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Abstract: The use of interior permanent-magnet synchronous machines (IPMSMs) is prevalent
in automotive and vehicle traction applications due to their high efficiency over a wide speed
range. Given the high-power-density requirements of automotive IPMSMs, it is imperative to
consider the effect of nonlinearities, such as saturation and cross-coupling, on the motor model.
The aforementioned nonlinearities render conventional linear motor models incapable of accurately
describing the operating characteristics of the IPMSM, including the maximum torque per ampere
(MTPA) trajectory, the flux-weakening (FW) trajectory, and the maximum torque per volt (MTPV)
trajectory. With respect to the linear motor model, the nonlinear flux-linkage model is gradually
receiving attention from researchers. This modeling method represents the nonlinear behavior of
the motor through the direct establishment of a bidirectional mapping relationship between flux-
linkage and current. It is capable of naturally incorporating the effects of magnetic saturation and
cross-coupling factors. However, the analysis of the current trajectory optimal criteria based on
this model has not yet been reported. In this paper, the optimal criteria for the MTPA and MTPV
current trajectories are analyzed based on the nonlinear flux-linkage model of IPMSMs. Firstly, the
nonlinear flux-linkage model of the tested IPMSM is established by the experimental calibration
method. The mathematical analytical expressions of the MTPA and MTPV optimal criteria are then
analyzed by constructing and solving optimal problems with different objectives. Finally, the current
command table applicable to actual motor control is constructed by calculating the current command
for different operating conditions according to the optimal criteria proposed in this paper. The validity
and feasibility of the optimal criteria proposed in this paper are verified through experimental tests
on different operating conditions.

Keywords: interior permanent-magnet synchronous machines; nonlinear flux-linkage model; current
trajectory; MTPA optimal criteria; MTPV optimal criteria

1. Introduction

Transportation is one of the largest emitters of greenhouse gases in the industrial
sector [1]. Replacing fuel-efficient vehicles with electric vehicles is a crucial step toward
reducing greenhouse gas emissions from transportation. This shift represents a global
structural change that will have a significant impact on the environment. The popularity
of electric vehicles has led to advancements in motor and control technology, resulting
in more efficient and cost-effective solutions. Synchronous reluctance motors (SyRMs)
have the advantages of low cost and independence of rare-earth magnets. However,
they suffer from problems of torque ripple drop and acoustic noise [2,3]. Compared to
induction motors (IMs), permanent-magnet synchronous motors (PMSMs), especially the
interior permanent magnet (IPMSM), show advantages in terms of power factor, operating
efficiency, speed control stability, and torque density. By utilizing the reluctance torque
generated by the asymmetry of the magnetic circuit, the IPMSMs offer a higher torque
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density and wider constant power speed range, making them more suitable for electric
vehicle power performance [4].

Based on the constraints of the inverter voltage and current, the operation of IPMSMs
can be classified into two or three regions depending on the motor speed [5]. In order to
achieve the output performance of IPMSMs in different speed regions, a well-designed
motor structure and appropriate control methods are required. Field-oriented control
(FOC), also known as current vector control (CVC), is a motor control method based on
currents that can be directly measured. It is widely used in electric vehicle drives due
to its high algorithmic maturity and low computational complexity [6,7]. FOC indirectly
controls external characteristics, such as the torque and speed of IPMSMs, by manipulating
the component of the stator current vector in the rotor field-oriented rotational frame
(d-q reference frame). Based on the mathematical model of the motor developed in the
d-q reference frame, FOC can visualize the operating characteristics of IPMSMs, inverter
voltage-, and current-limiting conditions as a set of equation curves in the d-q current
plane [7]. For each load torque requirement, there is an infinite number of current operating
points in the d-q current plane that satisfy the load condition. Depending on the motor
speed, different control strategies can be used to determine the optimal current operating
point that satisfies the current/voltage constraints and operating conditions [8]. At low
speeds, the maximum torque of the motor is mainly determined by the current-limiting
conditions. An ideal control strategy for this condition is to achieve the maximum output
torque per unit of motor current, thus increasing the output torque and reducing motor
losses. The control strategy can be referred to as MTPA control. The different current
operating points determined by the MTPA control strategy are plotted as the MTPA current
trajectory [9]. In the high-speed region, the motor’s maximum torque is determined by both
the current- and voltage-limiting conditions. The current operating point determined by
the field-weakening (FW) control strategies can weaken the magnetic field of the permanent
magnets, thereby reducing the motor’s back electromotive force. This expands the motor’s
speed range while maintaining control stability [10]. Subject to voltage limitations, the
range of operating points is varied for different speeds of the IPMSM. The maximum torque
per volt (MTPV) current trajectory can be plotted by summarizing the current operating
points at which the IPMSM can yield the maximum electromagnetic torque at different
speed conditions [11].

To determine the current operating point for different speed and torque conditions, it
is possible to compute online while the motor is operating [7,12–15]. Another approach
is to store the reference table in the microprocessor. During motor operation, the current
reference can then be found by looking up the table (LuT) [16–18]. The data in the current
reference table can be calculated offline based on the mathematical model of the motor
or calibrated experimentally. The calculation of the current operating point, whether
through the online calculation or the look-up table method, relies on the mathematical
model of the motor. The fidelity of the motor model has an impact on the accuracy of the
calculated results of the current reference [19]. Due to the high-power-density requirements
of automotive IPMSMs, the effect of nonlinear factors, such as saturation and cross-coupling,
on the motor model cannot be neglected [20]. The conventional motor model can no
longer adequately characterize the actual operating characteristics of the motor, and the
current operating point calculated from this model cannot realize efficient motor operation.
Some model-independent methods, such as high-frequency signal injection [21–26], search
optimization [27–30], and controller-based feedback control [31,32], have been widely
studied for MTPA or FW operation. These methods do not depend on model parameters
but require high microprocessor power and long computation times. Furthermore, they
control the operating characteristics of IPMSMs only for a certain speed range, which is
difficult to extend to the whole speed range. Online computational methods combined
with parameter identification can overcome the influence of nonlinear parameters to a
certain extent [33,34]. But this type of parameter identification or rectification algorithm
generally suffers from high complexity and heavy computational load. In comparison
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with the above methods, the LuT method requires less microprocessor computing power,
has higher stability and faster computation times, and the data in the current reference
table cover the entire speed range of the motor. The data in the current reference LuT can
be obtained through the experimental calibration method. Traditional motor calibration
methods require a significant amount of test time to sweep the IPMSM for speed and
current. In comparison to traditional motor calibration methods, model-based calibration
(MBC) uses statistical modeling and numerical optimization to optimally calibrate complex
nonlinear systems. It has been used in a wide range of applications and is well known for
being adopted in internal combustion engine control calibration [35]. When applied to the
process of calibration in motor control, MBC has the beneficial effect of reducing the test
time and workload. However, this approach still necessitates a priori knowledge about
the motor model, particularly in the case of nonlinear conditions. The analysis of IPMSM
models and optimal current trajectory criteria, such as MTPA and MTPV, under nonlinear
conditions will be beneficial for the development of MBC and LuT-based motor control.

