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Abstract

Approximate inference techniques are the cornerstone of probabilistic methods
based on Gaussian process priors. Despite this, most work approximately optimizes
standard divergence measures such as the Kullback-Leibler (KL) divergence, which
lack the basic desiderata for the task at hand, while chiefly offering merely technical
convenience. We develop a new approximate inference method for Gaussian
process models which overcomes the technical challenges arising from abandoning
these convenient divergences. Our method—dubbed Quantile Propagation (QP)—is
similar to expectation propagation (EP) but minimizes the L, Wasserstein distance
(WD) instead of the KL divergence. The WD exhibits all the required properties
of a distance metric, while respecting the geometry of the underlying sample
space. We show that QP matches quantile functions rather than moments as in
EP and has the same mean update but a smaller variance update than EP, thereby
alleviating EP’s tendency to over-estimate posterior variances. Crucially, despite
the significant complexity of dealing with the WD, QP has the same favorable
locality property as EP, and thereby admits an efficient algorithm. Experiments
on classification and Poisson regression show that QP outperforms both EP and
variational Bayes.

1 Introduction

Gaussian process (GP) models have attracted the attention of the machine learning community due to
their flexibility and their capacity to measure uncertainty. They have been widely applied to learning
tasks such as regression [32], classification [57, 21] and stochastic point process modeling [38, 62].
However, exact Bayesian inference for GP models is intractable for all but the Gaussian likelihood
function. To address this issue, various approximate Bayesian inference methods have been proposed,
such as Markov Chain Monte Carlo [MCMC, see e.g. 41], the Laplace approximation [57], variational
inference [26, 42] and expectation propagation [43, 37].

The existing approach most relevant to this work is expectation propagation (EP), which approximates
each non-Gaussian likelihood term with a Gaussian by iteratively minimizing a set of local forward
Kullback-Leibler (KL) divergences. As shown by Gelman et al. [17], EP can scale to very large
datasets. However, EP is not guaranteed to converge, and is known to over-estimate posterior
variances [34, 27, 20] when approximating a short-tailed distribution. By over-estimation, we mean
that the approximate variances are larger than the true variances so that more distribution mass lies
in the ineffective domain. Interestingly, many popular likelihoods for GPs results in short-tailed
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posterior distributions, such as Heaviside and probit likelihoods for GP classification and Laplacian,
Student’s t and Poisson likelihoods for GP regression.

The tendency to over-estimate posterior variances is an inherent drawback of the forward KL di-
vergence for approximate Bayesian inference. More generally, several authors have pointed out
that the KL divergence can yield undesirable results such as (but not limited to) over-dispersed or
under-dispersed posteriors [11, 30, 22].

As an alternative to the KL, optimal transport metrics—such as the Wasserstein distance [WD, 55,
§6]—have seen a recent boost of attention. The WD is a natural distance between two distributions,
and has been successfully employed in tasks such as image retrieval [49], text classification [24] and
image fusion [7]. Recent work has begun to employ the WD for inference, as in Wasserstein generative
adversarial networks [2], Wasserstein variational inference [1] and Wasserstein auto-encoders [54].
In contrast to the KL divergence, the WD is computationally challenging [8], especially in high
dimensions [4], in spite of its intuitive formulation and excellent performance.

Contributions. In this work, we develop an efficient approximate Bayesian scheme that minimizes a
specific class of WD distances, which we refer to as the Ly WD. Our method overcomes some of the
shortcomings of the KL divergence for approximate inference with GP models. Below we detail the
three main contributions of this paper.

First, in section 4, we develop quantile propagation (QP), an approximate inference algorithm for
models with GP priors and factorized likelihoods. Like EP, QP does not directly minimize global
distances between high-dimensional distributions. Instead, QP estimates a fully coupled Gaussian
posterior by iteratively minimizing local divergences between two particular marginal distributions.
As these marginals are univariate, QP boils down to an iterative quantile function matching procedure
(rather than moment matching as in EP) —hence we term our inference scheme quantile propagation.
We derive the updates for the approximate likelihood terms and show that while the QP mean
estimates match those of EP, the variance estimates are lower for QP.

Second, in section 5 we show that like EP, QP satisfies the locality property, meaning that it is
sufficient to employ univariate approximate likelihood terms, and that the updates can thereby be
performed efficiently using only the marginal distributions. Consequently, although our method
employs a more complex divergence than that of EP (Ls WD vs KL), it has the same computational
complexity, after the precomputation of certain (data independent) lookup tables.

Finally, in section 6 we employ eight real-world datasets and compare our method to EP and
variational Bayes (VB) on the tasks of binary classification and Poisson regression. We find that
in terms of predictive accuracy, QP performs similarly to EP but is superior to VB. In terms of
predictive uncertainty, however, we find QP superior to both EP and VB, thereby supporting our claim
that QP alleviates variance over-estimation associated with the KL divergence when approximating
short-tailed distributions [34, 27, 20].

2 Related Work

The basis of the EP algorithm for GP models was first proposed by Opper and Winther [43] and then
generalized by Minka [36, 37]. Power EP [33, 34] is an extension of EP that exploits the more general
a-divergence (with o = 1 corresponding to the forward KL divergence in EP) and has been recently
used in conjunction with GP pseudo-input approximations [5]. Although generally not guaranteed
to converge locally or globally, Power EP uses fixed-point iterations for its local updates and has
been shown to perform well in practice for GP regression and classification [5]. In comparison, our
approach uses the Lo WD, and like EP, it yields convex local optimizations for GP models with
factorized likelihoods. This convexity benefits the convergence of the local update, and is retained
even with the general L, (p > 1) WD as shown in Theorem 1. Moreover, for the same class of GP
models, both EP and our approach have the locality property [50] and can be unified in the generic
message passing framework [34].

Without the guarantee of convergence for the explicit global objective function, understanding EP
has proven to be a challenging task. As a result, a number of works have instead attempted to
directly minimize divergences between the true and approximate joint posteriors, for divergences
such as the KL [26, 10], Rényi [30], o [23] and optimal transport divergences [1]. To deal with the
infinity issue of the KL (and more generally the Rényi and « divergences) which arises from different



distribution supports [39, 2, 19], Hensman et al. [22] employ the product of tilted distributions as
an approximation. A number of variants of EP have also been proposed, including the convergent
double loop algorithm [44], parallel EP [35], distributed EP built on partitioned datasets [60, 17],
averaged EP assuming that all approximate likelihoods contribute similarly [9], and stochastic EP
which may be regarded as sequential averaged EP [29].

The L, WD between two Gaussian distributions has a closed form expression [12]. Detailed research
on the Wasserstein geometry of the Gaussian distribution is conducted by Takatsu [53]. Recently,
this closed form expression has been applied to robust Kalman filtering [51] and to the analysis of
populations of GPs [31]. A more general extension to elliptically contoured distributions is provided
by Gelbrich [16] and used to compute probabilistic word embeddings [40]. A geometric interpretation
for the Lo WD between any distributions [3] has already been exploited to develop approximate
Bayesian inference schemes [14]. Our approach is based on the Lo WD but does not exploit these
closed form expressions; instead we obtain computational efficiency by leveraging the EP framework
and using the quantile function form of the Ly WD for univariate distributions. We believe our work
paves the way for further practical approaches to WD-based Bayesian inference.

