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ABSTRACT

Computational design holds promising applications in digital fabrication and bio-
fabrication, offering innovative solutions to complex challenges in manufacturing
and tissue engineering. In this thesis, we explore the application of computational

design principles in these domains and present novel approaches to address two specific
problems.
In the realm of biofabrication, we introduce a physically-based simulation framework for
the elastic-plastic fusion of 3D bioprinted spheroids. Spheroids are microtissues contain-
ing cells organized in a spherical shape that are used in biofabrication to create human
tissue. Specifically, we employ bioprinting spheroids to fabricate heart tissues in our lab.
However, achieving tissue with the desired geometrical shape requires understanding
how they fuse after printing.
Therefore, we have developed a physically-based simulation framework based on elastic-
plastic solid and fluid continuum mechanics models using the smoothed particle hydro-
dynamics (SPH) method. This accurately captures the fusion process of spheroids and
facilitates reverse engineering to achieve tissue with the desired shape. Our method can
save significant time and costs compared to trial-and-error methods. Through extensive
sensitivity and morphological analyses, we validate our simulations against in-vitro
experiments, demonstrating their capability to predict and control tissue geometries.
Shifting our focus to digital fabrication, we introduce the concept of "Ruling Patches," a
method that approximates triangular meshes with developable patches driven by surface
line features. Developable shapes find practical application in manufacturing, where
surfaces of three-dimensional shapes can be efficiently constructed from flat patches. We
demonstrate the effectiveness of our method in achieving aesthetic and manufacturable
patch layouts, showcasing its superiority over existing techniques.
Our work advances the understanding of complex phenomena in digital and biofabrica-
tion and opens new avenues for research and development in these fields. By providing
efficient computational tools and frameworks, our contributions empower researchers
and practitioners to tackle emerging challenges and drive innovation in manufacturing
and tissue engineering.
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INTRODUCTION

In the ever-evolving landscape of scientific inquiry and technological innovation, the

symbiotic relationship between computation and design has emerged as a driving force

behind transformative advancements across diverse domains. Rooted in the seamless

integration of mathematical algorithms, computational methodologies, and design princi-

ples, this interdisciplinary synergy has revolutionised how we conceptualize and create

and opened new frontiers of exploration and discovery. At the forefront of this paradigm

shift lie two pivotal domains: biofabrication and digital fabrication.

1.1 Computational design in bio fabrication

Within the realm of biofabrication, the convergence of computational design and tis-

sue engineering holds profound implications for regenerative medicine and biomedical

research. Tissue engineering endeavours to replicate the complex architecture and func-

tionality of native tissues and organs, offering a promising avenue for addressing critical

healthcare challenges such as organ shortage and tissue degeneration. Through the

precise manipulation of cellular microenvironments and the orchestration of biological

processes, researchers aim to engineer functional tissues capable of integration and

regeneration within the human body [31, 66, 148].

In this context, computational design serves as a cornerstone, providing researchers

with powerful tools to model, simulate, and optimize the intricate processes underly-

ing tissue morphogenesis. By leveraging mathematical models, predictive algorithms,
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and simulation frameworks, computational biologists and bioengineers can unravel

the complexities of cell behaviour, tissue development, and biomaterial interactions

[27, 33, 68, 95, 96, 115, 132]. From the 3D bioprinting of cellular constructs to the simu-

lation of tissue growth and remodelling, computational approaches empower researchers

to navigate the multidimensional landscape of tissue engineering with precision and

efficacy.

A key challenge in bioprinting is to develop accurate models to predict and guide

how spheroids replicate and merge to form complete tissues [34, 134]. Due to the lack of

direct control over the fusion process, the final bioprinted tissue can have a significantly

different shape than expected. For example, Figure 1.1 shows microscopic images of a

spheroid pair’s spontaneous fusion. Identifying the parameters that control spheroid

fusion is essential to predicting and fabricating a tissue with a desired shape and size.

These parameters can include the hydrogel stiffness, spheroids density, and the distance

between spheroids. We hypothesize that changing these parameters will affect the shape

of the spheroids during the fusion. However, testing all possible parameter values is

impractical due to the cost and time constraints. To address this constraint, we propose

a simulation framework to model spheroid deformation during fusion. The simulation

has its own parameters, allowing us to observe how spheroids behave under different

conditions. Optimizing simulation parameters based on the desired shape of spheroids

and doing reverse engineering can help scientists create tissue with the desired shape

and save time and budget.

Figure 1.1: Fusion of bioprinted cardiac spheroids in alginate/gelatin hydrogels. Paired
cardiac spheroids containing cardiac myocytes, endothelial and fibroblasts were bio-
printed in 4% alginate 8% gelatin hydrogels and cultured for four days until complete
fusion. Magnification bars equal 50µm

.

Simulation of the bioprinting process has the potential to significantly reduce experi-

mental time and costs [13, 35, 104]. Therefore, this study focuses on developing a new

computational and graphical framework for simulating spheroid fusion. The framework

focuses on the physical and mechanical properties of fusing spheroids and allows us to

replace classical trial-and-error methods. Our framework will enable us to predict the be-
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haviour of spheroids during their fusion by tuning simulation parameters. This approach

has not been used previously to model the spontaneous fusion process of spheroids.

The methodology described in this study employs and extends continuum mechanics

models used in computer graphics to simulate elastic-plastic fluid, and elastic-plastic

solid [72], which is going to be foundational of our models. A common approach to solving

the equation and approximating a continuous physical model is to sample the domain

into particles. These particles sample different physical quantities over the volume,

such as mass, velocity, and viscosity. This method is usually called smoothed particle

hydrodynamics (SPH) [141]. Using particle-based systems, we have developed two types

of continuum mechanics models:

• The first model considers spheroids as an elastic-plastic solid material, therefore

containing elastic, plastic and volume conservation forces.

• The second model considers spheroids as an elastic-plastic fluid material, therefore

containing elastic, plastic, viscosity and pressure forces.

We adapted these techniques to simulate the behaviour of spheroids. To model elastic-

plastic solid spheroids, we used the physically-based simulation based on smoothed

particle hydrodynamics proposed by Mueller and colleagues [72]. Spatial derivatives

are interpolated over volume using a Moving Least Squares (MLS) procedure. We use

these derivatives to obtain physical quantities such as stresses and elastic forces in the

continuous. To model elastic-plastic fluid spheroids and derive numerical solutions, we

use the well-established Navier-Stokes equations (Figure 1.2).

Figure 1.2: Fusion of bioprinted cardiac spheroids using Navier-Stokes equations

.
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It is important to note that particles do not represent the cells inside the spheroids;

instead, they are physical quantities. Our model’s assumptions can be summarized as fol-

lows: i) Spheroids are assumed to be symmetrical and spherical continuum media; ii) The

particles in our models carry physical attributes such as mass, velocity, and acceleration;

iii) Spheroid fusion is assumed to be identical; iv) In the solid-based model, spheroids

are considered solid elastic-plastic materials; v) In the fluid-based model, spheroids

are modelled as incompressible fluids with elastic-plastic properties; vi) Particles of a

spheroid are attracted to the centre of mass of the other spheroid.

Although the specific biological mechanisms underlying spheroid fusion are com-

plex, our observations indicate that the process involves a combination of short-range

intermolecular potential forces and surface adhesion forces between the cells of adjacent

spheroids upon contact. In our study, we have employed the Lennard-Jones potential to

model the short-range attractive forces between spheroids [138]. It has various applica-

tions in different fields such as molecular dynamics and chemistry [43, 135].

