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A B S T R A C T

The past two decades have witnessed an increasing adoption of double-curved surfaces in architectural design
and building construction. However, their shape complexity has brought a great challenge in design and
construction, typically leading to high modeling and construction costs. In this study, a new geometry family,
termed catenary-ruled surface, is proposed. They can be conveniently created using catenary rulings based on
the transformation of line rulings, thereby offering new possibilities for designing a wide variety of architectural
forms. Moreover, this paper uses a physical model to demonstrate that a specific group of catenary-ruled
surfaces can be effectively and inexpensively constructed using a proposed string actuation system. This is
achieved by using a series of foldable arches to form the target surface, with their folding motion controlled
by simply pulling external strings. The constructed structure with catenary rulings can act as an efficient
structural system that is predominantly under pure compression.
1. Introduction

Curved surfaces are striking 3D forms typically with no part that
is a plane surface, meaning both of their principal curvatures cannot
be zero simultaneously. In recent years, curved surfaces have been
increasingly adopted in architectural designs, such as pavilions [1–3],
bridges [4,5], and roofs [6,7], due to the development of computer-
aided design technologies and the increasing sophistication of digital
fabrication [8–10]. However, the use of curvatures has brought a
great challenge in design and construction, which may lead to high
modeling and construction costs. Due to this, recent research effort
has been devoted to modeling techniques [11–18], and construction
methodologies [19–22] of curved surfaces, aiming to achieve simple
and cost-effective solutions.

Among many curved surface modeling techniques, the line-ruled
surface design technique is a popular strategy, as diverse curved sur-
faces can be simply and effectively created by utilizing the continuous
motion of a straight ruling [23–26]. Recently, a new type of ruled
surface composed of elastica rulings, the elastica-ruled surface, has
been developed based on the transformation of line-ruled surfaces [27–
30]. Elastica curves are minimum bending energy configurations of
a straight, slender beam, as shown in Fig. 1. Hence, elastica-ruled
surfaces have been demonstrated to have high suitability for practical
applications that consider elastic bending behavior. There is a vast
potential to utilize other curves to create curve-ruled surfaces, which
may lead to interesting and useful performative characteristics.
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Catenary curves also have attractive mechanical properties. They
are 2D funicular geometries representing a cable hanging under its
self-weight in a uniform gravitational field [31,32]. Compared with
elastic curves, the shapes of catenary curves have a larger vertical
deformation under the same curve length and boundary conditions, as
shown in Fig. 1(a). Moreover, Fig. 1(b) shows the shape of inverse
catenary curves, which can be used to create an efficient structural
form—compression structures [9]. Such structures carry compression
load only with no bending or tension loads due to a large self-weight
compared to the applied load [33–35]. Thus, architects prefer to use
catenary curves to design stable curved structures in large-scale ar-
chitectural projects [36]. For example, the famous architect, Antoni
Gaudí, used catenary curves to design the compression structures of
the Sagrada Família [37–39]. Therefore, catenary curves have a huge
potential to be used as curved rulings to create double-curved surfaces
for large-scale applications.

However, the large-scale construction of curve-ruled surfaces is a
tricky problem due to their double-curved shapes. Existing construction
techniques are often costly and labor intensive, as they require the
target surface to be divided into smaller panels to satisfy construction
constraints (e.g., the size of panels must be designed considering man-
ufacturing and transportation methods) [40]. It should be noted that
using smaller panels would lead to numerous construction challenges.
For example, positioning and aligning (i.e., assembling) the panels to
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Fig. 1. Comparison of curve shapes under the same curve length and boundary conditions: (a) elastic curves and catenary curves; (b) catenary curves and their inverse curves.
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their target locations are extremely tedious and time-consuming tasks.
Besides, the assembling process may require a significant amount of
formwork to temporarily support the panels during construction [1,19,
41,42], thereby generating additional material waste, fabrication costs,
and workload.

Suppose panels of a curved surface are connected with a hinge
mechanism. In that case, the string actuation system can be employed
to automate the assembling process through folding [43], thereby
significantly reducing construction costs. Specifically, connected panels
can be considered a mechanical mechanism, and the folding motion can
be controlled by utilizing the movement of pulled external strings. Such
a construction method has been successfully employed in large-scale
constructions, including timber arches [44] and concrete bridges [45,
46]. However, the actuated curved surfaces are often simple; they
typically are simple arch forms with the design surface possessing
a zero Gaussian curvature. The string actuation system can also be
used to construct double-curved surfaces. This is achieved by using
the gridshell system [47–50]. However, the actuated form typically
is not a continuous surface due to the use of bent, slender elements.
Extending the string actuation system to the construction of contin-
uously double-curved surfaces is an ongoing challenge and remains
under-explored.

This paper proposes a new type of curve-ruled surfaces, termed
catenary-ruled surfaces, which can be conveniently designed using cate-
nary rulings and inexpensively constructed using the string actuation
system to achieve double-curved surfaces.

The main contributions of this paper are summarized as follows:

∙ A new type of ruled surface composed of catenary-curved rulings
is proposed. Such surfaces can be fully controlled by four design
parameters, offering new possibilities to create complex surfaces
parametrically.