3 Prerequisites

3.1 Gaussian Process Models

Consider a dataset of N samples D = {x;, yi}f\il, where z; € R? is the input vector and y; € R is
the noisy output. Our goal is to establish the mapping from inputs to outputs via a latent function f :
R? — R which is assigned a GP prior. Specifically, assuming a zero-mean GP prior with covariance
function k(x, x'; @), where 0 are the GP hyper-parameters, we have that p(f) = N'(f]0, K), where
F={f:;},, with f; = f(=;), is the set of latent function values and K is the covariance matrix
induced by evaluating the covariance function at every pair of inputs. In this work we use the
squared exponential covariance function k(z,x’;0) = yexp | — ijl(ch — 4)?/(202)], where
0 = {v,a1,- -, aq}. For simplicity, we will omit the conditioning on € in the rest of this paper.

Along with the prior, we assume a factorized likelihood p(y|f) = Hf\il p(y:|f;) where y is the set
of all outputs. Given the above, the posterior f is expressed as:

p(fID) = Hp yilfi),

where the normalizer p(D f p(f) 1,2 1 p(y;|fi) df is often analytically intractable. Numer-
ous problems take this form bmary classification [58], single-output regression with Gaussian
likelihood [32], Student’s-t likelihood [27] or Poisson likelihood [63], and the warped GP [52].

3.2 Expectation Propagation

In this section we review the application of EP to the GP models described above. EP deals with the
analytical intractability by using Gaussian approximations to the individual non-Gaussian likelihoods:

p(ilfs) = ti(f;) = ZN(filfis, 52).

The function ¢; is often called the sife function and is specified by the site parameters: the scale Z;,
the mean i; and the variance 57. Notably, it is sufficient to use univariate site functions given that the
local update can be efficiently computed using the marginal distribution only [50]. We refer to this
as the locality property. Although in this work we employ a more complex Ly WD, our approach
retains this property, as we elaborate in subsection 5.2.

Given the site functions, one can approximate the intractable posterior distribution p(f|D) using a
Gaussian ¢(f) as below, where conditioning on D is omitted from ¢(f) for notational convenience:

q(f) = Ht () =N(FlwS), p=35"4, S=(K'+37H)7 @)



where /i is the vector of fi;, 3 is diagonal with ¥;; = 52; log ¢(D) is the log approximate model
evidence expressed as below and further employed to optimize GP hyper-parameters:

N
0*:argmaxlogq(D):Zlog(Zi/\/ﬂ) - %log|K+E\ - %ﬁT(K—i-E)*lﬁ. (2)
6 i=1
The core of EP is to optimize site functions {¢;(f;)},. Ideally, one would seek to minimize the
global KL divergence between the true and approx1mate posterior distributions KL(p(f|D)||g(f)).
however this is intractable. Instead, EP is built based on the assumption that the global divergence
can be approximated by the local divergence KL(g(f)|¢(F)), where () o ¢\'(f)p(v:|fi) and
q\'(f) o< q(£)/ti(f;) are refered to as the tilted and cavity distributions, respectively. Note that the
cavity distribution is Gaussian while the tilted distribution is usually not. The local divergence can
be simplified from multi-dimensional to univariate, KL(q(f)||¢(f)) = KL(q(f:)|l¢(f;)) (detailed in
Appendix G), and ¢;( f;) is optimized by minimizing it.

The minimization is realized by projecting the tilted distribution g( f;) onto the Gaussian family,
with the projected Gaussian denoted projy; (¢(f;)) = argmin ~ KL(G(fi)|IN(fi)). Then the pro-
jected Gaussian is used to update ti(f;) oc projgg (G(f:))/q\(f;). The mean and the variance of

proji; (4(fi)) = N (u*, o*2) match the moments of g( f;) and are used to update ¢;(f;)’s parameters:
V=g 0ot o
= (1 (0%) 2 = o 2), 572 =(0") o 2, “)

where i3, and o2 are the mean and the variance of g(f;), and p\; and o¢; are the mean and the

variance of q\i( fi). We refer to the projection as the local update. Note that Z does not impact

the optimization of ¢(f) or the GP hyper-parameters 8, so we omit the update formula for Z. We
summarize EP in algorithm 1 (Appendix). In section 4 we propose a new approximation approach
which is similar to EP but employs the Lo WD rather than the KL divergence.

3.3 Wasserstein Distance

We denote by M}r(Q) the set of all probability measures on 2. We consider probability measures on

the d-dimensional real space R?. The WD between two probability distributions &, v € Mi(Rd)
can be intuitively defined as the cost of transporting the probability mass from one distribution to the
other. We are particularly interested in the subclass of L,, WD, formally defined as follows.

Definition 1 (L, WD). Consider the set of all probability measures on the product space R? x R?,
whose marginal measures are £ and v respectively, denoted as U (§,v). The L, WD between & and v
is defined as W5 (&, v) = infrey(ew) [paypa |€ — 2|5 dn(x, 2) where p € [1,00) and | - ||, is the
L, norm.

Like the KL divergence, the L, WD it has a minimum of zero, achieved when the distributions are
equivalent. Unlike the KL, however, it is a proper distance metric, and thereby satisfies the triangle
inequality, and has the appealing property of symmetry.

A less fundamental property of the WD which we exploit for computational efficiency is:

Proposition 1. [46, Remark 2.30] The L, WD between 1-d distribution functions 5 andv € ML (R)
2

equals the L, distance between the quantile functions, W” & v fo - F Y (y)| dy,

where F, : R — [0,1] is the cumulative distribution function (CDF) of 2, deﬁned as F,(z) =
ffoo dz, and F ' is the pseudoinverse or quantile function, defined as F,'(y) = min,{z €
RU{—o0}: F,(z) > y}.

Finally, the following translation property of the Ly WD is central to our proof of locality:

Proposition 2. [46, Remark 2.19] Consider the Lo WD defined for £ and v € Mﬂr(Rd), and
let fr(x) = x — 7, T € RY be a translation operator. If &, and vy denote the probability
measures of translated random variables f-(x), € ~ &, and f/(x), T ~ v, respectively, then
Wa(&ryvar) = Wa(&,v) — 2(1 — )T (me — m,) + |7 — 7|2, where m¢ and m,, are means of




& and v respectively. In particular when T = m¢ and 7' = m,, {+ and v, become zero-mean
measures, and W3 (&, v71) = Wa(€,v) — ||me —m, ||2.