Regarding the surface adhesion forces, we consider the role of integrins, which are

transmembrane receptors involved in cell-cell and cell-matrix interactions. Integrins

bind to extracellular matrix components, such as fibronectin, collagen, and laminin,

through specific ligand-binding sites. These integrin-mediated adhesion forces can be

modelled using various approaches [122, 140]. To simulate this behaviour, we establish

connections between particles of different spheroids at the moment of contact. By doing so,

we simulate the formation of elastic-plastic links between different particles of adjacent

spheroids.

This combined approach allows us to capture the attractive forces between spheroids,

incorporating both the short-range intermolecular potential forces described by the

Lennard-Jones potential and the surface adhesion forces mediated by integrins. By con-

sidering these physical interactions, we aim to provide a comprehensive understanding

of the fusion process and its underlying biophysical mechanisms.

Simultaneously, in the realm of digital fabrication, computational design catalyzes

innovation and creativity, redefining the boundaries of materiality, form, and fabrica-

tion. Additive manufacturing technologies, such as 3D printing, have democratized

the production process, enabling designers to materialize intricate geometries and

complex structures with unprecedented speed and accuracy. From architectural pro-

totypes to customized medical implants, the marriage of computation and fabrication

offers limitless possibilities for realizing creative visions and engineering solutions

[10, 41, 85, 144, 146, 147].
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1.2 Computatioanal design in digital fabrication

Developability is a well-investigated concept in differential geometry [85], and devel-

opable surfaces find broad applications in shape manufacturing, architecture, and gar-

ment design [144]. Developable surfaces can be crafted from flat patches that are bent but

not stretched. Piecewise, developable shapes usually have a very distinct look because

Gaussian curvature is concentrated along patch boundaries. In practice, modelling such

shapes requires skills and expertise because of a delicate balance between the number of

required patches, aesthetically pleasing placement of boundary seams, approximating

the desired surface and adhering to developability constraints. This also renders the

design space of piecewise developable surfaces highly complex.

In recent years, we have witnessed the emergence of numerous computational ap-

proaches towards developable shape modelling. In general, many of these methods

accept as input a triangular mesh and propose a decomposition into a set of flat patches

[10, 41, 146, 147]. Nevertheless, automatically finding a piecewise developable shape

approximation of a general 3D surface still remains a challenge. Existing methods

might struggle with patch seams not being well aligned with features of the target

mesh [41, 147], gradient-based methods might not fully converge [121], or methods

violate other fabrication constraints. While developability is necessary to enable the

fabrication of flat inextensible sheets, it is not a sufficient condition for a design to be

manufacturable. A design suitable for fabrication needs to guarantee that the generated

patches are free of self-intersections. Moreover, to facilitate assembly, the patches should

be smooth and easily bend to the desired shape, and the number of patches should be

reasonable.

In the digital fabrication part of the thesis, we present an algorithm for converting

an input three-dimensional triangular mesh into a compact set of developable patches.

To guide the decomposition we use a smooth 4-rotational-symmetric vector field aligned

with the principal curvature direction. This vector field allows us to align patches with

interesting features on the mesh, as well as guide the direction of ruling lines that best

approximate the input mesh. Ruling lines will help us to make ruled surfaces that are

developable.

Ruled surfaces are surfaces where each point belongs to a straight line on the surface,

and can be understood as surfaces generated by the motion of a straight line (the ruling

line, or rules) [26]. They find many applications in shape manufacturing and architecture

due to their favourable characteristics in terms of ease of construction, robustness, and
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visual appeal. For example, the rules can be implemented by straight beams connected

by a textile (serving as a membrane connecting the beams) or by folding paper/cardboard

along conveniently straight lines. Consequently, a useful and well-studied task is how

to decompose a given shape into a small set of ruled surfaces, striving to maximize the

geometric similarity and the length of the rules. This implies the need to orientate the

rules of each ruled surface along the local minimal curvature direction, exploiting the

ability of each ruled surface to bend freely in the other direction to follow the target

shape.

When the design needs to be fabricated with inextensible materials (such as paper,

cardboard, plywood, etc), this already difficult task is made more complicated by the need

to ensure that each ruling surface is also developable [85, 102, 119]. It is well known

that, in order to be developable, a ruled surface must fulfil an additional constraint: all

the points along a given rule must share the same tangent plane [121]. In this sense,

the task of decomposing a shape into ruled surfaces (with long rules) is one special case

of the more general task of decomposing a shape into developable patches, which is a

difficult and deeply studied task in geometry processing [121, 131].

Figure 1.3: A ruled surface (left) cannot feature torsion without compromising its de-
velopability. However, even a non-developable ruled surface featuring torsion becomes
developable when discretized as a triangle strip (middle), making them better suited to
approximate general shapes (right).

In this work, we take a different route. Our key observation is that the discretization

of the problem inherently changes the developability constraints. Specifically, any ruled

surface, even a non-developable one in the continuous setting, can be trivially discretized

into a developable surface by, first, electing a set of rules along the ruled surface, which

splits the ruled surface into a set of (non-necessarily flat) rectangular shapes, then
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splitting each rectangle diagonally, adding new rules. This produces a triangle strip that,

as such, is trivially developable by construction because all triangles are flat, and all

vertices are on the boundary. This final discretization introduces minimal geometric

approximation and, crucially, preserves the key characteristics of the ruled surfaces (of

being straight along the rule directions) and, therefore, all their benefits mentioned

above (such as realizability using straight beams). By relying on this final discretization

step, our construction process can disregard the developability constraints, and this

additional freedom potentially results in better decompositions (see Figure 1.3). In other

words, the sought objective of using long ruling lines doubles as an easy route to ensure

the developability of the patches.

Through iterative refinement and optimization, our method promises to redefine

the boundaries of digital fabrication, empowering designers to realize their creative

visions with precision and efficiency. As we traverse this interdisciplinary terrain, the

fusion of computational design with biofabrication and digital fabrication heralds a new

era of innovation and discovery. By pushing the boundaries of what is possible at the

nexus of biology, engineering, and design, our work seeks to catalyze transformative

advancements that will shape the future of medicine, manufacturing, and beyond.

Therefore, the thesis has two application cases. The first case addresses the ap-

plication of computational design in biofabrication by conducting a physically-based

simulation of the spheroids fusion process. The second case addresses the application of

computational design in digital fabrication by introducing a new method for decomposing

a mesh into developable patches.

The remainder of the thesis is structured as follows: Section 2 reviews the literature

for two cases. The section 3 outlines our methodology for addressing the problems, and

section 4 provides the detailed implementations of the proposed models. We will present

the results of the models in section 5 and their validation in section section 6, the

sensitivity and morphological analysis in section ??, and the discussion in section 7.

Finally, we will report the conclusion of the thesis at the end.
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2
LITERATURE REVIEW

As mentioned in the introduction section, the thesis will address two applications of

computational design in digital and bio-fabrication. In order to provide a literature

review, we have categorised the literature into two subsections. Section 2.1 reviews

the recent research done in the area of bio fabrication of heart tissues and specifically

spheroids bioprinting. In the section 2.2, the recent advancement of digital fabrication in

the area of surface developability and its applications are discussed.