The effect of nonlinear factors, such as saturation and cross-coupling, on motor mod-
eling has been extensively studied in the literature [36–41]. As a result of saturation and
cross-coupling factors, the d- and q-axis flux-linkages of the IPMSM are not only correlated
by the currents in the respective axis directions, but are also affected by the currents in the
orthogonal axis directions [36]. This implies that the d- and q-axis flux-linkages behave as
nonlinear functions with respect to the d- and q-axis currents. Since the conventional linear
motor models, linear MTPA and MTPV criteria, employ constant inductance values, the
current trajectories calculated according to these linear criteria usually deviate from the
actual optimal current trajectories of the motor, especially in high-power-density automo-
tive IPMSMs. With the introduction of self-inductance and cross-coupled inductance terms
and the nonlinear functional relationships between these inductance terms and currents,
the modeling fidelity of the motor model is enhanced [36,37]. However, to adequately
characterize the nonlinear relationship between the flux-linkage and the current, these
modeling methods require the introduction of multiple nonlinear inductance terms, which
increases the complexity and usefulness of the model. Considering that the essence of
the nonlinear relationship of the motor’s magnetic circuit is the relationship between the
flux-linkage and the current, the authors of [20] did not use the inductance term and directly
established a nonlinear model based on the winding flux-linkage. This modeling method,
by directly establishing a bi-directional mapping between the flux-linkage and the current,
can naturally accommodate the effects of saturation and cross-coupling on the motor model
without introducing redundant inductive terms. Further research has demonstrated that
this modeling method is a straightforward and effective methodology for motor modeling,
particularly in the case of automotive IPMSMs, where the effects of nonlinearities need to be
taken into account [38–41]. Based on this modeling method, the authors of [38,39] further
considered the effects of space harmonics and iron losses, which improved the applicability.
A further implementation of this nonlinear flux-linkage model into hardware-in-the-loop
(HIL) is presented in [41]. However, these existing literatures tend to focus on enhancing
the fidelity of IPMSM models as much as possible, without delving into the analysis of the
optimal criterion for current trajectories. The authors of [42] analyzed the MTPA criterion
based on the nonlinear flux-linkage model, but they did not cover FW and MTPV criteria
in the high-speed region. Consequently, the analysis of current trajectory optimal criteria
based on nonlinear flux-linkage models, particularly in the high-speed region, remains a
valuable problem for further investigations.

This paper further analyzes the optimal operating criteria of IPMSMs over the full
speed and torque range on the basis of the nonlinear flux-linkage model. The improved
optimal criteria for MTPA and MTPV are derived by constructing and solving different
optimization problems for the efficient operation of IPMSMs in different speed ranges. This
paper is organized as follows: Section 2 provides a review of the conventional IPMSM model
in the d-q reference frame, together with MTPA and MTPV formulations in the linear case.
In Section 3, the improved MTPA and MTPV optimal criteria based on the nonlinear flux-
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linkage model are analyzed. Section 4 provides a description of the experimental platform
and the series of experimental tests that were carried out during the study. Experiments
include flux-linkage model identification, MTPA and MTPV current point calibration, and
practical motor control based on the improved nonlinear criteria proposed in this paper. The
experimental results show that the improved nonlinear criteria proposed in this paper are
more consistent with actual motor measurements, in comparison to the conventional linear
current criteria, when saturation and cross-coupling factors are considered. The current
reference LuT, determined according to the nonlinear criteria, can effectively implement
the actual motor control. Finally, Section 5 concludes this article.

2. Conventional Linear Motor Model and Operating Criteria

The mathematical model of IPMSM describes the relationship between physical quanti-
ties, such as motor voltage, flux-linkage, current, and electromagnetic torque, as well as the
electrical limits that need to be satisfied in the operation of the motor through mathematical
equations. This section reviews the conventional linear motor model and the operating
criteria. Table 1 provides detailed specifications for the IPMSM under study.

Table 1. Parameters of the IPMSM under study.

Parameters Value

Number of pole pairs 4
Stator winding resistance 0.058 Ω

Permanent-magnet flux-linkage 0.182 Wb
d-axis inductance based on static measurements 1.9 mH
q-axis inductance based on static measurements 5 mH

Rated speed 1500 RPM
Maximum speed 6000 RPM

Rated torque 400 Nm
Rated power 60 kW

DC bus voltage 500 V
Maximum current 300 A

2.1. Flux, Voltage, and Electromagnetic Torque Equations

In the synchronous rotating reference frame (d-q frame), the flux equation of IPMSM
can be described as follows:

ψd = Ldid + ψPM (1)

ψq = Lqiq (2)

where id and iq are the stator currents in the d-q frame, ψd and ψq represent the stator flux
resulting from the combination of the stator current excitation and the permanent-magnet
field, ψPM is the permanent-magnet flux-linkage, while Ld and Lq are the stator d- and
q-axis inductances. In the linear motor model, the values of ψPM, Ld, and Lq are considered
as constants.

Equations (3) and (4) report the IPMSM voltage equations in the d-q frame:

vd = Rsid +
dψd
dt

− ωeψq (3)

vq = Rsiq +
dψq

dt
+ ωeψd (4)

where Rs is the stator resistance and ωe is the rotor electrical frequency, while vd and vq are
the stator voltages in the d-q frame.