4 Quantile Propagation

We now propose our new approximation algorithm which, as summarized in Algorithm 1 (Appendix),
employs an Lo WD based projection rather than the forward KL divergence projection of EP. Although
QP employs a more complex divergence, it has the same computational complexity as EP, with the
following caveat. To match the speed of EP, it is necessary to precompute sets of (data independent)
lookup tables. Once precomputed, the resulting updates are only a constant factor slower than EP—a
modest price to pay for optimizing a divergence which is challenging even fo evaluate. Appendix J
provides further details on the precomputation and use of these tables.

As stated in Proposition 1, minimizing W3 (g(f:), N'(f;)) is equivalent to minimizing the L distance
between quantile functions of g( f;) and N(f;), so we refer to our method as quantile propagation
(QP). This section focuses on deriving local updates for the site functions and analyzing their
relationships with those of EP. Later in section 5, we show the locality property of QP, meaning that
the site function ¢(f) has a univariate parameterization and so the local update can be efficiently
performed using marginals only.

4.1 Convexity of L, Wasserstein Distance

We first show WP (G(f), N(f|u, o)) to be strictly convex in 1 and ¢. Formally, we have:

Theorem 1. Given two probability measures in M’ (R): a Gaussian N (p1, 5®) with mean p and
standard deviation o > 0, and an arbitrary measure ¢, W’;(ZI ,N) is strictly convex in p and o.

Proof. See Appendix D. O

4.2 Minimization of L, WD

An advantage of using the L, WD with p = 2, rather than other choices of p, is the computational
efficiency it admits in the local updates. As we show in this section, optimizing the Lo WD yields
neat analytical updates of the optimal * and o* that require only univariate integration and the CDF
of ¢(f). In contrast, other L,, WDs lack convenient analytical expressions. Nonetheless, other L,
WDs may have useful properties, the study of which we leave to future work.

The optimal parameters * and o* corresponding to the Lo WD W2 (g, N (j, 02)) can be obtained

using Proposition 1. Specifically, we employ the quantile function reformulation of W2 (g, N (u, 02)),
and zero its derivatives w.r.t. 1 and o. The results provided below are derived in Appendix A:

1 oo
pr=pg s ot =v2 [ Fol'(yerf (2 —1)dy = 1/v27r/ e @RI g (5)
0 —00

Interestingly, the update for x4 matches that of EP, namely the expectation under g. However, for
the standard deviation we have the difficulty of deriving the CDF F7. If a closed form expression is
available, we can apply numerical integration to compute the optimal standard deviation; otherwise,
we may use sampling based methods to approximate it. In our experiments we employ the former.

4.3 Properties of the Variance Update

Given the update equations in the previous section, here we show that the standard deviation estimate
of QP, denoted as oqp, is less or equal to that of EP, denoted as ogp, when projecting the same tilted
distribution to the Gaussian space.

Theorem 2. The variances of the Gaussian approximation to a univariate tilted distribution q(f) as
estimated by QP and EP satisfy 0(221, < oip.

Proof. See Appendix E. O

Corollary 2.1. The variances of the site functions updated by EP and QP satisfy: 5(2213 < G2p, and
the variances of the approximate posterior marginals satisfy ongP < 03, Ep-



Proof.  Since the cavity distribution is unchanged, we can calculate the variance of the site function as
. . . . . s 9

per Equation (4) and conclude that the variance of the site function also satisfies ogp < op. Moreover

as per the definition of the cavity distribution in subsection 3.2, the approximate marginal distribution

is proportional to the product of the cavity distribution and the site function q(f;) oc ¢\'(fi)t(f:),

which are two Gaussian distributions. By the product of Gaussians formula (Equation (4)), we know

the variance of ¢(f;) estimated by EP as 02 g = (G5 + 0\22)_1 = ogp and similarly o7 op = 0,

where o2, and cr(%p are defined in Theorem E. Thus, there is a(?VQP < Ug,EP. O

Corollary 2.2. The predictive variances of latent functions at x, by EP and QP satisfy:

ogp(f(xs)) < ofp(f ().

Proof. The predictive variance of the latent function was analyzed in [47, Equation (3.61)]:
o2(f.) = ki — kI (K + )" 'k,, where we define f, = f(x,) and k, = k(x.,x,), and let
k. = (k(x., ;)Y be the (column) covariance vector between the test data x.. and the training
data {x;}}¥ |. After updating parameters of the site function ¢;( f;), the predictive variance can be
written as (details in Appendix I):

02 (f.) = ke — kT Ak, + kT 8,87k, /[(62000 — 527" + Aul,

3,NEW

where 77 ., is the site variance updated by EP or QP, A = (K + §~])_1 and s; is the ¢’s column of A.

3,New

Since 57;27QP < 67 gp. we have odp(fs) < ogp(f). O

Remark. We compared variance estimates of EP and QP assuming the same cavity distribution.
Proving analagous statements for the fixed points of the EP and QP algorithms is more challenging,
however, and we leave this to future work, while providing empirical support for these analogous
statements in Figure la. and Figure 1b.

5 Locality Property

In this section we detail the central result on which our QP algorithm is based upon, which we refer
to as the locality property. That is, the optimal site function ¢; is defined only in terms of the single
corresponding latent variable f;, and thereby and similarly to EP, it admits a simple and efficient
sequential update of each individual site approximation.

5.1 Review: Locality Property of EP

We provide a brief review of the locality property of EP for GP models; for more details see Seeger
[50]. We begin by defining the general site function ¢;(f) in terms of all of the latent variables,

and the cavity and the tilted distributions as ¢\*( f) o p(f) [T t;(£) and g(F) o ¢\ (£)p(vil fi)s

respectively. To update ¢;(f), EP matches a multivariate Gaussian distribution A'(f) to ¢(f) by
minimizing the KL divergence KL(q]|\V'), which is further rewritten as (see details in Appendix F.1):

KL (@A) = KL(@[NG) + B, [KL (@ [MG) ©
where and hereinafter, \i|i denotes the conditional distribution of f\; (taking f; out of f) given f;,
namely, qy‘i = q\i(f\i|fi) and MV\;); = N(f\s]fi). Note that qQZli and NV\;); in the second term in
Equation (6) are both Gaussian, and so setting them equal to one another causes that term to vanish.
Furthermore, it is well known that the term KL (g;||\V;) is minimized w.r.t. the parameters of \/; by

matching the first and second moments of ¢; and N;. Finally, according to the usual EP logic, we
recover the site function ¢;( f) by dividing the optimal Gaussian N (f) by the cavity ¢\*(f):

ti(f) < N(£)/q" (f) = NEATIN (i) /(@ FdTa  (f) = N(f:)/aV (f). (D

Here we can see the optimal site function ¢;(f;) relies solely on the local latent variable f;,
so it is sufficient to assume a univariate expression for site functions. Besides, the site func-
tion can be efficiently updated by using the marginals ¢(f;) and N(f;) only, namely, ¢;(f;) o

(miny; KL(Gi[|N:)/a" (f:))-



5.2 Locality Property of QP

This section proves the locality property of QP, which turns out to be rather more involved to show
than is the case for EP. We first prove the following theorem, and then follow the same procedure as
for EP (Equation (7)).