∙ The proposed surfaces can be used to create compression-
dominant structures, with each curved ruling corresponding to
a catenary arch for bearing gravity loads, thereby making the
most effective use of the catenary property.

∙ A novel string actuation system is developed to reduce the on-
site construction effort of the proposed surface. This is achieved
by first dividing the catenary-ruled surface into self-supporting
arches consisting of hexagonal panels and then assembling each
arch by actuating strings to realize the proposed surface.

∙ The experiments show that the constructed structures are stable,
and the construction method includes self-correction mecha-
nisms during the assembly process, greatly reducing costs and
2

labor resources, as demonstrated in the accompanying video.
The remainder of the paper is organized as follows: Section 2
describes the geometric modeling method. Section 3 explains the details
of the proposed string actuation system. Section 4 shows an experimen-
tal analysis, followed by the conclusion highlighting the key features of
catenary-ruled surfaces in Section 5.

2. Creation of catenary-ruled surfaces

2.1. Catenary curves

For a cable, fixing its two ends and making it drop naturally can eas-
ily obtain a catenary curve in the real world, as shown in Fig. 2(a). To
more accurately describe this curve, previous research has developed
analytical solutions to draw an ideal catenary curve [31,51], briefly
summarized here as follows.

As shown in Fig. 2(b), a catenary curve created between points
𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) has four design parameters: the arc length of the
urve, 𝐿, the horizontal opening distance, 𝑏 = |𝑥2 − 𝑥1|, the vertical
istance between curve ends, ℎ = |𝑦2 − 𝑦1|, and the prescribed gravity
irection, �⃗�.

The shape of a catenary curve can be described using a hyperbolic
osine function to determine the (𝑥, 𝑦) Cartesian coordinates:

= 𝑎 𝑐𝑜𝑠ℎ(
𝑥 + 𝑝
𝑎

) + 𝑞 (1)

where 𝑦 is the unknown; 𝑥 ranges from 𝑥1 to 𝑥2; 𝑎 is a positive
arameter related to the overall shape of the curve, and increasing 𝑎
an improve the width-to-height ratio; 𝑝 and 𝑞 are the horizontal and
ertical shifts, respectively. Parameters 𝑎, 𝑝, and 𝑞 can be determined
sing curve design parameters 𝐿, 𝑏, and ℎ, as shown in Eqs. (2)–(4).
ote that, for ease of calculation, Eqs. (2)–(4) assume a fixed �⃗� to be
0,−1). Designing a catenary curve with a different �⃗� requires the curve
o be translated and rotated to match the assumed �⃗�.

The relationship between parameters 𝑎, 𝐿, 𝑏, and ℎ is given as:

𝐿2 − ℎ2 = 2𝑎 𝑠𝑖𝑛ℎ( 𝑏
2𝑎

) (2)

Eq. (2) with specified 𝐿, 𝑏, and ℎ can be solved using the Newton’s
method [52] to obtain 𝑎.

Once 𝑎 is obtained, 𝑝 and 𝑞 can be calculated:

𝑝 =
𝑎 𝑙𝑛(𝐿+ℎ𝐿−ℎ ) − 𝑥1 − 𝑥2

2
(3)

𝑞 =
𝑦1 + 𝑦2 − 𝐿 𝑐𝑜𝑡ℎ( 𝑏

2𝑎 ) (4)

2



Structures 59 (2024) 105755Z. Li et al.
Fig. 2. Catenary curve. (a) Photo of a hanging cable, (b) catenary curve design parameters.
Fig. 3. Controlling the shape of a catenary curve using a variable. (a) Horizontal opening distance, 𝑏, (b) vertical distance between curve ends, ℎ, (c) arc length of the curve, 𝐿,
and (d) gravity direction, �⃗�.
Together, substituting 𝑎, 𝑝, and 𝑞 into Eq. (1) gives an explicit mathe-
matical description of a unique catenary curve. Specifying a range for
𝑥, 𝑥1 < 𝑥 < 𝑥2, in Eq. (1) gives the 𝑦-coordinates, thereby obtaining
(𝑥, 𝑦) coordinates to construct the catenary curve.

It should be noted that the shape of a catenary curve can be fully
controlled by its four design parameters, 𝐿, 𝑏, ℎ, and �⃗�, demonstrated
more clearly in Fig. 3. For example, setting 𝑏 to be the variable with
other design parameters fixed can simulate the shape of a hanging cable
supported under different opening distances, as shown in Fig. 3(a);
setting ℎ to be the variable can simulate the hanging cable with one
end moved to different heights, as shown in Fig. 3(b); setting 𝐿 to be
the variable can simulate cables of different lengths hung under the
same boundary condition, as shown in Fig. 3(c); and setting �⃗� to be the
variable can simulate the cable hung in different gravitational fields, as
shown in Fig. 3(d).