2.1 Related work to the physically-based simulation
of cardiac spheroids fusion

In this section, we will present the most recent research that has been done in the area of

bioprinting, stem cell modelling, in-silico simulation of spheroids, and spheroids fusion.

2.1.1 3D bioprinting

The 3D bioprinting process is very similar to usual 3D printing, also known as additive

manufacturing technology, in which the material is deposited layer by layer to make a

final product. However, in bio-printing, instead of metal, polymer or ceramic, a special

biomaterial is used that is called bio-ink [78].

Similar to manufacturing 3D printers, there are five significant bioprinting tech-

niques, including extrusion, inkjet, laser-assistant and stereolithography [23].
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In extrusion-based bioprinting, biomaterials that should be in a viscous liquid, also

known as bioink, are deposited using air pressure, piston force or screw rotation. In

inkjet bioprinting, an element heats the biomaterials to make them watery and pass

them from the nozzle. Then biomaterials will be dropped from the nozzle to the plate.

There are other kinds of inkjet bioprinters in which, instead of using thermal elements,

a piezoelectric head is utilized.

In the stereolithography method, controllable light is gained from the light-sensitive

polymers to make photo-polymerization precisely using a beam projector.

Laser-assistant bioprinting is another technique in which a laser beam pulses to the

biomaterial and deposits it on the substrate. This is a nozzle-free 3D printing technique,

as there is no need for the nozzle to guide biomaterials. They will be moved according to

the laser direction.

Most researchers have used the extrusion method in the literature because it has

advantages, including easy usage and the capability of printing various biomaterials,

making it more convenient. While the inkjet technique is unable to print continuous flow,

stereolithography and laser-based techniques may damage cells and biomaterials due to

using light and heat [23].

Derakhshanfar et al. (2018) [23] have divided the challenges of 3D bio-printing into

two general categories: i) the challenges of making bio-materials and ii) the challenges of

integrating these bio-materials in vivo conditions. The challenge of making bio-materials

relates to the printer’s technical issues such as technical defects that may occur while

printing, such as blockage of the machine nozzle or other factors such as temperature,

nozzle angle, geometric and mechanical properties of printed materials.

To integrate biomaterials in conditions in vivo, it is necessary that all the geometric

and mechanical properties of the materials be stable and without changing during and

after the transplanting. Geometric properties such as the three-dimensional structure

and shape of the desired tissue and mechanical properties such as elasticity and plas-

ticity, the viscosity of biomaterials, and cell support of scaffolds must remain stable

during integration and after transplantation to provide the desired results biological

performance.

From the beginning of the invention of bio-3D printing technology, tissues such as

bone cartilage and skin were the first tissues to use 3D bioprinting. Later, scientists are

looking to use this technology to produce tissue from other organs in the body, such as

the heart. This project addresses some of the challenges in creating heart tissue through

bio-3D printing technology.
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Most tissues produced by 3D bioprinting technology have simple geometric structures

consisting of one or two cell types that lack a vascular system. One of the main challenges

of 3D bioprinting is to create a circulatory and vascular system in the tissue and the use

of different types of cells with different biological functions within the tissue that can

have far more complex geometric structures.

Another challenge for 3D bioprinting technology is the type of bioink to be used.

In general, there are natural and synthetic bioinks: synthetic bioinks have the ability

to create better mechanical and geometric properties. In contrast, natural bioinks can

perform better in biological functions and cell nutrition. How to combine these two

bioinks to create a proper bioink to produce a good product is a significant challenge in

the 3D bioprinting area of research [74].

The type of cell used in printing is essential. Since the human body reacts differently

to the various materials entered or the organ transplanted to it, and its immune system

is susceptible, using cells that do not elicit immune responses is a major challenge in

using 3D bioprinters. To solve this problem, scientists have tried different cell types and

the most important of which is the use of induced pluripotent stem cells [125].

Another major challenge in tissue engineering with 3D bioprinters is tissue produc-

tion in “ex vivo” or outside of the body. Because the conditions inside and outside of the

body can be very different and the production and engineering of tissue outside the body

and transferring it into the body can lead to physical, biological and mechanical changes

in the produced tissue. Therefore, simulating a suitable and adaptive environment close

to the conditions inside the human body is very important to maintain the tissue’s

phenotype and biological and mechanical properties. One of the available solutions is to

create a three-dimensional environment based on an extracellular matrix to support cell

aggregation and create tissue in conditions that can keep the biological and mechanical

properties of tissues [22].

Another fundamental challenge of creating tissue with 3D bioprinters is vascular-

ization. Because the tissues produced in vitro require oxygen and food, and this oxygen

and food must be delivered to them by the vascular system, vascularization is vital in

tissue engineering by 3D printers. This need is critical in creating tissues with more

muscle and thickness as these tissues need more oxygen and food than other parts of the

body. On the other hand, the transplantation of these tissues created in vivo into in-vitro

conditions requires their delicate fabrication and their connection with the body’s neural

networks [74].

In the literature, two main techniques have been proposed for this problem. The first
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technique is to create tiny channels to improve the passage of nutrients and oxygen into

the tissue. These tiny channels will play the same role as vascular in the tissue ([48],

[44]). The second is the publishing of cells in the tissue to create the proper vascular to

nourish and oxygenate the tissue. This publication requires a specific pattern that must

be considered ([94]).

2.1.2 Stem cell modelling

Human pluripotent stem cells have significant advantages that can be used in regen-

erative medicine, drug design and producing human body tissues. Mathematical mod-

elling of stem cells can help us to understand their behaviour and develop non-invasive

treatments. Human pluripotent stem cells (hPSCs) can renew their selves by repeated

divisions. Usually, they derive from the early human embryo.

The application of mathematical modelling of stem cells can be categorised into

three parts. First, the models address cell kinematics, the second models address colony

growth, and the third models address cell pluripotency.

Cell kinematics refers to the movement of a cell concerning another and within the

colony. Colony growth refers to cell proliferation, and cell pluripotency refers to a cell’s

characteristic that helps it to convert to any type of human body specialised cells [134].

Our project mostly relies on cell kinematics, and the two other ones are out of our

scope. Cell kinematics also can deal with isolated cells (or pairs) and colony kinematics.

The simplest way of modelling isolated cells’ motion is a random walk [21], [17]. This

random walk can be biased by an external force that can move cells in a particular

direction. This type of random walk is called correlated random walk (CRW). When cells

move in one direction, these cells tend to keep going in the same direction. This tendency

would be presented in the correlation coefficient [38, 99].

Stem cells also can migrate as a larger group called a colony. In order to consist

of tissue, cells should move within the colony [70]. Some agent-based models were

developed to capture the movement of the cells in colonies [80]. However, there are

serious challenges that remain, especially in describing the 3D behaviour of the cells.

Some other types of agent-based models consider a continuous movement for cells in any

direction [2, 129].

Other models mainly address the morphology of the cells, including cells’ random

formation, elongation and retraction of pseudopodia that make cells move [40].

Some other researchers used image processing techniques and video tracking to

capture the cells’ motion [133]. There are some models for 3D simulation of the cells with
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open-source software such as Physi-cell [34].

Another aspect of kinematic cells addresses the cell colony’s shape. Cells colony refers

to a larger number of cells when they move with each other. Usually, agent-based models

are used to monitor the motion of the cells’ colony [80].