Substituting Equations (1) and (2) into Equations (3) and (4), the voltage equation can
be expressed as follows:

vd = Rsid + Ld
did
dt

− ωeLqiq (5)

vq = Rsiq + Lq
diq
dt

+ ωe(Ldid + ψPM) (6)
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The electromagnetic torque can be calculated from Equation (7):

Te = 1.5Pn
(
ψdiq − ψqid

)
(7)

where Pn is the number of pole pairs.
Substituting Equations (1) and (2) into Equation (7), the torque equation can be ex-

pressed as:
Te = 1.5Pn

[
ψPMiq +

(
Ld − Lq

)
idiq

]
(8)

2.2. Current and Voltage Limits

Achievable operating points of the IPMSM are restrained according to the current and
voltage limits. Equations (9) and (10) represent the current and voltage limits, as:

i2d + i2q = I2
max (9)

v2
d + v2

q = V2
max (10)

where Imax is the maximum stator current magnitude, and it is determined by the maximum
motor current, maximum inverter current, and maximum power supply current. Vmax
is the maximum stator voltage magnitude, and it is determined by the DC bus voltage,
VDC, and the voltage modulation strategy. In this paper, space vector PWM modulation
(SVPWM) was employed, with a 10% voltage margin reserved for the current PI regulator.
Thus, the voltage limit can be calculated as: Vmax = 0.9√

3
VDC.

Neglecting the voltage drop across the resistance and considering steady-state opera-
tion, the voltage limits can be expressed as:

(Ldid + ψPM)2(
Vmax

ωe

)2 +

(
Lqiq

)2(
Vmax

ωe

)2 = 1 (11)

In the d-q plane, the current limit (9) is depicted as a circle centered at the origin
of the coordinates, with Imax as the radius. The voltage limit (11) is depicted as a set of
ellipses with the same center. The major and minor axes of this set of ellipses decrease in
inverse proportion to the motor speed, eventually converging at the point (−Ich, 0). Ich is
the characteristic current and is calculated by Equation (12):

Ich =
ψPM
Ld

(12)

2.3. MTPA and MTPV Criteria Based on the Linear Motor Model

When the motor is operated at low speeds, the achievable operating points are mainly
bounded by the current-limit condition. For a given torque command, the minimum stator
current can be achieved at the operating point determined by the MTPA operating criteria.
In the linear motor model, the equation for the MTPA operation criteria is as below:

id =
ψPM

2
(

Ld − Lq
) −

√√√√ ψ2
PM

4
(

Ld − Lq
)2 + i2q (13)

When the motor operates at high speed, the achievable operating points are majorly
bounded by the voltage limit, and the operating point determined by the MTPV operating
criteria can realize the maximum torque output under the voltage limit condition. In the
linear motor model, the criteria for MTPV operation are as below:

id = −ψPM
Ld

+
−LdψPM +

√(
LqψPM

)2
+ 4L2

qi2q
(

Ld − Lq
)2

2Ld
(

Ld − Lq
) (14)
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3. Improved MTPA and MTPV Criteria Based on Nonlinear Flux-Linkage Model

Due to the high-power-density requirements of automotive IPMSMs, the effect of
saturation and cross-coupling on the motor model cannot be neglected. As previously
stated in Section 1, the linear motor model does not account for saturation and cross-
coupling effects, which can result in discrepancies between the calculated and actual current
trajectories of the motor. The nonlinear flux-linkage model proposed in [20] is a practical
and effective modeling method, which is especially suitable for automotive IPMSMs that
need to take saturation and cross-coupling factors into account. This modeling method
employs a bi-directional mapping between the flux-linkage and current, which enables
the natural incorporation of the effects of saturation and cross-coupling on the motor
model. However, operational criteria based on this model are less discussed. This section
presents the development of the nonlinear flux-linkage model of the IPMSM, followed
by a detailed analysis of the MTPA and MTPV optimal criteria based on the nonlinear
flux-linkage model.

3.1. Nonlinear Flux-Linkage Model

In the nonlinear flux-linkage model, the equations for flux, voltage, and torque are
as follows:

ψd = f
(
id, iq

)
(15)

ψq = g
(
id, iq

)
(16)

vd = Rsid +
dψd
dt

− ωeψq (17)

vq = Rsiq +
dψq

dt
+ ωeψd (18)

Te = 1.5Pn
(
ψdiq − ψqid

)
(19)

where d- and q-axis flux-linkages, ψd and ψq, respectively, are the fucntions of d- and q-axis
currents id and iq. Therefore, the effects of saturation and cross-coupling are inherently
considered in the flux-linkage functions f

(
id, iq

)
and g

(
id, iq

)
above.

The data of the flux-linkage functions can be obtained through FEA calculation or
experimental bench tests. The FEA method is straightforward, but it requires information
about the machine, such as geometry and material. Obtaining this information can be
challenging, and the results of the FEA method may not fully represent the actual data due
to factors such as manufacturing errors. Although the experimental test method requires
more test time, this method is more practical, as it does not require additional information
about the motor structure.

It is important to note that temperature can have a significant impact on the elec-
tromagnetic relationships of the IPMSM. The d- and q-axis flux-linkages, in addition to
being current dependent, also behave as a function of motor temperature [37,41]. However,
this paper was solely concerned with the study of magnetic saturation and cross-coupling
factors. Therefore, it was essential to ensure that the experimental identification of the
flux-linkage model and the experimental testing of the motor control were conducted at
the same temperature as closely as possible in order to eliminate the impact of temperature
on the electromagnetic relationship of the IPMSM. In order to standardize the experimental
conditions, the motor was cooled by a programmable external water-cooling system. This
was carried out to ensure that all tests were performed at the same temperature, thus
eliminating the influence of the temperature factor.

The d- and q-axis flux-linkage data identified by experimental test methods are shown
in Figure 1. The principles and procedures of the experimental test methods are described
in detail in Section 4.2.
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Figure 1. Measurement results of d- and q- axis flux-linkages. (a) Measurement result of d-axis
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The nonlinear functional relationship between the flux-linkage and current can be
described by a generalized polynomial fitting model, with the following expression:

ψd = f
(
id, iq

)
=

P

∑
m=0

m

∑
n=0

a(m−n)(n)i
(m−n)
d i(n)q (20)

ψq = g
(
id, iq

)
=

P

∑
m=0

m

∑
n=0

b(m−n)(n)i
(m−n)
q i(n)d (21)

where P is a given polynomial degree, and the symbols a()() and b()() are coefficients with
sub-indexes indicating the power of id and iq, respectively.