2.2. Transformation of line-ruled surfaces

A series of catenary curves can be used as curved rulings to cre-
ate a new type of curve-ruled surfaces, termed ‘catenary-ruled sur-
faces’. Specifically, catenary-ruled surfaces are created based on the
transformation of input line-ruled surfaces (see Fig. 4), similar to
the transformation method described in [27]. The transformation first
requires a line-ruled surface to be predetermined using directrices and
straight rulings, as shown in Fig. 4(a). The shape and position of the
two directrices determine 𝑏 and ℎ of each curved ruling under an
assumed gravitational vector �⃗�. The parameter 𝐿, determining the arc
length of a catenary curve, completes the definition of each catenary
ruling, as shown in Fig. 4(b). Finally, employing the two directrices as
guiding rails and the catenary rulings as sectional curves can create
a catenary-ruled surface. This is achieved by seamlessly sweeping the
catenary rulings along the directrices, as shown in Fig. 4(c) [8,53].
Note that if 𝐿 = 𝑏, the transformation result is a line-ruled surface.
Hence, line-ruled surfaces can be understood as extreme catenary-ruled
surfaces.
3

Using the proposed transformation method, a wide variety of
double-curved catenary-ruled surfaces can be simply, parametrically,
and conveniently created, with examples shown in Fig. 5. It should be
noted that if the two directrices are of different shapes, the lengths
of line rulings are different, resulting in a catenary-ruled surface with
a varying 𝑏, as shown in Fig. 5(a). If the directrices are different
space curves, the line-rulings are inclined continuously, resulting in a
catenary-ruled surface with a varying ℎ, as shown in Fig. 5(b). If the
directrices are of the same shape, the line-ruled surface is developable
with a zero Gaussian curvature, and a varying 𝐿 (> 𝑏) must be specified
to create a double-curved catenary-ruled surface, as shown in Fig. 5(c).
The shape of a catenary-ruled surface can be further modified using a
varying �⃗�, as shown in Fig. 5(d).

2.3. Potential structural advantages

Catenary-ruled surfaces naturally inherit the mechanical properties
of their sectional catenary curves. As mentioned in Section 1, an inverse
catenary curve is the most efficient compression structure. Inverse
catenary-ruled surfaces can also be considered compression-dominant
structures, as each sectional curve of a surface can carry mainly the
compression load generated from the self-weight [34,54]. According
to [9], compression-dominant structures have efficient material uti-
lization, as many construction materials, such as concrete and stone,
can withstand greater forces under compression than under tension
or bending. Moreover, structures under compression are more stable
and durable because the fatigue and damage accumulation in materials
are slower under compression, contributing to a longer lifespan of the
structure. Based on these advantages, utilizing inverse catenary-ruled
surfaces can enhance structural efficiency and stability, resulting in
more sustainable structural designs.
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Fig. 4. Creation of a catenary-ruled surface. (a) Lined-ruled surface, (b) catenary curves on line rulings, (c) continuous surface obtained from catenary rulings.
Fig. 5. Creating catenary-ruled surfaces using a variable. (a) Horizontal opening distance, 𝑏, (b) vertical distance between curve ends, ℎ, (c) arc length of the curve, 𝐿, and (d)
gravity direction, �⃗�.
2.4. Conceptual design examples

The proposed catenary-ruled surfaces offer new design possibilities
to create elegant and well-defined architectural forms. Three concep-
tual design examples, including a tunnel, roof, and chair, are shown in
Figs. 6(a)–(c), respectively.

The tunnel and roof are designed using the shape of ‘inverse
catenary-ruled surfaces’. Specifically, the curved surfaces possess ‘in-
verse catenary rulings’, meaning the catenary curves are designed to
have a fixed �⃗� = (0, 0, 1) (i.e., opposite to the gravity direction).
As mentioned in Section 2.3, such generated forms are considered
compression-dominant structures, which have a high level of material
utilization, stability, and durability.

The chair is designed to possess the catenary rulings popping out-
ward, achieved by allowing a varying �⃗�. It should be noted that the
shape of the chair may be further modified by changing parameters,
𝐿, 𝑏, ℎ, and/or �⃗�. In doing so, diverse novel designs sharing the same
‘base’ line-ruled surface can be generated, thereby offering new design
possibilities for creating elegant architectural forms. For example, the
sitting area of the chair may be enlarged using a larger 𝐿, and the
positions of armrests can be adjusted by modifying �⃗�.

3. Constructing catenary-ruled surfaces

3.1. Proposed string actuation system

Another contribution of this research is the development of a novel
string actuation system that can simply and rapidly realize inverse
catenary-ruled surfaces. To demonstrate the concept of the new con-
struction method, the tunnel design shown in Fig. 6(a) is selected to be
the tested geometry, used in Sections 3–4. The tunnel design has both
4

directrices specified on the same base plane, resulting in all inverse
catenary rulings being symmetrical to reduce the shape complexity.
Moreover, this tunnel form can be subdivided into a series of simple
arches, but with the design surfaces possessing a double curvature. Due
to the use of catenary rulings, each component arch can be considered a
catenary arch, corresponding to a compression structure that can stand
under its own weight. Besides, each arch is segmented into smaller
panels and connected to form a mechanical mechanism so that the
folding motion can be controlled by the movements of pulled external
strings.