According to Wadkin et al. (2017) [133], the single stem cell movement has a random

walk pattern. However, stem cells have more systematic movement when there is more

than one. As the number of cells increases, they have more cross-talk so that a band of

them form the outer edge of the colony.

Potdat et al. (2010) [99] showed that epithelial cell migration paths on 2D plastic

substrates could be modelled as a bimodal correlated random walk model (BCRW) when

there are no chemo-attractant gradients. BCRW is a kind of correlated random walk

that has two types of search. A fast search without considering any targets and a slow

search to locate the target. Their research considered “flight" as the portion of cell path

and step length as the distance the cell travels over a remarkable period (here it is every

30 seconds). Then, they considered flights to follow an exponential distribution and more

step lengths are correlated through turn angles while moving step lengths within the

flight have an exponential distribution.

Using biomodal analysis, they segregated the cellular trajectories of individual mam-

malian cells into directional and re-orientation. So, every 30 seconds, a parameter shows

instantaneous direction change compared to a pre-calculated threshold to find whether

the cell is going in directional mode or changing direction (re-orientation).

Nguyen et al. (2019) [80] has addressed human-induced pluripotency stem cell

(hiPSC) homogeneity using a kinematic model. They used computational modelling

to understand the cause of a higher cell movement rate at the peripheral region of the

colony. In this paper, they analysed the cells’ movement in the colony using a discrete

stochastic model. Considering cell migration, division, and quiescence, they described

cell connection by using energy between the cells. Cell displacement was used to analyse

the movement rates of a cell inside a colony. They have performed a simulation to catch

the heterogeneity of cells’ velocity in colonies.

Ghaffarizadeh et al. (2018)[34] have developed a physics-based simulator for mul-

ticellular systems to study how cells move, grow, interact, divide and die based on 3D

simulation. This software tries to provide a virtual laboratory for simulating the tis-

sue microenvironment and dynamic behaviour of the interacting cells. In this paper,

an agent-based model has been used, and the agent cell has various properties such

as position, volume, motility, radius, cycling and death. They successfully tested the
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software for simulating tumour spheroids.

Adra et al. (2010) [2] have used agent-based modelling to describe and simulate the

biological cells’ behaviour. Their model explores the colony formation of normal human

keratinocytes (NHK). Their computational modelling consists of a multiscale model of the

human epidermis and a 3D dimensional simulation. In multiscale modelling, they have

considered sub-cellular, cellular and multicellular rules that affect cells’ proliferation,

differentiation and migration.

Codling et al. (2008) [17] have reviewed the mathematical application of the random

walk in a biology context. According to Codling et al. (2008) [17], the movement of

biological organisms can be completely random without any bias to a unique target or

direction or can be biased towards a particular direction‚Äîthe latter case is called biased

random walk (BRW). If there is a tendency or persistence to move forward in the same

path the walker had been in, then the random walk is correlated and called (CRW).

From an application point of view, random walk is usually applied to the movement

and dispersal of biological organisms or chemotaxis models of cell movement. In a

simple isotropic random walk, the probability that a walker will be at the particular

distance (mδ) from the origin after specific time steps (n) can be calculated by a binomial

distribution. For large n, this distribution leads to normal distribution based on the

central limit theory.

Advances in microscopy imaging have provided the opportunity for developing more

dedicated mathematical and statistical models on biological cells and mainly stem cells,

e.g. imaging of bone marrow ([1]) and live video cell microscopy ([118]). Hence, De et

al. (2019) [21] have provided a framework for quantitative models for cells’ spatial

distribution, motility, shape and proliferation.

This framework includes image segmentation as a first step in separating cells from

the other structures in the image. The second step is to study the cells’ distribution in

the image. For this purpose, cells are considered as point particles in the image and

described by their coordination. Therefore, it is possible to describe their density by the

intensity test cells’ homogeneity and quantify spatial correlation.

Cells’ motility also can be quantified by calculating cell displacement during the time.

So, the cells’ trajectory, velocity and other important factors can be studied in this context.

In order to model a cell’s shape, after segmenting the cell from the image’s background,

the area occupied by the cell can be approximated by well-known geometrical shapes

such as circle, ellipse and convex hull. This can be done by measuring the number of

pixels covered by the cell in the image.
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Some studies only concern individual cell behaviour, like specific properties. In this

point of view, a more delicate mathematical model is required to describe individual

behaviour. Since we focus on the specific cell in this attitude, these types of methods are

called "cell-based" or "agent-based" methods.

Generally, agent-based mathematical models are either continuous or discrete. Con-

tinued models mostly rely on a differential equation. However, discrete models mostly

rely on stochastic processes. De et al. (2019) [21] have explained two famous agent-based

methods called centre-based method and cellular Potts model. In the centre-based method,

cells are considered a circle in 2D or a sphere in 3D, and the models are developed based

on the centre of the cells in a continuous space. All related factors, such as forces and

displacement of the cells, are calculated based on the cells’ centres. In contrast, the

cellular Potts model considers a discrete space and tries to measure the cell’s shape’s

area regarding covered lattice sites. Because the scaffold allows to us to measure the

mechanical properties of the cells.

Alt et al. (2017) [3] have reviewed Vertex models that address tissue mechanics.

These types of models can explain tissue morphogenesis and cell deformation. The tissue

morphogenesis is affected by the mechanical properties of the cells. Behind the scenes is

physics that causes a change in forces and cell deformation. Therefore, vertex models

try to represent a geometrical tissue model by a set of vertices and lines between them

to simulate the deformation of the cells caused by mechanical actions. Alt et al. (2017)

[3] classified vertex models into four groups: i) 2D apical vertex models that describe

the apical cell surface as polygons with a straight interface between neighbouring cells.

ii) 3D apical vertex models that are the extensions of the 2D version. iii) A 2D lateral

vertex model describes the lateral part of an epithelium. In these models, cells would be

represented by four edges. Two edges represent apical, and the other two edges represent

lateral interfaces. iv) 3D lateral vertex models that are the extension of 2D lateral vertex

models.

In order to describe cells’ motion, the physical forces are calculated. Then, the dy-

namical and topological aspects of the cells can be modelled by adding a time scale and

minimal length of dividing to the cells, respectively.

Osborne et al. (2017) [87] compared five individual-based approaches for modelling

multicellular tissues. These five models are based on either on or off-lattice space. The

simplest model is cellular automata (CA), in which each cell can be placed in a single

lattice site. The second model class is cellular Potts (CP), in which each cell can be placed

on several lattice sites. So, it is more appropriate to model the mechanical aspect of the
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cells.

As it is clear from their approach, CA and CP are on-lattice. Some off-lattice models,

such as overlapping sphere (OS) and Voronoi tessellations (VT), also exist. In these

approaches, cells are considered a sphere (in OS) or polygon (in VT) and tracked by their

centres. Other off-lattice methods that Osborne et al. (2017) [87] have addressed are

Vertex models have already been explained.

On the other hand, in contrast to the classical modelling of stem cells based on

manual identification and manipulation of cells’ morphology, researchers have recently

tried to use data-driven models based on observed data to increase the efficiency of their

results. Thanks to advanced bio-imaging facilities such as modern microscopes that

provide valuable data from bio-processes, these data-driven models are more accessible.

The data-driven models are mostly based on statistical (machine) learning methods. We

will review the applications of this approach in a separate section.