Theorem 3. Minimization of W3(G(f), N'(£)) wrt. N'(f) results in ¢\ (f;]f;) = N (foil fi)-
Proof. See Appendix F. O

Theorem 4 (Locality Property of QP). For GP models with factorized likelihoods, QP requires only
univariate site functions, and so yields efficient updates using only marginal distributions.

Proof.  We apply the same steps as in Equation (7) for the EP case to QP and we conclude that
the site function t;(f;) o< N'(f;)/q\*(f;) relies solely on the local latent variable f;. And as per
Equation (22) (Appendix F), N(f;) is estimated by minx; W3(g;, AV;), so the local update only uses
marginals and can perform efficiently. O

Benefits of the Locality Property. The locality property admits an analytically economic form for
the site function ¢;(f;), requiring a parameterization that depends on a single latent variable. In
addition, this also yields a significant reduction in the computational complexity, as only marginals
are involved in each local update. In contrast, if QP (or EP) had no such a locality property, estimating
the mean and the variance would involve integrals w.r.t. high-dimensional distributions, with a
significantly higher computational cost should closed form expressions be unavailable.

6 Experiments

In this section, we compare the QP, EP and variational Bayes [VB, 42] algorithms for binary
classification and Poisson regression. The experiments employ eight real world datasets and aim to
compare relative accuracy of the three methods, rather than optimizing the absolute performance. The
implementations of EP and VB in Python are publicly available [18], and our implementation of QP
is based on that of EP. Our code is publicly available !. For both EP and QP, we stop local updates,
i.e., the inner loop in Algorithm 1 (Appendix), when the root mean squared change in parameters
is less than 1076, In the outer loop, the GP hyper-parameters are optimized by L-BFGS-B [6] with
a maximum of 102 iterations and a relative tolerance of 10~ for the function value. VB is also
optimized by L-BFGS-B with the same configuration. Parameters shared by the three methods are
initialized to be the same.

6.1 Binary Classification

Benchmark Data. We perform binary classification experiments on the five real world datasets
employed by Kuss and Rasmussen [28]: Tonosphere (IonoS), Wisconsin Breast Cancer, Sonar [13],
Leptograpsus Crabs and Pima Indians Diabetes [48]. We use two additional UCI datasets as further
evidence: Glass and Wine [13]. As the Wine dataset has three classes, we conduct binary classification
experiments on all pairs of classes. We summarize the dataset size and data dimensions in Table 1.

Prediction. We predict the test labels using models optimized by EP, QP and VB on the training
data. For a test input x, with a binary target y., the approximate predictive distribution is written as:
q(y«|zs) = ffooc p(y«|fe)a(f+) df« where f, = f(a,) is the value of the latent function at «.. We
use the probit likelihood for the binary classification task, which admits an analytical expression for
the predictive distribution and results in a short-tailed posterior distribution. Correspondingly, the
predicted label ¢, is determined by thresholding the predictive probability at 1/2.

Performance Evaluation. To evaluate the performance, we employ two measures: the test error
(TE) and the negative test log-likelihood (NTLL). The TE and the NTLL quantify the prediction
accuracy and uncertainty, respectively. Specifically, they are defined as (3_;" | |y«,i — x,:|/2)/m and
— (3" 1og q(ysi|@+,i))/m, respectively, for a set of test inputs {x, ; }1,, test labels {y. ;}™,,
and the predicted labels {g. ; }7~,. Lower values indicate better performance for both measures.

'nttps://github.com/Ruizhang2016/Quantile-Propagation-for-Wasserstein-
Approximate—-Gaussian—-Processes
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Table 1: Results on benchmark datasets. The first three columns give dataset names, the number of
instances m and the number of features n. The table records the test errors (TEs) and the negative
test log-likelihoods (NTLLs). The top section is on the benchmark datasets employed by Kuss and
Rasmussen [28] and the middle section uses additional datasets. The bottom section shows Poisson
regression results. * indicates that QP outperforms EP in more than 90% of experiments consistently.

TE (x10~2) NTLL(x 10~ %)

Data m n EP QP VB EP QP VB
IonoS 35134 7-9:|:0.5 7.9:|:0_5 18-9i6.9 215.918_4 215.9i3_5 337-4i70.8
Cancer 683 9 3.240.2 3.240.2 3.140.2 88.2413.1 88.213.1 88.9419.1

Pima 7327 20.3110 20.3110 219404 42474130 424.0%,5, 4503406
Crabs 200 7 2.7105 2.71o5 3.7107 644450  64.34g4 1647475
Sonar 208 60 14.0:}:1,1 14.0:|:1_1 25-7i3.9 306-7i10.8 306.2;10'9 693.110.0
Glass 21410 1.1404 1.040.4 2.640.5 29.5454 29.015_5 79.546.3
Winel 13013 1.54¢9.5 1.540.5 1.74056 48.043.4 47.4)5:3_4 83.945.0
Wine2 10713 0.040.0 0.040.0 0.0+0.0 18.041.2 17.8*11.2 26.741.9
Wine3 11913 2.0:|:1_() 2.0:|:1,0 1-2j:0.7 52~1:t5.6 51'8*:I:5.6 69.4i5_0
Mining 112 1 118.6427.0 118.6427.0 170.3115.9 1606.81116.3 1606.5+116.3 2007.31119.5

Note: Winel: Class 1 vs. 2. Wine2: Class 1 vs. 3. Wine3: Class 2 vs. 3.

Experiment Settings. In the experiments, we randomly split each dataset into 10 folds, each time
using 1 fold for testing and the other 9 folds for training, with features standardized to zero mean
and unit standard deviation. We repeat this 100 times for a random seed ranging 0 through 99. As a
result, there are a total of 1,000 experiments for each dataset. We report the average and the standard
deviation of the above metrics over the 100 rounds.

Results. The evaluation results are summarized in Table 1. The top section presents the results on
the datasets employed by Kuss and Rasmussen [28], whose reported TEs match ours as expected.
While QP and EP exhibit similar TEs on these datasets, QP is superior to EP in terms of the NTLL.
VB under-performs both EP and QP on all datasets except Cancer. The middle section of Table 1
shoes the results on additional datasets. The TEs are again similar for EP and QP, while QP has lower
NTLLs. Again, VB performs worst among the three methods. To emphasize the difference between
NTLLs of EP and QP, we mark with an asterisk those results in which QP outperforms EP in more
than 90% of the experiments. Furthermore, we visualize the predictive variances of QP in comparison
with those of EP in Figure 1a., which shows that the variances of QP are always less than or equal to
those of EP, thereby providing empirical evidence of QP alleviating the over-estimation of predictive
variances associated with the EP algorithm.