The fidelity of the flux-linkage fitting model increases with the degree of polynomial
order, but the more complex the expression of the model becomes. The coefficients a()()
and b()() in the model can be obtained using the fitting technique, such as least squares
fitting or other methods.

3.2. Analysis of Improved MTPA Criteria Based on the Nonlinear Flux-Linkage Model

The MTPA criteria are used to determine the current operating point at which the
maximum output torque per unit current is realized. Thus, the analysis of the MTPA criteria
can be implemented in solving the following optimization problem:

min
id , iq

fi = i2s = i2d + i2q

s.t.
{

Tre f − 1.5Pn
(
ψdiq − ψqid

)
= 0

i2d + i2q ≤ I2
max

(22)

where fi is the objective function to be minimized and Tre f is the reference torque.
A closed-form solution can be achieved by solving the above problem by means of the

Lagrange multiplier method, and the Lagrange function of (23) is expressed as:

Fi
(
id, iq, α

)
= i2d + i2q + α

[
Tre f − 1.5Pn

(
ψdiq − ψqid

)]
(23)
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where α is the Lagrange multiplier. Calculating the partial derivatives of Fi with respect to
id, iq, and α and setting them to zero yields the following system of equations:

∂Fi
∂id

= 2id − 1.5Pnα
(

∂ψd
∂id

iq − ψq −
∂ψq
∂id

id
)
= 0

∂Fi
∂iq

= 2iq − 1.5Pnα
(

∂ψd
∂id

iq + ψd −
∂ψq
∂iq

id

)
= 0

∂Fi
∂α = Tre f − 1.5Pn

(
ψdiq − ψqid

)
= 0

(24)

By eliminating the Lagrange multiplier α from the first two equations in (24), the
improved MTPA criteria can be obtained, as expressed in (25):(

∂ψd
∂iq

+
∂ψq

∂id

)
idiq +

(
ψdid + ψqiq

)
−

(
∂ψq

∂iq
i2d +

∂ψq

∂id
i2q

)
= 0 (25)

Equation (25) is the improved MTPA criteria based on the nonlinear flux-linkage
model. By substituting the flux-linkage fitting models (20) and (21) into the above criteria,
the improved nonlinear MTPA trajectory in the d- and q-axis current plane can be derived.

Figure 2a shows the MTPA trajectory of the conventional and improved nonlinear
criteria in comparison to the experimental results. The conventional MTPA trajectory in
Figure 2a is derived based on Equation (13), in which Ld and Lq are determined at the
no-load condition. The experimental MTPA trajectory in Figure 2a is determined by the
manually searching method. The details of the manually searching method are provided in
Section 4.3. To compare the effect of different orders of the polynomial fitting model on the
current trajectory, Figure 2a shows the results of current trajectory based on the third-order
polynomial fitting model and the fifth-order polynomial fitting model, respectively.
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Figure 2. MTPA trajectory and current errors of different MTPA criteria. (a) MTPA trajectory by
linear and improved criteria, in comparison with experimental results. (b) Current errors for different
MTPA criteria under current-limit conditions.

Figure 2a illustrates that both the linear and nonlinear MTPA trajectories coincided
with the experimental MTPA points for a limited range of stator current amplitudes. As the
amplitude of the stator current increased, the linear MTPA trajectory tended to deviate from
the experimental MTPA point, whereas the nonlinear MTPA trajectory remained consistent
with the experimental MTPA point. Figure 2b shows the errors in d- and q-axis currents for
the linear MTPA current trajectory and nonlinear MTPA current trajectory for current-limit
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conditions. Errors in the d- and q-axis currents corresponding to linear and experimental
MTPA points under current-limit conditions were of a significant magnitude, reaching 9.6%
and 12.5%, respectively. The current errors of the nonlinear MTPA current points in the
d- and q-axis were less than 3%, regardless of whether the third-order polynomial fitting
model or the fifth-order polynomial fitting model was employed. Considering the current
fluctuations inherent in FOC, a third-order polynomial fitting model was sufficient to
achieve good MTPA control results, while the fitting model structure was relatively simple.

3.3. Analysis of Improved MTPV Criteria Based on the Nonlinear Flux-Linkage Model

In the high-speed region, the resistive voltage drop was negligible compared to the
motor back electromotive force. When considering steady-state operation, Equations (17)
and (18) can be simplified to Equations (26) and (27), respectively. The relationship between
stator voltage and stator flux-linkage can be expressed by Equation (28):

vd = −ωeψq (26)

vq = ωeψd (27)

vs = ωeψs (28)

where vs is the stator voltage, and it can be calculated as: vs =
√

v2
d + v2

q, while ψs is the

stator flux-linkage, and it can be calculated as: ψs =
√

ψ2
d + ψ2

q .
Equations (26)–(28) show that when the resistive voltage drop was neglected and

steady-state operation was considered, there was a direct relationship between the stator
voltage and the stator flux-linkage. The analysis of the MTPV criteria can be transformed
into the following stator flux-linkage optimization problem:

min
id ,iq

fv = ψ2
d + ψ2

q

s.t.

{
Tre f − 1.5Pn

(
ψdiq − ψqid

)
= 0

ψ2
d + ψ2

q ≤
(

Vmax
ωe

)2
(29)

where fv is the objective function to be minimized in the analysis of improved MTPV
criteria, and Tre f is the reference torque in this analysis.