2.1.3 Spheroid fusion

Increasing advancements in biomedical engineering and additive manufacturing led

to the biofabrication of human tissues from cells [31, 66, 148]. In the body, cells grow,

replicate and organize in complex tissues and organs to generate the human body [67,

106]. Recent research in biofabrication has enabled us to 3D bioprint cells in hydrogels

to replicate human morphogenesis, potentially using them as replacement body parts

for patients [27, 33, 68, 95, 96, 115, 132]. The capacity of 3D bioprinters to build tissues

by depositing cellular material in specific locations has provided invaluable assistance

in producing highly complex and diverse shapes and sizes, including the design of the

bioink used in this process [23, 36, 37, 74, 108].

A common approach to promote tissue morphogenesis using cells is based on their

ability to organize in spheroid cultures. Spheroids are aggregates of cells that can be used

to model tissues and organs. For example, our team has developed cardiac spheroids to

mimic the complex human heart microenvironment for in-vitro and in-vivo applications

[95, 97, 109]. Spheroids can be used as building blocks to create complex tissues when

3D bioprinted in tissue-tailored hydrogels due to their ability to fuse with each other

[14, 27, 28]. They are embedded in biomaterials known as hydrogels [50].

Kim et al. [50] found that the spatial arrangement of the spheroids within the hydro-

gels played a significant role in regulating spheroid fusion. Specifically, they observed

that spheroids closely arranged in a hexagonal pattern showed a higher degree of fu-

sion than those randomly distributed within the hydrogel. They attributed this to the
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increased contact area between the spheroids in the hexagonal pattern, which promoted

fusion. Hence, the hydrogel’s properties play a major role in spheroid fusion and can

determine the size and shape of the bioprinted construct. Hydrogels can be made from

different materials with different physical and chemical properties, affecting the final

shape [29, 56].

Central to our inquiry is the simulation of elastic-plastic fusion in 3D bioprinted

spheroids, a critical step in tissue engineering processes. By developing a sophisticated

simulation framework grounded in continuum mechanics and smoothed particle hydro-

dynamics (SPH), we aim to decipher the nuanced dynamics of spheroid fusion and glean

insights into optimizing tissue engineering strategies [13, 34, 35, 104, 134]. Through

rigorous experimentation and computational modelling, we seek to illuminate the un-

derlying biophysical mechanisms governing spheroid behaviour and fusion dynamics,

offering novel avenues for enhancing tissue engineering outcomes.

2.1.4 In-silico simulation

Over the last two decades, the games and entertainment industries have extensively

used physically-based simulation [77] to simulate rigid [6, 73] or deformable objects

[7, 20, 71, 77, 142] and also render realistic fluids [19, 61, 64, 72, 79, 107, 126, 126].

As we mentioned, most of these applications have been used in the game and en-

tertainment industries. Therefore, the idea of using physically-based simulation in

bioengineering is almost neglected. Some research is addressing in-silico modelling of

the spheroids in tumours [4, 5, 52, 93]. Nevertheless, they have focused on mathematical

models and numerical analysis of the important parameters. Obviously, numerical analy-

sis is not the best solution for those who are interested in shape analysis or the geometry

of the spheroids.

Therefore, the aim of this study is to bring the idea of physically-based simulation into

the spheroids fusion process in the bio-fabrication field. The advantage of our proposed

method, compared to other related research in the literature, is that it provides a generic

framework for not only numerical but also graphical simulation of spheroids’ fusion.

This will help scientists and biologists who are interested in studying geometry or the

shape of the spheroids during their fusion. As we mentioned in the introduction, the

geometry and the final shape of the spheroids play a crucial role in fabricating the heart

tissues. The final tissue must be in the desired shape and geometry as it is supposed to

be implanted in the patient’s body to replace the damaged tissues.
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2.2 Related work to surface developability

In this section, we start by previewing developability in manufacturing. Next, we sum-

marize recent advancements in the automated generation of developable meshes. Finally,

we provide an overview of patch decomposition.

2.2.1 Developability in Manufacturing

Developable surfaces have a long manufacturing tradition. Their applications range

from individual components [54], through garments [110, 136], to architecture [46,

62, 137]. One of the main benefits of developable surfaces is that they allow for fast

and cost-effective fabrication. Through the use of numerically controlled cutters or

prefabricated forms a developable surface can be quickly manufactured from a wide

range of materials [45, 51, 112, 127, 145].

Besides admitting a flat configuration, developable surfaces are also locally ruled

with constant normals along individual ruling lines [85]. This property can be leveraged

in other subtractive manufacturing techniques, such as flank milling or hot-wire cutting,

that rely on aligning the fabrication tool with the surface [39].

Once the individual flat pieces are manufactured, they need to be assembled to

form the final three-dimensional shape. There are two standard techniques: folding

and joining. Folding relies on plastic deformation of bulk material [49, 82, 124]. It is

a technique often used in origami [25, 65, 69, 117] and recently even to manufacture

functional three-dimensional objects [30]. As an assembly process, folding has two key

disadvantages. Since each element needs to be bent separately, there is only a limited

number of segments that can be practically assembled. Moreover, as the segment size

grows, folding becomes significantly more challenging. In contrast, joining two shapes,

even at the architectural scale, is a comparatively simpler process [32, 46, 137]. However,

for practical purposes, the patch size plays a critical role in joined assemblies. A larger

patch size is tempting as it reduces the overall number of joints. However, from a certain

size and scale, large patches become unwieldy. In our method, we take both of these

considerations into account. We optimize for a small number of patches to facilitate

the assembly. However, we also enforce that each patch bends only along its ruling

lines which facilitates fabrication. For more information about developability and its

applications towards manufacturing, we suggest the survey of [144].
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2.2.2 Developing Discrete Meshes

The study of developability is one of the traditional topics with many generative algo-

rithms proposed [11, 100–102, 128]. However, for fabrication, a more interesting direction

is the search for the closest developable approximation of an input discrete mesh. Meth-

ods in this category range from convex optimizations on constrained inputs [113], through

wrapping the object with developable sheets [41], segmenting the input into developable

regions [146], to genetic algorithms optimizing patch decompositions [147]. The main

drawback of these methods is that they do not consider the fabricability of the final patch

decomposition. More specifically, these methods only enforce flatenability of the gener-

ated patches. However, take as an example a crumpled piece of paper. While trivially

flatenable, it would be very challenging to exactly reproduce [121]. This observation led

to the development of methods that enhance the flatenability criterion with a constraint

on the ruling lines of the surface [10, 121]. Our method also belongs to this category and

aims to produce patches with non-intersecting, uniformly spaced ruling lines. The key

difference is that the prior works do not provide patch decompositions. Their output is

triangular meshes composed of developable regions. Generating a fabricable patch decom-

position is highly non-trivial [41]. In contrast, our method is built on generating patches

from the ground up. As a result, our outputs are ready to fabricate two-dimensional

blueprints.

The study of developability is one of the traditional topics in mathematics with many

generative algorithms proposed [11, 100–102, 128]. However, for fabrication, a more

interesting direction is the search for the closest developable approximation of an input

discrete mesh. [121] proposed one of the first automated methods. In their work, the

authors argue that to generate practical decompositions, the number of folds needs to be

minimized. This is achieved by optimizing the smoothness of ruling lines on the surface.

In our work, we adopt a similar approach. To generate a fabricable decomposition, we

seek patches with uniform ruling lines. The main difference is that [121] does not include

patch decomposition in the optimization, which then requires manual tuning to avoid

overlaps. In contrast, our method jointly optimizes the number of patches and their

ruling lines, generating intersection-free decompositions automatically.