To achieve the proposed string actuation system, the given catenary-
ruled surface must be further modified. This includes converting the
surface geometry into solid curved panels (see Section 3.2) and im-
parting them with connection details (see Section 3.3). Connected
panels can be lifted and automatically assembled into a series of target
catenary arches, achieved simply by pulling external strings in the
vertical direction, with details described in Section 3.4.

3.2. Creation of solid curved panels

The proposed system requires the division of catenary-ruled surfaces
into self-supporting sub-structures that can be assembled individually
by lifting and placing, introduced in Section 3.4. Since one direction
of the catenary-ruled surface is the catenary rulings, and the other di-
rection is along the user-defined free-form directrices, the best-dividing
strategy is to perform subdividing in a direction parallel to the catenary
rulings. This approach takes advantage of the compression-dominant
properties of the catenary, while the neighboring catenary arches serve
as support to resist minor inclinations from the direction of free-form
directrices.
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Fig. 6. Potential practical applications of catenary-ruled surfaces. (a) Tunnel, (b) roof, and (c) chair.

Fig. 7. Creating solid hexagonal curved panels. (a) The divided catenary arches are mapped onto a square parametric domain, (b)–(d) creating curved hexagonal panels using the
proposed penalization method. The 2D graphs are the parametric domains. (e) offsetting the hexagonal panels on both sides; (f) connecting the offset faces gives solid panels. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Using the aforementioned idea, the ‘tunnel-like’ catenary-ruled sur-
face, as shown in Fig. 7(a), is first subdivided into ten catenary arches.
It should be noted that the subdivision is performed considering ‘cur-
vature variations’, resulting in arches of different widths. Specifically,
the subdivision gives a prescribed number of arches while ensuring
the catenary rulings in each arch are of similar sizes and shapes. This
process aims to create ‘near-linear-tunnel-like’ arches so that each can
have a structural performance similar to an inverse catenary curve, that
is, stable under its self-weight [34], validated later in Section 4.2. Note
that the subdivision is achieved using the proposed splitting algorithm
with details summarized in Appendix A.

The simple arches shown in Fig. 7(a) are further modified to create
arches composed of curved hexagonal panels, as shown in Figs. 7(b)–
(d). Using hexagonal panels gives zig-zag boundaries between adjacent
arches to introduce an interlock mechanism, which can improve the
positioning accuracy when putting actuated arches together. The pan-
elization process, seen in Figs. 7(a)–(d), is achieved using the surface
parameterization method [55–57]. To clearly illustrate this method,
the directions along the catenary rulings and directrices are defined
as 𝑈 and 𝑉 directions, respectively. Consequently, every point on the
catenary-ruled surface can be represented by parametric coordinates,
(𝑢, 𝑣). The surface parameterization method can project all points onto
a unit square by normalizing their (𝑢, 𝑣), referred to as the parametric
domain. Therefore, an invertible mapping correspondence between the
original three-dimensional surface and the two-dimensional parametric
domain is established (see sub-figures of Figs. 7(a)–(d)), enabling users
to conveniently obtain desired local shapes on a 3D configuration based
on 2D geometric operations. More significantly, the size of panels
can be simply controlled using this method to satisfy construction
constraints [19,40], including manufacturing and transportation con-
straints. The detailed steps of the panelization process are shown as
follows:

∙ Step 1, (Fig. 7(a)): Map the divided catenary arches onto a
square parametric domain, aligning the 𝑈 and 𝑉 directions
of the catenary-ruled surface. Label the corresponding mapped
directions on the parametric domain as 𝑈∗ and 𝑉 ∗.

∙ Step 2, (Fig. 7(b)): Equidistantly divide the parametric domain
along the 𝑈∗ direction. The splitting lines (blue lines) intersect
the arch boundaries (red lines) to form rectangular panels.

∙ Step 3, (Fig. 7(c)): Adjacent two rectangles are converted into
two symmetric isosceles trapezoids along their shared edges.

∙ Step 4, (Fig. 7(d)): Remove the shared edges of adjacent trape-
zoids to create hexagons.

∙ Step 5, (Fig. 7(e)): Map the hexagons back onto the original
catenary-ruled surface. Offset the hexagons along both the posi-
tive and negative normal vector direction of the surface to create
a top surface and a bottom surface [8,58].

∙ Step 6, (Fig. 7(f)): Connect the boundaries of the hexagons on
the top and bottom surfaces to generate solid hexagonal panels.