The Lagrange multiplier method was used to obtain a closed-form solution to the
above problem. The Lagrange function is constructed as shown in Equation (30):

Fv
(
id, iq, β

)
= ψ2

d
(
id, iq

)
+ ψ2

q
(
id, iq

)
+β

[
Tre f − 1.5Pn

(
ψdiq − ψqid

)] (30)

where β is the Lagrange multiplier. Calculating the partial derivatives of Fv with respect to
id, iq, and β and setting them to zero yielded the following system of equations:

∂Fv
∂id

= 2ψd
∂ψd
∂id

+ 2ψq
∂ψq
∂id

+β
[
−1.5Pn

(
∂ψd
∂id

iq −
∂ψq
∂id

id − ψq

)]
= 0

∂Fv
∂id

= 2ψd
(
id, iq

) ∂ψd
∂iq

+ 2ψq
∂ψq
∂iq

+β
[
−1.5Pn

(
∂ψd
∂iq

iq −
∂ψq
∂iq

id + ψd

)]
= 0

∂Fv
∂β = Tre f − 1.5Pn

(
ψdiq − ψqid

)
= 0

(31)
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By eliminating the Lagrange multiplier, β, from the first two equations in (31), the
improved MTPV criteria can be obtained, as expressed in (32):

ψq

(
ψd

∂ψd
∂iq

+ ψq
∂ψq
∂iq

)
− ∂ψd

∂id

[(
ψdid + ψqiq

) ∂ψq
∂iq

− ψ2
d

]
+

∂ψq
∂id

[(
ψdid + ψqiq

) ∂ψd
∂iq

+ ψdψq

]
= 0

(32)

Equation (32) is the improved MTPV criteria based on the nonlinear flux-linkage
model. By substituting the flux-linkage fitting models (20) and (21) into the above criteria
equation, the improved MTPV trajectory in the d- and q-axis current plane can be derived.

Figure 3a shows the MTPV trajectory of the linear and improved criteria in comparison
to the experimental results. The methods used to determine the MTPV points through
experimental testing are detailed in Section 4.3. To compare the effect of different orders
of the polynomial fitting model on the current trajectory, Figure 3a shows the results of
current trajectory based on the third-order model and the fifth-order model, respectively.
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As shown in Figure 3a, the differences between the linear MTPV trajectory and the
nonlinear MTPV trajectory were relatively small when the speed was close to the maximum
speed of the motor, and both were consistent with the experimental MTPV points. This is
because in the high-speed region, the amplitude of the stator current was relatively small
due to the constraint of the voltage limit. Therefore, the magnetic saturation phenomenon
was relatively insignificant. However, when the motor speed was relatively low, the
difference between the linear MTPV trajectory and the nonlinear MTPV trajectory increased,
and the linear MTPV trajectory deviated from the experimental MTPV points. Figure 3b
shows the motor torque of the current operating points determined for different MTPV
criteria at 2000 RPM and 2500 RPM. The torque difference, ∆T1, between the nonlinear
MTPV criteria and the linear MTPV criteria was 23 Nm at 2000 RPM, and this torque
difference decreased with increasing motor speed.

Figure 3c shows the torque-speed characteristics determined according to different
MTPV criteria. From the figure, it can be seen that in the 2000 RPM to 2500 RPM speed
range, the nonlinear criteria can improve the output torque of the motor, in comparison to
the conventional linear MTPV criteria, which means that the output power of the motor was
increased. Although, the improved nonlinear MTPV criteria may not significantly improve
the motor operating efficiency when the motor speed is close to the maximum speed.
However, from the point of view of the whole speed expansion range, the improvement
in the motor power in some speed regions was also meaningful for the overall operating
efficiency of the motor. In addition, the MTPV current trajectory of the IPMSM under test
in this research was in the region of relatively low current, which implies that the effects of
saturation and cross-coupling factors were not significant. For other higher-power IPMSMs,
the practicality of nonlinear MTPV criteria could be more apparent if the MTPV trajectory
was in a higher-current region, where the effects of saturation and cross-coupling factors
are more significant.

In the nonlinear MTPV criteria analysis, the torque difference can be used as the
primary criteria for selecting different fitted model orders. A small difference in torque was
observed between polynomial-fitted models of different orders. As illustrated in Figure 3b,
the torque difference, ∆T3, between the third-order fitted model and the fifth-order fitted
model was minimal, with a difference of only 3 Nm at the motor speed of 2000 RPM. For an
output torque of 300 Nm, this torque difference can be considered negligible. Furthermore,
as the motor speed increased, the torque difference decreased. Considering the unavoidable
torque ripples during FOC, a third-order polynomial fitting model was sufficient to achieve
good MTPV control results, while the fitting model structure was relatively simple.

The current reference LuT, corresponding to the different torque commands, can be
calculated for the whole speed range based on the improved MTPA criteria (25) and MTPV
criteria (32) proposed in this paper, as well as the torque Equation (19), the current-limit
Equation (9), and the voltage-limit Equation (11). The workflow and calculation algorithm
for the current reference LuT were performed according to [15]. Figure 4 shows the results
of the calculation. As can be seen in the figure, the current reference covered the whole
speed and torque region, and the transition between the MTPA, FW, and MTPV regions
was smooth.
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4. Experiments

This section introduces the experimental platform, details the principles and proce-
dures of the experimental method used to identify the nonlinear flux-linkage model and
the current trajectory of the IPMSM, as well as provides experimental validation of the
improved MTPA and MTPV criteria proposed in this paper.

4.1. Experiment Platform

Figures 5 and 6 show the schematic diagram and the photograph of the experimental
platform. The experimental platform comprises a 200 kW AC asynchronous motor from
Wuxi Langdi Measurement and Control Technology Co., Ltd. (Wuxi, China), which serves
as a dynamometer, and the IPMSM under test. The two machines were mechanically
coupled together with a torque sensor placed in-between. The dynamometer was in speed
control mode, with its speed being regulated by a host computer control system. The
IPMSM under test was in torque or current-control mode and was driven by a commercial
inverter/motor controller supplied by VEPCO Technologies Inc (Los Angeles, CA, USA).
The controller is based on the TC377, a 32-bit AURIX™ microcontroller from Infineon
Technologies AG (Neubiberg, Germany). The verter/motor controller is responsible for
regulating the current and torque of the IPMSM under test according to the FOC algo-
rithm, which consists of algorithmic modules, such as a complex vector current regulator,
current reference LuT, dead-time compensation, and feed-forward decoupling voltage
compensation. When the flux-linkage model identification experiments were performed,
this controller was in current-control mode, and the d- and q-axis current command values
were directly determined by the given stator current amplitude and current angle. When
the nonlinear criteria validation experiments were performed, the controller was in torque-
control mode and the current command value was obtained from the torque command
through the current reference LuT. The data in the current reference LuT were calculated
from the improved current criteria. The communication and data transfer between the
motor controller and the host software was realized through CANape 17.0, a CAN bus
tool developed by Vector Informatik GmbH (Stuttgart, Germany). MATLAB R2024a was
employed for the graphical analysis of experimental process data exported from CANape.
The Yokogawa WT5000 Precision Power Analyzer (Yokogawa Electric Corporation, Tokyo,
Japan) was used to monitor and calculate the voltage and current during experiments. The
temperature of the inverter and IPMSM was regulated and maintained by a liquid-cooling
system. The DC power supply from the Shandong Wocen Power Equipment Co., Ltd.
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(Jinan, China) provided the bus voltage for the test bench. Table 2 presents a summary of
the principal equipment utilized in the experimental platforms.
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Table 2. Summary of experimental equipment.