Generating developable approximations for arbitrary input meshes is a challenging

task [47, 54]. To relax the problem [113] proposed constraining the inputs to height-fields.

This allows us to formulate the search for developable approximations as an efficient

convex program. Unfortunately, there is no direct path to extend the method for arbitrary

three-dimensional objects. In contrast, our method works on a full range of inputs from
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heightfields, through manifold meshes, to shells.

Another option to approximate a surface with developable patches is to iteratively

wrap it with non-stretching sheets [41]. To join the individual sheets, the initial mesh is

non-linearly deformed to conform to the wrapping material. Unfortunately, the process

can still leave uncovered vertices, leading to gaps in the final developable approximation.

In contrast, our method explicitly constrains the boundaries to guarantee a watertight

solution.

[10] propose another direction for generating developable approximations. Their key

observation is that a developable mesh has a thin Gaussian image. They propose a global-

local solution that iteratively thins the Gaussian images and provides fully automated

approximations. Our work also relies on a global-local step to ensure developability

and generate patch decomposition. The main difference is that [10] does not provide

the patch decomposition. In contrast, our algorithm generates a manufacturable patch

decomposition.

An alternative to decomposition is the option to segment the input mesh into devel-

opable regions [146]. The key to finding the decomposition is to start with a nearly devel-

opable approximation. The approximation is then further refined with developability-

inspired energy, which allows splitting the mesh into developable segments. The cost of

the complex optimization is an increased runtime of over one hour per model. In contrast,

our method produces developable patch decompositions in order of seconds.

[147] adapt a genetic algorithm to iteratively evolve an input mesh into its developable

version. This is achieved by redefining the mutations into mesh space to manipulate the

boundaries, splitting, and merging patches. Unfortunately, the generated patches are

not guaranteed to be free of self-intersections. While the patches could be further cut to

avoid these intersections the cuts might introduce undesired stretch, which lowers the

developability of the patches. In contrast, our method is guaranteed to produce patches

free of self-intersections.

2.2.3 Patch Decomposition

Flattening a three-dimensional model into a plane is a non-trivial task. Typically, the

flattening operation produces large distortions [143] and self-intersections [103] in the

2D domain. To reduce the distortion and eliminate the intersections, it is possible to

cut the input mesh into smaller pieces [57, 98, 116]. State-of-the-art techniques rely

on vector fields defined on the surface to align the cuts with mesh features [63, 83, 89–

91, 105, 130]. In this work we build on [90]. We adapt the method from quadrangles to

20



2.2. RELATED WORK TO SURFACE DEVELOPABILITY

arbitrary developable patches. For more details about patch decompositions, we refer the

reader to the survey of [15].
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3
METHODOLOGY

In this section, we aim to explain the details of the methodologies we have developed to

resolve the two cases we discussed in the introduction section. For the bio fabrication

case, we came up with the idea to develop two mechanical models that can describe the

fusion process of the spheroids and then numerically solve them using the SPH method.

For the digital fabrication case, we developed a geometry processing pipeline based

on ruling lines in the surfaces to make developable patches on a mesh. The detail of the

bio fabrication case methodology is explained in section 3.1, and our methodology for

making developable patches based on ruling lines is explained in section 3.2.

3.1 Physically-based simulation of fusion of cardiac
spheroids

To achieve our goals of simulating the cardiac spheroids fusion, we designed a method to

simulate the fusion of spheroids after printing physically. Spheroid fusion is a biologically

complex process involving many factors, some of which are not directly observable. First,

we must know the appropriate mathematical model to describe their physical behaviours.

As we specified in the introduction, we first implemented an elastic-plastic solid model

based on Muller et al. [72], and then we also developed an elastic-plastic fluid-based

model with different fluid parameters. In the following sections,

we will provide the mathematical description of the solid (Section 3.1.1 ) and fluid
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(Section 3.1.2) models and their implementation (chapter 4).

3.1.1 Solid-based model

In this section, we assume that the spheroids are elastic-plastic solid materials. To

describe their fusion process, we need to develop an elastic-plastic model that can

explain the elasticity and plasticity of the spheroids during the fusion process. To better

understand the dynamic behaviour of this system, we will use a continuum mechanics

model based on Muller et al. [72] in which an object’s elastic and plastic behaviour can

be simulated using the SPH method. The main idea of the model is to use a Green-Saint-

Venant strain tensor for each particle:

(3.1) ε=JTJ−I=∇u+∇uT +∇u∇uT

The equation 3.1 uses various matrices, such as u which represents a continuous

displacement vector field, I is the identity matrix, and J is the Jacobian matrix of the

deformed model. The term ε encompasses both elastic and plastic strain (ε = εe +εp).

To extract the plastic strain εp from the total strain ε, we need to separate it from

the elastic deformation strain εe. Initially, we assume plastic strain is zero, and the

algorithm proposed by O’Brien et al. [84] is employed to update the plastic strain value

(See Algorithm 2). Consequently, stress can be computed using Hooke’s law:

(3.2) σ=Cε

where C is a rank four tensor, approximating the constitutive law of the material.

After some mathematical manipulation, particle i’s elastic force is equal to:

(3.3) fie =−σ∇uiε

Green’s strain tensor in equation 3.1 will be zero for the volume inverting displace-

ment field. Therefore, there will be no restoring volume inversion force. For this reason,

a volume conservation force is needed to penalize deviations of the determinant of the

Jacobian from the positive side. Hence, the volume energy term will be:

(3.4) Uv = 1
2

kv(|J|−1)2
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where kv is the volume constant. Consequently, the volume conservation force is

equal to:

(3.5) fiv =−σ∇uiUv =−kv(|J|−1)σ∇ui |J|

Therefore, the total internal force applied to the ith particle is equal to the sum of

elastic and conservation forces:

(3.6) Fi = f ie + f iv

The moving least squares method has been used to solve differential displacement

equations to obtain the Jacobian matrix. In the next section, we will describe the details

of our developed elastic-plastic fluid model.

3.1.2 Fluid-based model

The Navier-Stokes equation generally describes fluid dynamics. Navier and Stokes

formulated this fluid mechanics equation, the basis for essentially all fluid mechanical

works today. This paper will use the incompressible Navier-Stokes equation that governs

fluids like water at normal velocities and temperatures. Other forms of these equations

are compressible, generally used for supersonic and hypersonic phenomena, which can

have shockwaves and discontinuities in the solution. However, such phenomena are

not allowed in incompressible equations. It is worth mentioning that all the everyday

intuitions we have about how fluids work correspond to the behaviour of incompressible

equations. Hence, the incompressible equations are the ones we consider for physically-

based simulation. The general form of the Navier-Stocks equation is as follows:

ρ[
∂v
∂t

+v.∇v]= ρg−∇p+µ∇2v+Felastic−plastic

ρ(∇·v)= 0
(3.7)

where ρ is density, p is pressure, g is gravity and v is velocity. Felastic−plastic is

computed the same as in the solid-based model. Also, v.∇v is convective acceleration.

We can use the simplified equation of state to calculate the pressure, denoted by p [60].

Thus we have:

25



CHAPTER 3. METHODOLOGY

(3.8) p = k(ρ−ρ0)

Where ρ0 is the resting density, pressure and density are scalar variables, while

gravity and velocity are vectors. k is the gas constant that depends on the temperature.