3.3. Connection details

In the proposed string action system, solid hexagonal panels in each
arch are connected, with connection details shown in Fig. 8. It can
be seen that each panel includes six rings, where two rings are in
the middle region (named middle rings), and the remaining rings are
located around the boundary edges (named boundary rings). Moreover,
the panels are connected with two types of strings, including actuation
(red) and connection (blue) strings. The actuation string is put through
the middle rings of all panels in a global closed-form, as shown in Fig. 9.
Hence, pulling the actuation string can force the gaps between panels to
be closed, thereby achieving the target catenary arch. The connection
strings are put through the boundary rings locally between the panels.
They provide connectivity and are also capable of preventing panels
from rotating around the actuation string during the folding motion.
6

Fig. 8. Connection details between solid hexagonal panels. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

It should be noted that the catenary arches are double-curved.
Hence, they cannot form straight and flat strips when lying on the
ground. Besides, arranging the panels on the ground can be challeng-
ing, as the relaxed positions of double-curved panels can introduce
a ‘height difference’, resulting in the edges of panels may not be
perfectly aligned. To this end, hemispherical male and female joints
are employed between panels (see Fig. 9), which provide instruction to
position panels on the ground and form a hinge mechanism when the
panels contact each other to guide the folding motion.

3.4. Automatic assembly

The proposed string actuation system can automatically assemble
the hexagonal panels to their target locations to form catenary arches,
as shown in Fig. 9. It can be understood that the assembly process
includes four stages, as shown in Figs. 9(a)–(d), respectively, with
details described as follows.

Stage 1 is the preparation phase, where panels are laid on the
ground (instructed by the joints) and connected using actuation and
connection strings. Stage 2 requires the actuation string to be pulled
vertically at the mid-location. In doing so, the gaps between panels
can be gradually closed, determined by the lifting height. Note that
the target catenary arch is achieved when it is hung in the air. Stage
3 places the assembled arch in its design location. Stage 4 removes
the actuation string. It is worth pointing out that stage 4 is optional.
Although the arch is stable under its self-weight without the actuation
string, the actuation strings may be post-tensioned to enhance the
structural performance. However, this will not be closely studied in the
present paper. Finally, repeating stages 1–4 for all arches completes the
construction of a continuous catenary-ruled structure.

4. Experimental analysis

4.1. Method

To examine the effectiveness of the proposed string actuation sys-
tem, two experiments were conducted. They were the lifting and placing
tests, corresponding to the processes of stages 1–2 and 3–4 described
in Section 3.3, respectively.

The lifting test was performed using a simple catenary arch, as
shown in Fig. 10(a). The arch was made up of six 12 mm thick 3D-
printed solid hexagonal panels connected using a cotton string and
cable ties to represent actuation and connection strings, respectively.
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Fig. 9. The proposed string actuation system includes four stages to automatically assemble the panels to a catenary arch. (a) Stage 1 is the preparation phase, (b) stage 2 lifts
the design components by pulling the actuation string, (c) stage 3 places the assembled arch in its design location, (d) stage 4 removes the actuation string. (For interpretation of

the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 10. Lifting test. (a) Experimental setup, (b) historical data of horizontal and vertical changes, (c) photos of Exp2, (d) bar-and-hinge model created based on measured angles,

and (e) 3D simulation achieved using the bar-and-hinge model.
The unactuated arch at stage 1 had an approximate size of 414 mm
(width) × 21 mm (height) × 45 mm (depth), and the target arch at stage
2 had an approximate 5size of 286 mm (width) × 138 mm (height) ×
45 mm (depth). The transformation of stages 1–2 was achieved using an
Instron Universal Testing machine, with a displacement control set to
be 5 mm/s. The maximum vertical displacement was set as 250 mm
so that the actuated arch with a target shape at stage 2 was hung
in the air. The lifting test aimed to understand the folding behavior
of the catenary arch based on the observations of measured vertical
(|𝐻 ′ −𝐻|) and horizontal (|𝑏′ − 𝑏|) changes in the entire system, as
7

shown in Figs. 10(b)–(c). Note that 𝐻 and 𝐻 ′ were the heights mea-
sured from the ground to the endpoint of the pulled actuation string at
the initial and folding states, respectively; 𝑏 and 𝑏′ were the initial and
actuated arch opening distances, respectively.

The placing test was performed by manually and sequentially
putting together all ten actuated arches of the tunnel design (see
Fig. 7(e)) to form the prescribed catenary-ruled surface, as shown in
Fig. 11. The tunnel had an approximate size of 339 mm (width) ×
142 mm (height) × 403 mm (depth). It was made up of ten catenary
arches, each composed of six or eight 12 mm thick 3D-printed solid
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Fig. 11. Placing test. (a) Components preparation, (b) demonstration of the ‘lift and place’ process, (c) all actuated arches are in their target locations to form the tunnel, and (d)

the stable tunnel with removed actuation strings.
hexagonal panels, resulting in a total of 65 panels (see Fig. 7(d)). The
connection materials and details were the same as the simple arch
used in the lifting test. Moreover, a base was 3D-printed to guide the
positioning process, as shown in Figs. 11(a)–(b). Once all arches were
in their target positions, the actuation strings were removed. The aim
of the placing test was to explore possible difficulties of the proposed
string actuation system in large-scale constructions reported based on
the observations of the present prototype.