Experimental Equipment Vendor

IPMSM under test A 60 kW IPMSM with the parameters shown in Table 1

Dynamometer A 200 kW AC asynchronous motor with a control system developed by Wuxi
Langdi Measurement and Control Technology Co., Ltd. (Wuxi, China).

Inverter/motor controller A 100 kW inverter/motor controller developed by VEPCO Technologies Inc.
(Los Angeles, CA, USA).

DC Power A 1000 V/600 A battery simulator provided by Shandong Wocen Power
Equipment Co., Ltd. (Jinan, China).

CAN Communication CANape, developed by Vector Informatik GmbH (Stuttgart, Germany).
Power Analyzer Yokogawa WT5000 Precision Power Analyzer (Tokyo, Japan)

Cooling System Water-cooling system developed by Wuxi Langdi Measurement and Control
Technology Co., Ltd. (Wuxi, China).

Torque Sensor T40B from Hottinger Brüel and Kjaer GmbH (Darmstadt, Germany)

4.2. Experimental Identification of Nonlinear Flux-Linkage Model

In the steady-state operation of the IPMSM, it can be assumed that the dynamic
voltage term in the voltage equation can be neglected, i.e., that dψd/dt = 0, and dψq/dt = 0.
Therefore, the d- and q-axis flux-linkages can be calculated by solving the following
equations based on the voltage from Equations (17) and (18):

ψd =
vq − Rsiq

ωe
(33)

ψq =
−vd + Rsid

ωe
(34)

Equations (33) and (34) are basic principles for the experimental identification of the
nonlinear flux-linkage model. These two equations show that if the variables id, iq, vd, vq,
Rs, and ωe are known, then the d- and q-axis flux-linkages, ψd and ψq, can be uniquely
determined. For the variables in Equations (33) and (34), the speed, ωe, can be controlled
by the dynamometer. The current id and iq can be provided and realized by the IPMSM
controller. The resistance of the stator winding varies with temperature, which can cause
errors in the calculation of the flux linkage. Thus, it is essential to ensure that the motor
temperature is the same at each test point and that all flux-linkage calculations are per-
formed under the same temperature condition. An external water-cooling system was used
to maintain a constant motor temperature during the experimental tests. The resistance, Rs,
in the flux-linkage calculation can be determined according to the following equation:

Rs = R0[1 + αT(Ts − T0)] (35)

where T0 is the initial ambient temperature at the beginning of the test and R0 is the resis-
tance value at that ambient temperature. In the experiment, the initial ambient temperature
was 25 ◦C and the stator resistance value was measured as 0.058 Ω. Ts is the tempera-
ture that was set and maintained during experimental testing, and αT is the temperature
coefficient of resistance.

To enhance the identification accuracy, the voltage, vd and vq, in Equations (33) and (34)
used the actual motor voltage measured by the power analyzer instead of the output volt-
age of the current PI regulator. The stator voltage fundamental component amplitude, vs,
and angle, θv (the angle between the stator voltage vector and the q-axis), can be measured
with the power analyzer WT5000 [43], and then the d- and q-axis voltages can be calculated,
as below. Figure 7 is the measured voltage vector diagram.

vd = −vssinθv (36)

vq = vscosθv (37)
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Based on the above principle, the flux-linkage model can be calculated for various
combinations of id and iq by scanning the amplitude and angle of the stator current within
the current limit. The sweep test points are shown in Figure 8.
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As shown in Figure 9, the following steps are to be followed in order to identify the
flux-linkage model: Firstly, the IPMSM was driven by the dynamometer to a defined speed
ωe. This speed was set below the base speed so that the operation of the IPMSM was
limited only by current constraints. Then, a stator current vector with initial amplitude was
applied to the IPMSM, which had an initial angle of 90◦. Once the motor operation reached
a stable state, the stator voltage amplitude, vs , and angle, θv, were read and recorded by
the power analyzer WT5000. With the given current amplitude and angle, id and iq of this
test point can be obtained by the vector calculation shown in Figure 7, while vd and vq can
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be calculated from the recorded stator voltage amplitude, vs, and angle, θv. It is important
to monitor and record the temperatures of the motor in order to ensure that it remains
within the specified experimental temperature range. At this stage, the requisite values of
id, iq, vd, vq, ωe, and Rs for the calculation of the flux-linkage of this test point were already
determined, and the substitution of these values into Equations (33) and (34) allowed the
flux-linkages, ψd and ψq, of this test point to be obtained. By repeating the above process
with current amplitude and angle steps, the flux-linkage data for each test point shown in
Figure 8 can be obtained. These flux-linkage data can then be combined to construct the
nonlinear flux-linkage model of the IPMSM under test. In the experimental identification
of the nonlinear flux-linkage model, the current amplitude step was 25 A and the current
angle step was 5◦.
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As previously discussed in Section 3.1, it is essential that the flux-linkage model
identification and other experiments are conducted at the same temperature to ensure that
the effect of temperature on the electromagnetic performance of the motor is eliminated. In
the series of experiments conducted in this paper, the temperature was set to 60 ◦C. As the
flux-linkage identification experiments necessitate repeated loading tests on a wide range
of test points, the motor temperature may be excessively high, even in the presence of an
external water-cooling system. Therefore, during the flux-linkage identification experiment
or other experiments, once the motor temperature is higher than the set temperature range,
it is necessary to stop the test and wait for the motor to cool down before carrying out the
test, in order to eliminate, as much as possible, the error caused by the temperature factor.
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4.3. Experimental Identification of MTPA, FW, and MTPV Current Trajectory

The experimental method for identifying current trajectories consists of two main parts:
the identification of MTPA current trajectory in the low-speed region and the identification
of FW current trajectories under different speed conditions in the high-speed region. The
MTPV current trajectory can be obtained naturally by summarizing the operating points
corresponding to the maximum torque in the FW trajectory for different speed conditions
in the high-speed region.