From the right-hand side of the equation 3.7, we can find that the fluid moves under

the force of gravity, pressure, and viscosity. We have convective acceleration from the

left-hand side of the motion equation. We know that the gradient is the higher-dimension

analog of slope in one dimension. Hence, the gradient of p is given by the partial

derivatives of p with respect to x, y and z. It is important to note that the equation of

motion is governed by a negative pressure gradient, indicating that the system moves

in a downward direction along the pressure gradient. This implies that the system

transitions from regions of higher pressure to regions of lower pressure according to its

natural equations of motion. The pressure, denoted as p, is defined as the difference

between the fluid density at a specific point and a reference value known as the “resting

density."

The operator ∇2 facilitates the diffusion of velocity, resulting in the dispersion of

momentum across the system. In essence, this process leads the system to a state of

uniform velocity throughout, driven by its inherent forces.

Also, there is a mass continuity equation in equation 3.7. In the case of the incom-

pressible equations, it says that mass will be neither created nor destroyed.

In this section, we provided the methodology of our proposed simulation framework

to simulate the cardiac spheroids fusion. The details of the implementation of our

approaches have been explained in the section 4.1. In the next section, we will explain

our methodology for making a developable mesh using patch decomposition and ruling

lines.

3.2 Developable mesh decompositions based on
ruling lines

In this section, we will explain our methodology for making developable mesh. We

seek to decompose the input target surface into a small set of patches that can be well

approximated by ruled surfaces. Patches are sections of surfaces delimited by a series of

nearly orthogonal corners and mostly straight sides, resembling curved polygons. While

they commonly connect along shared seams, their density across the surface varies,
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incorporating T-junctions. To govern the simplicity of the pattern layout, users have

the capability to fine-tune the complexity of the generated patches by adjusting the

maximum number of corners for each patch and enabling the use of T-junctions in the

final patch decomposition (see Figure 3.2). The system is governed by a user-defined

upper bound on the approximation error emax, which serves as a parameter to balance

between the simplicity of the design (in terms of the number of the ruled surfaces) and

the geometric adherence with the target shape. Figure 3.1 illustrates the effects of this

parameter. This feature is deemed crucial, as it ensures the adaptability of our method

across a wide range of applications, extending from the manufacturing of small objects

to architectural-scale projects.

Then, we produce a developable ruled surface for each patch; finally, each patch is

flattened isometrically into a 2D region, with ruled lines mapped over straight segments

traversing the region from side to side. The set of the 2D regions serves as a blueprint

that can be used to physically fabricate the input shape (possibly assisted by automatic

cutting and guided by printed or pre-folded ruling lines). sections of surfaces delimited

by nearly orthogonal corners and mostly straight sides, resembling curved polygons.

Variant: T-junctions

Our patch layout can be opted to feature occasional T-junctions, which generally reduces

the number of patches; otherwise, a strictly conforming layout can be requested. Figure

3.2 shows a comparison of this choice.

5% 3% 1.5%

Figure 3.1: Results obtained with different error thresholds emax (expressed as a fraction
of the bounding-box diagonal of the original mesh).

Variant: symmetry preservation

If the input surface exhibits a reflection symmetry, we can enforce its preservation by

splitting the surface along the symmetry plane, executing our method on one side, and
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mirroring the results. Figure 3.3 shows a comparison of this choice.

Figure 3.2: An example patch decomposition without (left) and with (right) T-junctions.

3.2.1 Objectives

For a solution to serve as a fabricable design, it must meet several strict requirements:

Bijective developability In order to be realizable by cutting and bending a flat sheet

of material, patches must admit a fully isometric and bijective mapping into a

2D region. Bijectivity implies that the 2D image of the patch must be free from

overlaps.

Straight Ruling lines The ruling lines of each patch must be perfectly straight (both

in 2D and 3D).

Water-tightness Neighboring patches must meet exactly at their boundary, without

gaps.

In addition, a good solution must strike a good trade-off between two conflicting objectives

(controlled by the parameter emax):

Design simplicity To ease fabricability, we want the number of patches to be limited

and the shapes to be simple.

Geometric fidelity The patch layout must approximate the target shape, within the

predefined error tolerance.
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Figure 3.3: An example of results with (left) and without (right) symmetry preservation.

About design simplicity

To maintain practicality in the cut-and-assembly process, seams should be as smooth as

possible. We favour a uniform distribution of seams over the 3D mesh surface to prevent

clustering or the presence of small patches where not explicitly needed for the sake of

geometric approximation. Additionally, we aim for patches with a limited number of

corners (typically between 5 and 7), and their angles should be approximately orthogonal.

As a rule of thumb, the complexity of the realization grows with the number and

length of the boundaries, which will require cutting (in 2D) and gluing (in 3D). Therefore,

we want to avoid unnecessary patches or small patches, whenever not necessary to

approximate the shape.

For the same reason, the boundaries of the patches should be preferably smooth and

short. In our decomposition, the 2D patches are polygon-like shapes delimited by a small

set of smooth curved lines. Additionally, ideal boundary lines are either approximately

aligned to the rules of the patch or approximately orthogonal to them. The boundary

lines tend to be smooth and to meet at approximately squared angles.

Finally, we need patches to have a disk-topology, that is, to feature a single bound-

ary; this disallows, for example, circular patches, or holed patches, which would hinder

or considerably complicate most construction processes.
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About geometric fidelity

The objective of geometric fidelity implies some degree of curvature alignment. By

their nature, ruled surfaces can freely curve only in the direction orthogonal to the ruled

lines. Therefore, it is beneficial for rules to be aligned to minimal curvature directions,

so as to be free to bend along the maximal curvature direction. To this end, we employ

a curvature-oriented cross-field to guide our construction process. Additionally, our

framework facilitates symmetric patch decomposition, enhancing the overall regularity

and soundness of the produced layout.

3.2.2 Overview

(a) (b) (c) (d)

Figure 3.4: Our processing pipeline unfolds as follows: (a) The input mesh, enriched with
a curvature-aligned cross-field (red colour indicates areas where the field guides the
smoothing process); (b) The result of the patch densification; (c) The outcome of the patch
simplification step; (d) Culminating in the final patch layout.

Building on the intuition of Verhoven et al.[131], our pipeline relies heavily on an

underlying curvature-oriented cross-field guide. Since patches can only bend orthogonally

to the prescribed ruling lines, aligning these lines with the direction of minimal curvature

is essential. As illustrated in Figure 3.4, our framework includes several steps:

Input preparation

In addition to input mesh clean-ups, we generate a guiding cross-field on the surface

[130], aligned with boundaries and with principal curvature directions where (red parts

in Figure 3.4.a).

If a symmetric decomposition is sought, we generate the patch layout conducted on

one side of the mesh using a symmetry plane. Then, we replicate this patch layout on the

opposite side and retrieve the optimized ruling lines and corresponding 3D embedding.
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Throughout this procedure, we introduce one (or more) additional patterns along the

symmetry plane. Ultimately, if feasible, we merge patches along the symmetry plane.

The effectiveness of cross fields in guiding high-quality parametrization, achieving

superior patch decomposition, and quadrilateral re-meshing has been demonstrated in

prior works [53, 58, 139].