6.2 Poisson Regression

Data and Settings. We perform a Poisson regression experiment to further evaluate the performance
of our method. The experiment employs the coal-mining disaster dataset [25] which has 190 data
points indicating the time of fatal coal mining accidents in the United Kingdom from 1851 to 1962.
To generate training and test sequences, we randomly assign every point of the original sequence to
either a training or test sequence with equal probability, and this is repeated 200 times (random seeds
0,---,199), resulting in 200 pairs of training and test sequences. We use the TE and the NTLL to
evaluate the performance of the model on the test dataset. The NTLL has the same expression as that
of the Binary classification experiment, but with a different predictive distribution ¢(y.|@«). The TE
is defined slightly differently as (}_;~, |y«,i — §x,i|)/m. To make the rate parameter of the Poisson
likelihood non-negative, we use the square link function [15, 56], and as a result, the likelihood
becomes p(y|f?). We use this link function because it is more mathematically convenient than the
exponential function: the EP and QP update formulas, and the predictive distribution ¢(y.|x.) are
available in Appendices C.2 and H, respectively.

Results. The means and the standard deviations of the evaluation results are reported in the last row
of Table 1. Compared with EP, QP yields lower NTLL, which implies a better fitting performance
of QP to the test sequences. We also provide the predictive variances in Figure 1b., in the variance
of QP is once again seen to be less than or equal to that of EP. This experiment further supports our
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Figure 1: A scatter plot of the predictive variances of latent functions on test data, for EP and QP.
The diagonal dash line represents equivalence. We see that the predictive variance of QP is always
less than or equal to that of EP.

claim that QP alleviates the problem with EP of over-estimation of the predictive variance. Finally,
once again we find that both EP and QP outperform VB.

7 Conclusions

We have proposed QP as the first efficient Lo-WD based approximate Bayesian inference method
for Gaussian process models with factorized likelihoods. Algorithmically, QP is similar to EP but
uses the Lo WD instead of the forward KL divergence for estimation of the site functions. When the
likelihood factors are approximated by a Gaussian form we show that QP matches quantile functions
rather than moments as in EP. Furthermore, we show that QP has the same mean update but a smaller
variance than that of EP, which in turn alleviates the over-estimation by EP of the posterior variance
in practice. Crucially, QP has the same favorable locality property as EP, and thereby admits efficient
updates. Our experiments on binary classification and Poisson regression have shown that QP can
outperform both EP and variational Bayes. Approximate inference with WD is promising but hard to
compute, especially for continuous multivariate distributions. We believe our work paves the way for
further practical approaches to WD-based inference.

Limitations and Future Work Although we have presented properties and advantages of our
method, it is still worth pointing out its limitations. First, our method does not provide a methodology
for hyper-parameter optimization that is consistent with our proposed WD minimization framework.
Instead, for this purpose, we rely on optimization of EP’s marginal likelihood. We believe this is one
of the reasons for the small performance differences between QP and EP.

Furthermore, the computational efficiency of our method comes at the price of additional memory
requirements and the look-up tables may exhibit instabilities on high-dimensional data. To overcome
these limitations, future work will explore alternatives to hyper-parameter optimization, improvements
on numerical computation under the current approach and a variety of WD distances under a similar
algorithm framework.

Broader Impact

It is likely that the majority of significant technological advancements will eventually lead to both
positive and negative societal and ethical outcomes. It is important, however, to consider how
and when these outcomes may arise, and whether the net balance is likely to be favourable. After
careful consideration, however, we found that the present work is sufficiently general and application
independent, as to warrant relatively little specific concern.
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Supplements for Quantile Propagation for Wasserstein-Approximate Gaussian Processes.

A Minimization of L, WD between Univariate Gaussian and Non-Gaussian
Distributions

In this section, we derive the formulas of the optimal p* and o* for the Lo, WD, i.e., Eqn. (5). Recall
the optimization problem: we use a univariate Gaussian distribution N'(f|u, 0?) to approximate a
univariate non-Gaussian distribution ¢(f) by minimizing the Ly WD between them:

man2 o, N) = Inln/ ’F — pu—V20erf ™ (2y — 1) dy,
n,o

where F~ ! is the quantile function of the non-Gaussian distribution ¢, namely the pseudoinverse

function of the corresponding cumulative distribution function F, defined in Proposition 1.

To solve this problem, we first calculate derivatives about y and o:

W3 g -1
e —2 [ F;'(y) — p— V2oerf ' (2y — 1) dy,
0

OW3
do

Then, by zeroing derivatives, we obtain the optimal parameters:

/ F; —V2gerf 1 (2y — 1) dy

:/_Oox( dx——a/ erf*(

—\/50/ zN(2]0,1/2) dz

= —2/0 (F ' (y) —p— V2oerf 1 (2y — 1))v2erf  (2y — 1) dy.

a*:x/ﬁ/l(Fql( perf=(2y — 1) dy// (erf")2(2y — 1) dy
—f/ y)erf ! dy// 222N (2]0,1/2) da

=1

—\f/ yerf 1 (2y — 1) dy
_ 3 / ferf L (2F,(f) — 1) dF,(f)

_ /L/OO fde—let @R (D12
27 J_ o
[ 1 [ -
=04 %/ o[t (2F7(H)-1)) df. (8)

B Minimization of L, WD between Univariate Gaussian and Non-Gaussian
Distributions

In this section, we describe a gradient descent approach to minimizing an L, WD, for p # 2, in
order to handle cases with no analytical expressions for the optimal parameters. Our goal is to use a
univariate Gaussian distribution A'( f|u, 0?) to approximate a univariate non-Gaussian distribution
q(f). Specifically, we seek the minimiser in & and o of Wg(q7 N); the derivatives of the objective
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function about y and o are:

0w = [ I senc)) g =—p [ ) sento(oale) d,
0w = —p [ Il senlclert 2y~ ) dy = —p [ )l sntu(oent ! (2F, (0) = a(e) d

where for simplification, we define e(y) = F, '(y) — p — V2oerf 1 (2y — 1) and n(z) = = —
w— 20erf *(2F,(z) — 1), with F, and F ;! being the CDF and the quantile function of ¢. Note
the derivatives have no analytical expressions. However, if the CDF F is available, we can use
the standard numerical integration routines; otherwise, we resort to Monte Carlo sampling. In the
framework of EP or QP, ¢(z) o< ¢\*(x)p(y;|z) and ¢\* is Gaussian, so we may draw samples from a
Gaussian proposal distribution to obtain a simple Monte Carlo method.