4.2. Results

4.2.1. Lifting test
The lifting test was repeated five times, with results summarized in

Fig. 10(b). It can be clearly seen that the five historical data trends are
similar (see Exp1–Exp5), representing that a consistent folding behavior
has been achieved. It is worth pointing out that the folding motion
was complex, demonstrated more clearly using the photos of Exp2 (see
Fig. 10(c)). In detail, the four middle panels were first lifted while the
two end panels gradually approached each other on the ground (see
steps A–C). Later, one side of the end panel was lifted, and the other
end panel remained on the ground (see step D). Finally, all panels
were lifted, resulting in the target catenary arch forming in the air
(see steps E–F). Together, as shown in Fig. 10(b), a non-linear trend
plus a curve plateau have been achieved, corresponding to steps A–D
and E–F, respectively. It can be noted that data curves at step D had
the biggest variation, as the end panels may take off on either side
or simultaneously. Moreover, the formation of the curve plateau seen
in steps E–F was due to the achievement of the target catenary arch,
meaning the horizontal displacement could not be further changed
while the arch was hung in the air.

Based on the observations of the lifting tests, it was found that
one side of the strip was raised prior to the other during the lifting
process. This can be attributed to two factors. Primarily, achieving
a perfect lifting process along the centroid of a strip is practically
difficult, leading to asymmetrical pulling forces. Furthermore, although
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the strips are lifted at a consistent speed in the lifting tests, small
vibrations occur due to collisions between components. However, even
if the initiation in step D is asymmetric, all panels can be assembled
to their target locations to achieve the designed catenary arch later
in step F, corresponding to a self-correction mechanism. This has
confirmed the effectiveness of the proposed string actuation system,
where catenary arches can be simply and accurately achieved uti-
lizing the self-correction mechanism, thereby leading to inexpensive
constructions. It should be noted that the self-correction mechanism
was attributed to the use of a closed-form actuation string. Specifically,
the pulled actuation string was gradually tightened during lifting, thus
forcing the gaps between panels to be closed and correcting the assem-
bly errors. Note that the distance from the top surface of the catenary
arch to the endpoint of the pulled actuation string was increased during
lifting.

The folding behavior can be further studied using the angle data
between adjacent panels. This may be achieved using a bar-and-hinge
model with measured angles, as shown in Fig. 10(d). Having a bar-and-
hinge model allows the lifting test to be reproduced in a computational
environment through mapping, resulting in a 3D simulation possess-
ing solid curved panels, as shown in Fig. 10(e). Such an accurate
3D simulation, considering the folding motion and the geometries,
allows engineers to perform reliable structural analysis. However, this
is not the primary interest of this study; our future study will include
examining the structural performance of folding catenary arches.

4.2.2. Placing test
As shown in Figs. 11(a)–(c), the catenary arches were sequentially

actuated and placed at their target locations on the base. Later, all
actuation strings were removed to form a stable tunnel, as shown
in Fig. 11(d). The entire process took approximately three minutes,
and the time was mainly spent on manual operations of correcting
the locations of arches and removing the actuation strings. It should
be noted that the ‘lift and place’ process of all ten arches took less
than a minute, which was achieved by controlling the movement of



Structures 59 (2024) 105755Z. Li et al.
a single point on each actuation string. This has confirmed that the
proposed string actuation system was simple, rapid, and labor-saving.
Besides, the arches were easily aligned due to the use of zig-zag bound-
aries. More significantly, temporary supports were not needed during
construction, thus avoiding additional material waste and workload.
Together, it can be concluded that the proposed string actuation system
is an effective strategy to achieve double-curved catenary-ruled surfaces
inexpensively.

Referring to Fig. 11(d), it can be seen that the catenary arches were
stable without actuation strings, meaning they could stand under their
self-weight (which were not collapsed or inclined). The stable behavior
was attributed to three main factors. First, the arches were generated
from inverse catenary rulings. Hence, they were naturally compression
structures and could effectively perform the ‘arch action’, referring to
the resistance mechanism against progressive collapse in large-span
structures. Second, using the base with inclined abutments allowed
the compression load to be effectively transferred to the supports in
both horizontal and vertical directions. Specifically, the horizontal
support reactions could prevent the arches from opening up further,
thus stabilizing them. Finally, the proposed splitting algorithm led to
arches possessing catenary rulings of similar sizes and shapes. Hence,
the arches could perform similarly to inverse catenary curves without
inclinations under their self-weight.

5. Discussion

Regarding the shape of the constructed surfaces, the proposed string
actuation system has been validated for symmetric catenary-ruled sur-
faces. Catenary-ruled surfaces are asymmetric when their ℎ or �⃗� are
changed, as mentioned in Figs. 5(b) and (d). The arches split from the
asymmetric surface may invalidate the self-correction mechanism in
Section 4.2.1. Thus, the validation of the proposed system for asym-
metric catenary-ruled surfaces will be our future work. For free-form
surfaces, the main challenge of building them using the proposed
string actuation system is the subdivision approach. The existing string
actuation system requires that the divided local sub-structures, such
as catenary arches, are stable under their self-weight. However, the
sub-structures divided from a free-form surface might not be self-
supporting. As a result, the sub-structures assembled by lifting may
collapse when placed on the ground to form the target surface. There-
fore, extending the proposed construction method to free-form surfaces
requires further development.