Figure 10 shows the flowchart for the experimental identification of the MTPA current
trajectory, and Figure 11 is the related vector diagrams. Similar to the experimental identi-
fication of the flux-linkage model, the IPMSM was first driven by the dynamometer to a
speed lower than the base speed. Then, a stator current with amplitude is was applied to
the IPMSM, which had an initial angle of 90◦. Following this, the current angle was then
decreased in step θSTEP from 90◦ to 0◦, while the motor output torque was monitored by
the host computer and the current angle corresponding to the maximum output torque
was recorded, so that the MTPA operating point for this stator current condition was
determined. After this process, the stator current amplitude was increased in step iSTEP
and the angle sweep process was repeated until the stator current amplitude reached the
current limit.
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By increasing the stator current in certain steps within the current limit and repeating
the angle sweep process, a series of MTPA operating points was obtained, and these
operating points were summarized to obtain the MTPA current trajectory. During the
test, it is important to monitor the motor temperature to ensure that each angle sweep
is performed at the same motor temperature. To enhance the identification accuracy, the
current angle sweep process can be divided into two parts: approximate and precise
measurements. For approximate measurements, the angle step can be set to a relatively
large value, such as θSTEP = 10

◦
. This process allows for a quicker determination of

the angle interval in which the MTPA operating point is located but does not allow for
an accurate determination of the MTPA operating point. Precise measurements were
performed based on the MTPA angular approximate interval. The angle step in precise
measurements can be set to a smaller value, such as θSTEP = 1

◦
.

For each MTPA current operating point, the corresponding FW critical speed and
torque need to be determined. Figure 12a is the flowchart of calibrating the critical speed
and torque. At the start of calibration, the IPMSM was driven by the dynamometer to a
low speed. The current operating point was then set to the MTPA operating point, corre-
sponding to the current-limit condition. Subsequently, the IPMSM speed was increased by
the dynamometer, and the stability of the current control and the stator voltage amplitude
were observed by the host computer and the power analyzer during the increase in speed.
Once the stator voltage amplitude reached the maximum voltage value set in the control
program and there was no overshoot in the current control, the motor speed at this condi-
tion was the critical speed corresponding to the MTPA operating point of the current-limit
condition; that is to say, the motor base speed. Following the determination of the motor
base speed, the current operating point was set to the next point in the MTPA current
trajectory, which was determined previously in the MTPA identification. The motor speed
was then increased by the dynamometer, and the voltage magnitude and current control
stability were observed in order to determine the critical speed corresponding to this MTPA
point. Repeating the above process along the MTPA current trajectory until the maximum
speed of the motor is reached, critical speeds for different MTPA points can be obtained.
Figure 13a shows the vector diagrams of the FW critical speed at various MTPA operating
points. The dashed lines represent the voltage limit equation curves corresponding to the
critical speed of FW at different MTPA points.
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When the critical speed corresponding to each MTPA point has been determined, the
FW points can be calibrated under these speed conditions. Figure 12b shows the flowchart
of calibrating the FW points for a given speed condition. The IPMSM was first driven to the
speed of one of the MTPA critical speed sequences, and then the initial value of the current
amplitude was set based on the MTPA current value corresponding to that critical speed.
As the MTPA operating characteristic can be achieved at this current amplitude condition,
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it is unnecessary to perform a current angle sweep on this current vector. Subsequently,
the current amplitude was increased in step iSTEP and the angle of the current vector
was scanned. To ensure the stable operation of the IPMSM, the initial value of the angle
sweep can be set as 90◦. This value can then be reduced in step θSTEP, with the q-axis
current gradually increased in each step. The stability of the current control and the stator
voltage amplitude were monitored by the host computer and the power analyzer during
the angular sweeping process. Once the stator voltage amplitude reached the maximum
voltage value set in the control program and there was no overshoot in the current control,
the current operating point and motor torque were recorded as the FW operating points
for this current amplitude condition. A repetition of the aforementioned scanning process
of current amplitude and angle under different critical speed conditions allowed for the
determination of the FW operating point in the high-speed region. It is important to
note that as the current amplitude increases, there will be an initial increase in motor
torque, which will subsequently decrease. The operating current point corresponding to
the maximum torque during this process is the MTPV point for the given speed condition.
The current trajectory of the MTPV can be obtained by summarizing the operating points
corresponding to the maximum torque during the sweep of current amplitude and angle
of different speed conditions. Figure 13b presents the vector diagram of the FW current
amplitude and angle sweep at a certain speed.

4.4. Experimental Results of the Improved MTPA and MTPV Criteria

Figure 14 illustrates the experimental performance of the MTPA region. The IPMSM
under test was accelerated to a speed of 500 RPM through the dynamometer. At this
speed, the torque command was incrementally increased in 50 Nm steps. As illustrated in
Figure 13, it can be observed that as the torque command increased, the motor d- and q-axis
current could track the current command well, while the motor stator current gradually
increased until the motor current-limit condition was reached.
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The MTPA trajectories of the current operating points are summarized in Figure 15. In
Figure 15, the red squares indicate the current command calculated based on the improved
MTPA criteria. The green dots indicate the actual motor current sampling values during
motor operation. Due to the relatively low motor speeds, the operational limits of the
motor were determined by the current-limit conditions. As the torque command increased,
the current operating points gradually approached the maximum current of the motor, and
the trajectory of the current operating points converged with the calculation results of the
nonlinear MTPA criteria.
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The experimental performance of the FW region is shown in Figure 16. The IPMSM
under test was accelerated to 3000 RPM by the dynamometer and maintained at that speed.
The torque command increased in increments of 25 Nm, from a value of 0 to 225 Nm. As can
be seen in Figure 16, the torque response followed the torque command well in the range
of torque command from 0 to 200 Nm. However, when the torque command was 225 Nm,
the torque response failed to follow the command and only maintained a torque output of
200 Nm. This indicates that this torque command exceeded the maximum torque output
capability of the motor for that speed condition. Due to the voltage-limiting condition, the
motor output torque will not exceed the maximum torque for the speed condition even
if the torque command continues to increase. A more intuitive trajectory of the current
operating points is shown in Figure 17. The red squares indicate the current command,
and the green dots indicate the actual motor current sampling values. The dashed red
line shows the voltage-limit curve corresponding to 3000 RPM speed, and the purple line
with an arrow shows the trajectory of the current operating point as the torque command
increased. When the torque command was relatively small, the current operating point
moved along the MTPA trajectory. As the torque command increased, the corresponding
MTPA operating point exceeded the voltage constraint range. In such a case, the current
operating points move along the FW trajectory (the intersection of the torque curve and the
voltage-limit curve) until the maximum torque can be output from the IPMSM under this
speed condition.
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Figure 18 illustrates the experimental performance in the MTPV region. Firstly, the 
IPMSM under test was operating at 2000 RPM. At this speed, the maximum torque that 
can be delivered by the motor was 300 Nm. The motor speed was then gradually increased 
to the maximum speed in steps of 500 RPM. As motor speed increased, the current oper-
ating region gradually shrunk due to voltage-limit conditions, and the stator current am-
plitude gradually decreased. Although the torque command was still 300 Nm, the 

Figure 17. Experimental FW current trajectory.