C Computations for Different Likelihoods

Given the likelihood p(y| f) and the cavity distribution ¢\*(f) = N'(f|u, 02), a stable way to compute
the mean and the variance of the tilted distribution g(f) = p(y|f)q\*(f)/Z where the normalizer
Z = f p(y|f)q\(f) df, can be found in the software manual of Rasmussen and Williams [47].
We present the key formulae below, for use in subsequent derivations:

%Z:[ f(;”p(ylf)/\/(fluﬂ) df
o0uZ 1 [ pylIN(flp,o?) [ pylHIN (flu, %)
ST e S LA T I v

Z o?
oz 1 1
Al
20,7
:ugza; +u:J28#logZ—|—u7

9 > 1 2 f_MZ 2
sz = [~ Lolowtinet + (LE) suonisine

— 00
%Z:f”_1+ L2 PN o)
— 00 O'2 0’4 0'4 0'4 7
482Z 1 w2 2 9y 24
7 = oot gt oalogtug) - —qng
A S A ey ) R § ig'f‘ 9,2\>
Z 0'2 0’4 0'4 0-2 0-4 Z

C.1 Probit Likelihood for Binary Classification

For the binary classification with labels y € {—1, 1}, the PDF of the tilted distribution g( f) with the
probit likelihood is provided by Rasmussen and Williams [47]:

~N =1 o2 — P(2). »— H
q(f) = Z2(fy)N(flp,0%), Z=2(2), ViTor

and the mean estimate also has a closed form expression:
. 9N
po=ha = d(2)yvV1+ 02
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As per Equation (5), the computation of the optimal o* requires the CDF of ¢, denoted as Fj. For
positive y > 0, the CDF is derived as

Frmo@) =27 [ @ ()N (fln.o?) af
71 rp pr—p 1 T —2 4 52 =2
- 2oy /,OO /,OO SEP <_2 {I}]] [U v_za 2—2] [Tﬂ) dw df
L k  rh w 1
=7 1/00/00/\/([f] 0’[—;) 1]>dwdf

1

k+ ph 1 h + pk
“Oh)-T|\hy——eex= | +:Pk)-T |k, —F——x | +
S0(h) ( ’ 1p2> 5 2() ( - ﬁﬁ) n]

- 1
k=t =L v A p#0,

Vo241’ o’ pi\/1—|—1/02’

where the step (a) is obtained by exploiting the work of Owen [45] and T'(-, ) is the Owen’s T
function:

@ 71

dx,

1 [ — (1 +22)Rh?/2
T(h7a):7/ oxp |~ (1+29)h%/2]
27T 0 1+$2
and 7 is defined as
_J0 hk >0or(hk =0and h+ k > 0),
n= —0.5 otherwise.

Similarly, for y < 0, the CDF is

1 k + ph 1 h + pk
—®oh)+T|h——— | — =)+ T |k, ———— | — 1] .
S®(h) ( ’ Tﬁ) S 8(k) ( - sz> 77]

Summarizing the two cases, we get the closed form expression of Fy:

Fyy<o(z) =271

4|1 k + ph y h + pk
Fix)=Z"'|=®(h) —yT | h, ——r= Zo(k) —yT | kb, ——
q(x) 52(h) —y (h’h %1_p2>+2 (k) —y (kk T +yn
1|1 k y h
=71 o) —yT [ h, ——e “o(k) —yT | by, — e .
5 (h) —y (h,hm+a>+2 (k) —y <k;,km+a>+yn

Provided the above, the optimal o* can be computed by numerical integration of Eqn (8). For special
cases, we provide additional formulas:

2= 02 0: Fya) = 27 |3 = B0 4 Loy - 7k, 0) 4 )
@) # 0 =03 Fya) =2 | 300 — (o) + § = PEED gy

1
B)xe=p, p=0:Fzz) = s %arctan(a).

C.2 Square Link Function for Poisson Regression

Consider Poisson regression, which uses the Poisson likelihood p(y|g) = g¥ exp(—g)/y! to model
count data y € N, with the square link function g(f) = f2 [56, 15]. We use the square link
function because it is more mathematically convenient than the exponential function. Given the cavity
distribution ¢\'(f) = N'(f|u,0?), we want the tilted distribution g(f) = ¢\'(f)p(y|g(f))/Z where
the normalizer Z is derived as:

Z= /_OC 0" (f)p(ylg) df
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:/oo L oo (W> fP exp(—f?)/y! df

—oo V2mo? 202
) 1 = gy _(f—u/(1+202))2>
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B V2ra?ylexp(u2/(1+ 202)) 2 2" 202%(1+202)

avts F<+1>F< 1 h)
= T . . yrg Y5753 )
V2ma?ylexp(h) 2) ! 2" 207

- 20.2 . /1/2
14202 7 14202
where the step (a) rewrites the product of two exponential functions into the form of the Gaus-

sian distribution, (b) is achieved through Mathematica [59], T'(-) is the Gamma function and

2 . . . .
1Fi | —v; %; —% is the confluent hypergeometric function of the first kind. Furthermore, we

9

(07

compute the first derivative of log Z w.r.t. 1z and then the mean of the tilted distribution:

yiFy (—y+ 1535 —58) 2
Oulog Z = 1 i -1 5
021y (—y; 55— 5) 1+20

= ug = 026H log Z + p.
Fy(—y+1;2; -1, 9
92log Z = 3“21( v Ligizgs)
o2 1F1 (—y 33— 307)
2
21— y)1Fy (—y+2; 5 —5) L2k (—y+1;3;—5%) 202y
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T 202

== 0;1% = 0483 log Z + o2

Finally, we derive the CDF of the tilted distribution ¢ by using the binomial theorem:

Fo) =27 [ " PN (flu. o) df

— 00

o, /; e (_ (f2;5//((11 : 22;;)))“‘) df

p—) 2y 2

- " !

‘A/,w (f +1+2o2> eXp<‘202/<1+202>>df
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el ) (£)o

2y 0 2 z—f
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z! \ 1 1 n\]! 7
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where the step (a) has been derived in (a) of Eqn. (9), (b) applies the binomial theorem and (c)
is obtained through Mathematica [59]. And, the function I'(a, z) = fzoo te~le~t dt is the upper
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incomplete gamma function and sgn(z) is the sign function, equaling 1 when z > 0,0 when = 0
and —1 when z < 0.

D Proof of Convexity

Theorem Given two probability measures in M? (R): a Gaussian A(y1,0?) with mean p and
standard deviation o > 0, and an arbitrary measure g, the L, WD W/ (q, N) is strictly convex about
pand o.

Proof. Let Fq:l(y) and Fi/'(y) = p + v20erf ™ (2y — 1), y € [0,1], be the quantile functions
of ¢ and the Gaussian A/, where erf is the error function. Then, we consider two distinct Gaussian
measures N (p11,0%) and N (u2,03) and a convex combination w.r.t. their parameters N (a1 p; +
azpiz, (a101 + azoq)?) with aj,as € Ry and a; + az = 1. Given the above, we further define
ex(y) = F= ' (y) — pw — opv/2erf 1 (2y — 1), k = 1, 2, for notational simplification, and derive the

q
convexity as:

a 1 (b) 1
Wo(q, N (a1 + azpa, (101 + a202)%)) @ / la1€1(y) + azea(y)|P dy < / (a1le1(y)|+
0 0

(©) 5 _
aslea(y))? dy < ayWE(G, N (p1,07)) + aaWh(G, N (2, 03)),

where steps (a), (b) and (c) are obtained by applying Proposition 1, non-negativity of the absolute
value, and the convexity of f(z) = zP, p > 1, over R, respectively. The equality at (b) holds iff
er(y) > 0,k =1,2,Yy € [0,1], and (¢)’s equality holds iff |¢1(y)| = |e2(y)|, Vy € [0, 1]. These
two conditions for equality can’t be attained simultaneously as otherwise it would contradict that
N (p1,01) is different from NV (p2, 03). So, WP (g, ), p > 1, is strictly convex about yand 0. [J

E Proof of Variance Difference

Theorem The variance of the Gaussian approximation to a univariate tilted distribution ¢( f) as
estimated by QP and EP satisfy 03, < ogp.