For the proposed splitting method, performing inappropriate divi-
sion on the catenary-ruled surface may lead to assembly failure. In
detail, if the pre-defined division interval is too small, the shapes of the
produced arches will become narrow, which means that their ability to
resist external forces is decreased due to a significant reduction in the
support area. This increases the risk of collapse during placement. On
the contrary, a division interval that is too large may produce arches
with excessive curvature change. In doing so, the load between adjacent
arches may increase due to uneven weight distribution, leading to
inclinations of arches or even assembly failure. The proposed splitting
algorithm only gives a controllable method, but robustly finding a
suitable division interval in general cases requires further research.

In terms of developing the string actuation system, this study ex-
plored other methods to put and remove the strings. For example, a
potential idea is pulling the string on the ground to assemble arches.
This can be achieved by putting the string inside the panels and letting
the string thread out on one side of the arch. However, complex string
tunnels can bring about additional design and fabrication costs, and
the pulling process requires an additional blocker to limit the move-
ment of panels to make all panels fit each other tightly. In contrast,
the proposed method of putting the string outside can simplify the
manufacture of panels to save fabrication costs, and vertical lifting
can utilize the effect of gravity to close the gap, which avoids the
use of the blocker and additional labor consumption. Moreover, as
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mentioned in Section 3.3, the actuation strings may not need to be
removed. Instead, they may be post-tensioned to enhance the structural
performance of the arches. However, the strings were removed in this
study for aesthetic reasons.

In the development of catenary-ruled surfaces, a detailed structural
analysis is needed. This analysis, especially when considering each
panel as a rigid body, is integral to comprehensively understanding
the mechanical behavior and properties of these surfaces. While our
current study lays the groundwork for the construction and design of
these surfaces, we acknowledge the need for further research focused
on structural analysis. Future studies will be aimed at exploring the
intricate dynamics and mechanical responses of these surfaces under
varied conditions, thereby providing a more holistic understanding of
their potential applications and limitations.

This study only tested small-scale prototypes, which may present
challenges when scaling up the result to larger-span structures. First,
due to increased weight, the behavior of the actuated strings and
their ability to maintain the desired form of the strips may differ in
larger structures. The tensile strength, elasticity, and deformation of the
strings could lead to deviations from the intended geometry. Second,
assembling large-scale structures may result in the accumulation of er-
rors, which could require manual adjustments to correct the alignment
of discrete panels. Third, some environmental factors, such as wind
loads and temperature variations, could cause additional stresses that
are negligible in small-scale prototypes.

The large-scale construction of catenary-ruled surfaces has huge
potential to be achieved by using existing techniques. The 3D-printed
panels can be replaced with precast concrete panels. The rings on the
top surface of the panels can be replaced with the commonly used ring
screws. The lift and place process (see Figs. 11(a)–(c)) may be simply
achieved using a crane to control the folding motion and placement
locations of arches. The main challenges may be fine-tuning the lo-
cations of arches and removing the actuation strings (see Fig. 11(d)).
Both tasks can be highly skill-demanding and may be time-consuming
in large-scale constructions. Nevertheless, due to the use of the zig-zag
interlock mechanism between arches, arranged arches can always form
the approximate shape of the target catenary-ruled surface without
fine-tuning. Hence, it can be understood that fine-tuning is only needed
for applications where accuracy is critical. Besides, the actual construc-
tion may have higher requirements for structural performance. This
can be solved by strengthening the connections between arches so that
the surface can act as a whole to enhance the structural performance.
The abovementioned concerns in large-scale applications will be closely
studied in our future work, aiming to achieve a simple, accurate, and
reliable construction method.

Moving forward, we plan to investigate the mechanical proper-
ties and structural performance of catenary-ruled surfaces at different
scales. However, conducting a conceptual structural analysis, even on
a small scale, is a challenging task. A large number of panels and their
connections via cable ties can significantly increase the computational
time and resources in structural analysis. Moreover, this complexity
is compounded when considering the potential for different materials
and construction methods in large-scale applications. Therefore, future
research should focus on developing structural analysis methods that
are tailored to these specific scenarios, ensuring that the findings
are applicable and relevant to real-world, large-scale constructions of
catenary-ruled surfaces.

6. Conclusion

This paper proposes a new geometry family of ‘catenary-ruled sur-
faces’, which uses catenary curves as rulings to create well-defined
complex curved surfaces. The proposed modeling method is developed
based on a combination of catenary curve design parameters and line-
ruled surface definitions. Hence, this paper shows that the shape of
catenary-ruled surfaces can be fully parameterized and systematically
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Fig. A.12. The right view of the tunnel example. The blue curve is the ridge, 𝐶, and the red points represent the split points. The dashed rectangles show the two cases to find
split points. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
controlled using just four catenary curve design parameters. Varying
these parameters provides new possibilities to simply, conveniently,
and quickly create a wide variety of elegant architectural designs.

