

In the proof of (4.3), when finding r, —7,_,, we obtain the expression F2,,.,, — F/~,, which by
(1.6) and (1.7) can be written as

[Fezmyramety ~ Fonszmy-meny W nramyr@meny T Fonvamy-@men ]
= F;1+2ml’2m+1 ' Ln+2mEm+l = 172n+4m]:4'1m+2'

Similar expressions that arise in the proof of (4.4), and in the proof of the next theorem, can be
treated in the same manner.
A simple special case of (4.3), which occurs for m=0, is ¥;_, F2F,, = F*F~ .

Theorem 5:

n E)ZEIZ .. .F2 i
Z FI?ECZH o E62+4m+2pék+4m+2 = +IF~ pes » (4 5)
k=1 4m+4

2 L, I !
Z L?CL?C-FI e Li+4m+2f?2k+4m+2 = I: k IH;F ferdmed : (46)
k=1 4m+4 0

To conclude we mention that, for p real, the sequences {U,} and {V,}, defined for all integers
nby
Un = pUn—l +Un—2> UO = C” Ul = ]’
I/rlszt1—1+V—2’ VO:2> I/lzpa

generalize the Fibonacci and Lucas numbers, respectively. The results contained in Theorems 1-5
translate immediately to U, and V. The reason is that if we replace F, by U,, L, by V,, and 5 by
p*+4, then U, and V, satisfy (1.5)-(1.15).
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