Proof.  Let N (uqp, aép) be the optimal Gaussian in QP. As per Proposition 1, we reformulate the
Ly WD based projection W3 (g, N (pugp, ogp)) W.r.t. quantile functions:

1 1
W%(@N(uop,aép)h/o \qul(y)—qu—ﬁUQperf‘l(Qy—l)lzdy:/o (F7(y) = pop)?
—_——
o
+(V20qperf ™ (2y—1))* —2(F;* (y) — pgp) V20qperf (2 —1) dy=0ip—0gp,

G (A)

where for (A), we used f ,quanerf_1 (2y — 1) dy = 0 and the remaining factor can be easily shown
to be equal to 20(22}). Furthermore, due to the non-negativity of the WD, we have o2, > O'%P, and the
equality holds iff ¢ is Gaussian. O

F Proof of Locality Property

Theorem Minimization of W3 (g(f), N(f)) w.r.t. N(f) results in ¢\ (fi;]f;) = N(fii] fi)-

)=
Proof.  We first apply the decomposition of the Ly norm to rewriting the W2 (g(f), N'(f)) as below
(see detailed derivations in Appendix F.2):

W (@A) =infEy, | Ifi— F1I3+ W3 () Mo | (10)

where the prime indicates that the variable is from the Gaussian AV, and for simplification, we use the
notation 7; for the joint distribution 7(f;, f/) which belongs to a set of measures U(g;, ;). Since
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q\'(f) is known to be Gaussian, we define it in a partitioned form:

e ) e

and the conditional ¢\*( fil fi) is expressed as:
q\i(f\i|fi) = N(f\i\m\um S\ifi)y MG =My + 8\;iS; (fz m;) =af; +b, (12
Sviji = Svi — SviiS; 'SV

We define a similar partioned expression for the Gaussian N'( ') by adding primes to variables and
parameters on the r.h.s. of Equation (11), and as a result, the conditional A/ ( FU1f7) is written as:

NFGID = N(ml, 8), miy = mi + 84,8 H(f —mi) =a'f] +b,  (13)
Sy = 84 — S(aSi S (14)

Given the above definitions, we exploit Proposition 2 to take the means out of the Lo WD on the r.h.s.
of Equation (10):

W3 (¢, N) = inf Er,

i = I3+ s = m 3] + W3 (N0, 8440 M (0, 8{,1)) - (15)

(A)
Minimizing this function requires optimizing m., m’\l, S, S’ and S{u As Si ; is only contained in
S\ ;|; and isolated into the term (A), it can be optimized by 51mply setting

Eqn (14)

Sl =S == S =8\ g+ 81,11 S (16)

As aresult, (A) is minimized to zero. Next, we plug in expressions of m,;|; and m'\ ili (Equation (12)

and Equation (13)) into optimized Equation (15):

min(15)=infEr [|fi—fi[5+]afi—a'fi+b=b'|13], (17)
\i :

where m’\z is only contained by b’. Thus, we can optimize it by zeroing the derivative of the above

function about m’\i, which results in:

b =b+auz —a'm; P9 in)* = S0;;5;'mj + b+ apg, — a'mj, (18)

where 15, is the mean of g(f;). The minimum value of Equation (17) thereby is (see details in
subsection F.3):

min (17) = (1 +a"a")W3(Gi, Ni) + [la|303, + [|a/[55] —a'a’ [0% + 8!+ (ug, —m5)?|(19)
where 0'(—1%1_ is the variance of ¢( f;). This function can be further simplified using the quantile based

reformulation of W2(g;, N;) (see details in Appendix F.4) which results in:
1
(19)=W(G,\;) +|lal302 —23aTa’c;, S, +||a’ |35 (20)
(B)

Now, we are left with optimizing m/, S/ and S {;;- To optimize S\“, which only exists in the above

term (B), we zero the derivative of (B) w.r.t. S /! \ii and this yields:

=23(5)) 3¢50 "ELY S, = (28) P cza, Q1)
and the minimum value of Equation (20) is
min (20) = W5(q;, N3) + [lafl3(oF, —2¢3). (22)
\ii

The results of optimizing m/ and S} in the above equation have already been provided in Equation (5):
m;* = pg and S;* = 2c¢z.. By plugging them into Equation (21) and Equation (18), we have
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a’* = a and b’* = b. Finally, using Equation (16), we obtain q\i(f\l- |fi) = N(fulafi+b,S\) =
N(fla'fi +',8(;;) = N(fiilfi) . which concludes the proof. O

F.1 Details of Eqn. (6)

a(falfac)
(f\i|fi)N(fi)
( ) ) ~p (f\l|fl) ) :
/ () log ek afi+ / i) / TSl 108 o175 414
= KLV (£) + Baop [KL@ALL IV Rl )]
Fulfy) = ar) (et fiT Tz ti (F)
DI =55 A (foplyedfT
= ¢\"(fulf)- (23)

KL@G()IN(F)) = / af) log 1+ af

F.2 Details of Eqn. (10)

W3 (@) N(f) = _inf B ([lf - F'II3)

WGU(J,N)
= inf E.(||fi — .’2_|_E7T( - /_2)
Lt B (5= 1) 1 — FLII3
@ i L 12 12
& nt B (= FI3+ Eey (1 R3]

(b) .
inf Exr (1o~ {15 + inf B (11— £0l3) |

= inf Er, [Hfi ~ fil3 + W%(&W,N\iﬁ)}

DinfEy, (|11 — S5 + Wh(alj M)

where the superscript prime indicates that the variable is from the Gaussian A. In (a), m; =
7(fi, i) and m\;; = m( i f\z|fz, /). In (b), the first and the second inf are over U(g;, N;) and

(q\m,/\/\m) respectively. (c) is due to g( f\;|f;) being equal to q\l(f\i|fi) (refer to Eqn. (23)).
F.3 Details of Eqn. (19)

min Eqn. (17)

m

\i

= inf By, |I1fi = £/15 + la(fi — 1) — @' (F = m)3]

=l B i = fi13] + lall3oF, + lla' 35, — 2aTa'Ex, (fis; - uaim;)
=iy, [I; = 18] + lal3o2 + 10’1387 + a" B, (11 = FiI3 = F2 = () + 2ug,m))
= inf By, [Ifi = £/1B] + lalioZ + |a135; + @ @'Ex, (11fi = £I3 = (fi — 1)’