Figure 18 illustrates the experimental performance in the MTPV region. Firstly, the
IPMSM under test was operating at 2000 RPM. At this speed, the maximum torque that can
be delivered by the motor was 300 Nm. The motor speed was then gradually increased to
the maximum speed in steps of 500 RPM. As motor speed increased, the current operating
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region gradually shrunk due to voltage-limit conditions, and the stator current amplitude
gradually decreased. Although the torque command was still 300 Nm, the maximum
torque that can be delivered by the IPMSM gradually decreased as the speed increased.
The maximum output torque was approximately 250 Nm when the speed was 2500 RPM,
200 Nm when the speed was 2000 RPM, and 55 Nm when the IPMSM was running at the
highest speed. The trajectory of the current operating point is summarized in Figure 19.
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In Figure 19, the red squares indicate the current command calculated based on the
improved MTPV criteria. The green dots indicate the actual motor current sampling values.
As the motor speed increased, the d- and q-axis current commands moved along the MTPV
current trajectory toward the characteristic current point, and the actual motor current
followed the command well. It can be seen that there was a portion of the current operating
point in Figure 19 that exceeded the voltage-limit curve. This was due to the fact that a
10% voltage margin was reserved for the current regulator when calculating the current
command, taking into account the error-based control characteristics of the PI regulator.
The voltage of operating points that exceeded the voltage limit curve was covered by the
voltage margin.

5. Conclusions

This paper analyzed the MTPA and MTPV optimal criteria on the basis of the IPMSM
nonlinear flux-linkage model, considering the influence of magnetic saturation and cross-
coupling factors.

(1) The nonlinear flux-linkage model of the IPMSM under test was established through
the experimental test method. The principle, procedure, and precautions of the
experimental test method were explained in detail.

(2) The MTPA and MTPV optimal criteria were then analyzed by constructing and solving
different optimal problems to obtain their closed-form solutions. The analysis results
showed that the nonlinear current criteria can achieve a good matching effect with
the actual current trajectory compared to the linear current criteria.

(3) The current command LuT suitable for IPMSM control was constructed based on the
improved MTPA and MTPV optimal criteria proposed in this paper. The optimal
criteria proposed in this paper and their control performance were validated through
experimental testing.

(4) The experimental results showed that the maximum current error between the im-
proved MTPA criteria and the experimental MTPA points was reduced to 3% in the
MTPA region. Considering the current ripple inherent in FOC, this is an almost
negligible current error. In contrast, the maximum current error of the linear MTPA
criteria could be up to 12.5%. In the high-speed region, the performance difference
between the nonlinear criteria and the linear current criteria was not significant due
to the low influence of magnetic saturation and cross-coupling factors. Nevertheless,
in the 2000 RPM to 2500 RPM speed range, the nonlinear standard achieved a notable
torque enhancement effect, with a maximum torque increase of 23 Nm.

(5) In addition to saturation and cross-coupling factors, the temperature factor can also
influence the performance of IPMSMs. In this paper, the research was performed only
on the saturation and cross-coupling factors. The temperature of the experiments
was controlled by an external water-cooling equipment in order to ensure that all
experiments were performed at approximately the same temperature, thus eliminating
the effect of temperature on the errors in this research. In the subsequent stage of the
investigation, it would be beneficial to introduce the effect of the temperature factor.
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Nomenclature

Variables and functions in the IPMSM model section:

Terms Units Meaning
Rs Ω Stator winding resistance
ψPM Wb Permanent-magnet flux-linkage
Pn Number of pole pairs
Ld, Lq mH d- and q-axis inductance
id, iq A d- and q-axis stator current
ψd, ψq Wb d- and q-axis stator flux-linkage
vd, vq V d- and q-axis stator voltage
ωe rad/s Electrical rotor speed
Te Nm Electromagnetic torque
Imax A Maximum stator current
Vmax V Maximum stator voltage
VDC V DC-link voltage of inverter
Ich A Characteristic current
f
(
id, iq

)
d-axis stator flux-linkage function

g
(
id, iq

)
q-axis stator flux-linkage function

P Polynomial degree of flux-linkage fitting model
a, b Coefficients in the flux-linkage fitting model

Variables and functions in the improved MTPA and MTPV criteria analysis section:

Terms Units Meaning
fi Objective function in improved MTPA criteria analysis
Fi Lagrange function in improved MTPA criteria analysis
α Lagrange multiplier in improved MTPA criteria analysis
fv Objective function in improved MTPV criteria analysis
Fv Lagrange function in improved MTPV criteria analysis
β Lagrange multiplier in improved MTPV criteria analysis
vs V Stator voltage
is A Stator current
ψs Wb Stator flux-linkage

Variables in the experiments section:

Terms Units Meaning
iA, iB A A and B phase current
i∗d , i∗q A d- and q-axis current command
v∗d , v∗q V d- and q-axis voltage command
v∗α, v∗β V α- and β-axis voltage command
ωm RPM Mechanical rotor speed
θe rad Electrical rotor position angle
θv rad Stator voltage vector angle
θi rad Stator current vector angle
T0

◦C Initial ambient temperature
Ts

◦C The set and maintained experimental temperature
αT 1/◦C Temperature coefficient of resistance
R0 Ω Stator winding resistance measured at the initial ambient temperature
θSTEP

◦ Stator current angle scanning step
iSTEP A Stator current magnitude scanning step
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