This paper also shows that a specific group of catenary-ruled sur-
faces, i.e., inverse catenary-ruled surfaces, can be effectively and inex-
pensively constructed by using the proposed string actuation system.
This construction strategy is achieved using a series of catenary arches
to form the prescribed catenary-ruled surface, where each arch is a
mechanical mechanism made up of double-curved hexagonal panels
connected by strings. It is demonstrated that controlling the movements
of a single point on the actuation string determines the folding motion
of the arch. More significantly, the proposed string actuation system has
a self-correction mechanism due to the use of a closed-form actuation
string so that the gaps between panels can be forced to close, thereby
achieving the target catenary arch. Furthermore, this paper shows that
the actuated arches are stable under their self-weight, as they are
designed using inverse catenary rulings to act as an efficient structural
system predominantly under pure compression. Finally, it is shown
that using zig-zag boundaries between adjacent arches can effectively
improve positioning accuracy when putting catenary arches together.

The limitations and future works of the proposed concepts are also
discussed in this paper. We expect that the new modeling approach
and construction strategy of double-curved surfaces will enable the
development of a wide range of novel and efficient structures.
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Appendix A

The appendix introduces the details of the splitting algorithm. The
algorithm requires five parameters: (1) the catenary-ruled surfaces, 𝑆,
(2) the minimum width of arches, 𝑤𝑚𝑖𝑛; (3) the maximum width of
arches, 𝑤𝑚𝑎𝑥; (4) an allowable angle difference, 𝛥𝜃 and (5) the number
of the sampling points, 𝑁 . Besides, the horizontal vector is set to
be the global 𝑌 -axis, 𝑌 , which is perpendicular to all the catenary
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Algorithm 1: Splitting algorithm
Input: 𝑆, 𝛥𝜃, 𝑁 , 𝑤𝑚𝑖𝑛 and 𝑤𝑚𝑎𝑥
Output: 𝑆𝑝

1 𝐶 ← Connect all peaks of the rulings on 𝑆;
2 𝑆𝑝 Add(𝐶𝑠);
3 Find 𝐶 ′

𝑒 at a distance 𝑤𝑚𝑖𝑛 from 𝐶𝑒;
4 𝐿 ← Divide the curve from 𝐶𝑠 to 𝐶 ′

𝑒 into 𝑁 points;
5 foreach 𝑝 ∈ 𝐿 do
6 𝑝′ ← Find the previous split point of 𝑝;
7 𝑤 ← Distance(𝑝′, 𝑝);
8 if 𝑤𝑐𝑢𝑟 ≥ 𝑤𝑚𝑎𝑥 then
9 𝑝 ← The point at a distance 𝑤𝑚𝑎𝑥 from 𝑝′;
10 𝑆 Add(𝑝);
11 else
12 𝑉𝑐𝑢𝑟 ← Tangent at 𝑝;
13 𝜃 ← Vector angle (𝑌 , 𝑉𝑐𝑢𝑟);
14 if 𝜃 > 𝛥𝜃 then
15 𝑆𝑝 Add(𝑝);
16 end
17 end
18 𝑆𝑝 Add(𝐶𝑒);
19 𝑃 𝑙 ← Get planes (𝑆𝑝, �⃗�, 𝑌 );
20 𝑆𝑡 ← Cut (𝑃 𝑙, 𝑆)
21 end

rulings. Note that 𝑤𝑚𝑖𝑛 and 𝑤𝑚𝑎𝑥 jointly determine the division interval
mentioned in Section 5.

Fig. A.12 shows the right view of the tunnel. The splitting algorithm
starts by connecting the peak of each catenary ruling to find the ridge
(blue curve), 𝐶. Next, the algorithm finds the endpoint, 𝐶 ′

𝑒, which is
𝑤𝑚𝑖𝑛 away from the end of the ridge, 𝐶𝑒. It can ensure the last arch
meets the width requirement. Then, the curve from the start point of
the ridge, 𝐶𝑠, to 𝐶 ′

𝑒 can be divided into 𝑁 sampling points, 𝐿. After
that, a while loop is executed to search all potential split points from
𝐿. Each iteration checks if the current point, 𝑝, and the previous split
point, 𝑝′, can form a reasonable arch. In detail, the width of the arch, 𝑤,
can be expressed by the horizontal distance from 𝑝 to 𝑝′. The curvature
variation of the strip is measured by the angle, 𝜃, between the tangent
of the current point and 𝑌 . There are only two cases for creating
reasonable split points: (1) if 𝑤 ≥ 𝑤𝑚𝑎𝑥, then the point that is 𝑤𝑚𝑎𝑥
away from 𝑝′ will be a split point, and (2) if 𝑤𝑚𝑖𝑛 ≤ 𝑤 < 𝑤𝑚𝑎𝑥 and
𝜃 ≥ 𝛥𝜃, 𝑝 will be signed as a split point. In this way, all split points, 𝑆𝑝,
can be found efficiently, and each split point can form a cutting plane
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(𝑃 𝑙) perpendicular to 𝑌 . Finally, these planes cut the catenary-ruled
surface to generate strips 𝑆𝑡. A pseudo-code of the splitting algorithm
is shown in Algorithm 1.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.istruc.2023.105755.
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