2fipg, + 13, — (F = m)? = 2fm] + (m})? + 2pug,m} )
= (14 a"a)W3(@, N;) + lal3od + /I35 — aTa’ (o2 + i + S} + (m))? — 2ug,m])

= (1+a"a)W3(@, i) + lal3o + laI3S] - aa' [0 + S + (g, — m})?]
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F.4 Details of Eqn. (19)

We first use Proposition 1 to reformulate the Ly WD W2(g;, NV;) as:
1
W23, ) = / (F=(y) — m) — y/28Tert 2y — 1)) dy,
0

1
_ —1 2 —1 2 —1 —1
- / (F(y) — ml)? + 28lert™ (2 — 1)2 — 2,/28Tert " (2 — 1)(F; (y) — m]) dy,

1
= | ) = g = ) -+ S =225,
=02 + (ug, —mi)* + 5] — 2c5,\/25],
where F(il(y) is the quantile function of ¢(f;) and ¢z, = fol ngl(y)erf*l@y — 1) dy. Next, we
plug this reformulation into Eqn. (19):

Ean. (19) = W3(@, ;) + a’a'W3(@, i) + llall302 + |a'I3S] - aTa’ 02 + 5] + (ug, — m))?]

= W33 M) + aTa’ [o02 4 (g TS, 20/25] + lall302 + 38!
—a'a M

= W3(q@i, Ni) — 2cz,v/2S}a"a’ + |la||307, + [|la’|35;

G More Details of EP

We use the expressions g(f) = ¢\'(f)p(vi| f:)/Z7 and ¢\'(£) = q(f)/(t:(fi)Z,.:), and the deriva-
tion of KL(q(f)||q(f)) = KL(q(f:)llg(f;)) is shown as below:
0" (f)p(yilf;)
& Zu(f) ‘
afTp(yilfi)

/

_ / AP)log 7 a7
-/
/

f

(yilfi)
q(fi)log m dfi

log 4 Vi (f)p(yilfi)
Z i Zgq N (fi)ta(fi)

Y PP qlfi) .

- /Q(f’)1 5 a(f) A

= KL(q(fi)llq(fi))

df;

H Predictive Distributions of Poisson Regression

Given the approximate predictive distribution f(x.) = N (14, 02) and the relation g(f) = f2, itis
straightforward to derive the corresponding g(z.) ~ Gamma(k.,, c.)* where the shape k. and the
scale c, are expressed as [56, 61]:
(42 + 022 202202 + 02)
= , Cy = .
20222 + 07) W2+ o?

1 kxk 16_1/8.

2Gamma(z|k, c) = T)oF
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Furthermore, the predictive distribution of the count value y € N can also be derived straightfor-
wardly:

ply) = /0 " plg)pulg.) dg.

= /Gamma(g*|k*,c*)Poisson(y|g*) dg.

A(es +1)7*¥0(ki +y)
= == NB k;*7 * 1 * 5
) (ylke e /(L + )
where g, = g(x,) and NB denotes the negative binomial distribution. The mode is obtained as
lex (ke — 1)] if ki > Lelse 0.

I Proof of Corollary 2.2

Since the site approximations of both EP and QP are Gaussian, we may analyse the predictive
variances using results from the regression with Gaussian likelihood function case, namely the well
known Equation (3.61) in [47]:

o2(f.) = k(z,, @) — kI (K + 3) " k,, (24)
where f. = f(a.) is the evaluation of the latent function at x, and k. =
[k(xs, 1), -, k(xs, zx)]" is the covariance vector between the test data x, and the training

data {wl}l 1» K is the prior covariance matrix and 3. is the diagonal matrix with elements of site
variances o;

After updating the parameters of a site function #;(f;), the term (K + %)~ is updated to (K +

S+ (52 7 new — 07)eie] )~ ! Where G ney is the site variance estimated by EP or QP and e; is a unit
vector in direction 7. Using the Woodbury, Sherman & Morrison formula [47, A.9], we rewrite

(K + E + ( Oinew — Ezz)eie—'r)_l as
(K + E + ( O3 new — gf)eie;l—)_l
= (A7 + (07 pew — 07 Jeie]) !

’L new

=A- Aeb[( Oinew — 05 )71 + e'-irAei]ile;'rA
=A- Si[(az‘%new - Ui2)71 + Aii}il ;l'
1
= A 8T
(gg,new — 0 )71 + Aiis %

where A = (K + i) ~1!and s; is the 7’th column of A. Putting the above expression into Equation (24),
we have that the predictive variance is updated according to:

T, .T
k. sis; k..

1
Tpew(f+) = k(@ ) — k] Ak + = =5
Ine (aiz,new - 022) T+ Ay
In EP and QP, the first two terms on the r.h.s. of the above equation are equivalent. As the site
variance provided by QP is less or equal to that by EP, i.e., o7 op < o2 gp» the third term on the rh.s.
for QP is less or equal to that for EP. Therefore, the predlctlve variance of QP is less or equal to that

of EP: UQP(f*) < UEP(f*)

J Lookup Tables

To speed up updating variances Uép in QP, we pre-compute the integration in Equation (5) over a
grid of cavity parameters 1 and o, and store the results into lookup tables. Consequently, each update
step obtains aép simply based on the lookup tables. Concretely, for the GP binary classification, we
compute Equation (5) with 4, o and y varying from -10 to 10, 0.1 to 10 and {—1, 1} respectively.
w1 and o vary in a linear scale and a log10 scale respectively, and both have a step size of 0.001.
The resulting lookup tables has a size of 20001 x 2001. In a similar way, we make the lookup table
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Algorithm 1 Expectation (Quantile) Propagation
Input: p(f), p(yi|fi), ti(fi),i=1,--- ,N,0

Output: ¢(f) approximate posterior
1: repeat
2: compute q(f) o< p(f) I, t:i(fi) by (1)
3:  repeat
4: fori=1to N do
5: compute ¢\*(f;) oc q(fi)/t:(f:) cavity
6: compute §(f;) o< ¢\'(fi)p(yil f3) tilted
7: if EP then '
8: ti(f:) o< projyy [G(f:)]/qV (f:) by (3)(4)
9: else if QP then _
10: ti(fi) oc projw [q(fi)]/a "\ (f:) by (5)(4)
11: end if
12: update q(f) o p(f) 1, ti(fi) by (1)
13: end for
14:  until convergence
15: 8 = argmaxy log ¢(D) by (2)

16: until convergence
17: return q(f)

for the Poisson regression. In the experiments, we exploit the linear interpolation to fit aép given
p € [-10,10] and o € [0.1,10], and if ;2 and o lie out of the lookup table, o¢,p is approximately

computed by the EP update formula, i.e., aép ~ o%p. On Intel(R) Xeon(R) CPU E5-2680 v4 @
2.40GHz, we observe the running time of EP and QP is almost the same.
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