Patch layout construction

We populate the mesh with a network of intersecting paths, which split the input surface

into patches. Paths are field-aligned lines either closed in a loop or terminating at

the mesh boundaries. In the first cycle, add paths over the mesh, one by one, until

the resulting patch layout is determined to be viable. A layout is deemed "viable" if it

satisfies all necessary conditions or criteria, such as connectivity and patch segmentation,

allowing it to be used as the final layout or as a foundation for further refinement. In

other words, the layout should have enough intersecting paths to form meaningful

patches on the mesh but not have unnecessary or redundant paths that do not contribute

to its effectiveness. At every step, we trace a new path striving to address one remaining

problem as detected in the current layout. As this procedure is greedy, a path can be

made redundant by subsequently added paths. So, in a second cycle, we test all paths

for removal, in inverse order of creation: the tested path is removed if the layout is

determined to still be viable without it. Figures 3.4.b and c show an example of the

layouts after either cycle.

Patch-layout evaluation

At the core of the above process, we must assess whether a given layout is viable. In

addition to topological checks, this is done by attempting to morph the mesh into a

spatial configuration that approximately meets all the geometric requirements described

in Section 3.2.1). If no such morphing is found that adheres to the maximally tolerated

displacement emax, then the configuration is determined not to be viable. Importantly,

the requirements need only to be approximated in this phase, allowing us to impose

them as soft constraints that can be easily optimized globally.

After each step, the viability of the resulting patch layout is evaluated by estimating

how easily the surface could be morphed into one satisfying all specifications (Section

4.2.2). The process is terminated when the layout is deemed to be sufficiently viable

until all design specifications are met by the resulting layout. This includes geometric
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accuracy, which is evaluated by optimizing the resulting patches and estimating how

well they can be approximated with a ruled surface.

To generate pattern pieces that meet the specified requirements, we establish a

network of paths across the mesh to delineate distinct panels on the surface. Following

the approach of [90], these paths are strategically oriented to align with the underlying

cross-field and may form closed loops or terminate at the mesh boundaries. To control

patch complexity, users can define the maximum allowable number of corners in a single

patch. The patch formation process is governed by a global optimization mechanism.

Given a layout, this global optimization first identifies the optimal ruling lines for each

patch and then determines the best resulting 3D embedding where the ruling lines

are straight. This is achieved by solving a linear system that balances the straightness

of the ruling lines, accuracy in the approximation, and overall smoothness. Paths are

incrementally introduced until the maximum distance between the resulting 3D surface

and the original mesh is within a specified threshold (see Figure 3.4.b). This approach

ensures the production of pattern pieces that meet design specifications and adhere to

the desired level of accuracy in replicating the input mesh.

Final discretization

Finally, we triangulate each patch into one stripe of long and thin flat triangles, with

ruling lines represented as edges. This final re-meshing meets most of the requirements

(such as rule straightness and water-tightness) in full and by construction, that is, in

virtue of its polygonal connectivity alone; notably, this also applies to developability as

well, as observed in Section 1. At the same time, because we already determined that

the 3D mesh can be morphed in a configuration close to fulfilling these requirements,

we know that this final remeshing introduces a geometric error that is, at most, very

close to the prescribed tolerance. The patches are then trivially flattened (without any

distortion), obtaining a final 2D layout ready to be cut, bent, and assembled.
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4
ALGORITHMIC DETAILS AND IMPLEMENTATION

In this section, the implementations of the developed models are provided. In section 4.1,

the implementation details of the spheroids fusion are described. Firstly, the concept of

the SPH method is explained, and then the designed algorithm of the simulation will be

reported, and at the end, the surface reconstruction method will be described.

In section 4.2, we will discuss the detailed implementation of our proposed algorithm

to make a developable mesh using the idea of ruling lines. This includes how we initial

the cross-field on the mesh and decompose the mesh into patches, then how we sample

and drive the ruling lines in the patches and how we apply the developability constraints

on ruling lines.

4.1 SPH implementation of the spheroids fusion
process

The details of the implementation of the models described in the previous section are

provided here. The basic idea of the SPH method is to discretize a continuous medium (in

our case, a spheroid) to a finite number of particles and distribute the different particle

attributes in its volume by using a kernel function (see Figure 4.1). We remark here that

particles are not meant to represent the cells that constitute the spheroid, as they merely

provide a discrete version of the spheroid seen as a continuum. Thus, their number is

by no means proportional to the number of cells in a spheroid; it rather controls the
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trade-off between the computational complexity and the accuracy of the simulation. For

our simulations, we considered about 100 particles for each spheroid.

As mentioned in the methodology section, in the SPH method, the displacement of

each particle is computed regarding its neighbouring particles. If we want to have only

elastic objects, we need to compute each particle’s neighbours only at the beginning of the

simulation. However, in the case of plastic deformation, we need to update neighbours

in each simulation iteration as the reference shape will differ in each time step. In

the solid model, a volume conservation force does not allow spheroids to change their

volume significantly. Therefore, we do not need to update each particle’s neighbours as

the reference shape is always the same.

For modelling the attraction force between spheroids, we utilized the Lennard-Jones

potential force [42]. The Lennard-Jones potential is commonly employed to approximate

the Van der Waals force between neutral atoms or molecules [9]. The following equation

expresses the Lennard-Jones potential:

(4.1) V (r)= 4ϵ[(
σ

r
)12 − (

σ

r
)6]

Where V (r) represents the potential energy between two particles at a distance r,

ϵ denotes the depth of the potential well determining the strength of the interaction

between particles, and σ is the distance at which the potential reaches its minimum

value. Our observations indicate that spheroids only approach each other if sufficiently

close (please refer to Section 6). We can achieve such behaviour with the Lennard-Jones

potential by tuning the parameters σ and ϵ. The potential becomes zero beyond a certain

distance and increases as the distance between spheroids decreases. To convert this

potential energy into an attraction force, we need to compute the derivative of the

potential energy with respect to the particles’ distance r.

Additionally, as explained in Section 1, we establish connections between particles

belonging to different spheroids when they get in contact. We used this approach to

model surface adhesion force.

For implementing the SPH solid and fluid models, we have used a polynomial kernel

to distribute mass around each particle:

(4.2) W pol y(r,h)= 315
64πh9

(h2 − r2)3 i f 0≤ r ≤ h

0 otherwise
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Figure 4.1: A: Solid spheroids simulated. B: Discretized spheroids using a finite number
of particles (SPH uses neighbour particles - here the green spheres - to compute a
physical quantity of the centre particle - here the red particle. C: Kernel distribution (the
shape distribution) over a particle’s neighbours using the SPH method. The full video is
available here.

where r is the distance to the particle, and h is the kernel’s support. There are a

couple of properties that the smoothing kernel has to obey. First, the influence of particles

at a distance of H from the selected particle must drop away to zero as H increases. This

means that particles that are far away do not interact with selected particles. The second

is that W has to sum to 1 over a sphere of radius H.

Therefore, the density at particle i can be obtained as:

(4.3) ρ i =
∑

j
m jwi j,

where wi j =W(
∣∣x j − xi

∣∣ ,hi) and the volume of the particle i is given by vi = mi/ρ i. We

have used a moving least squares approximation of the displacement field to solve the

differential equations related to deformation. Therefore, we can make an elastic-plastic

system that is able to keep its shape by adding some internal force to each particle in

case we have external compressive and tensile forces.

Hence, in each frame of the simulation, we need to solve a set of differential equations

and update the internal force of each particle. We set the simulation time step and

velocity damping to 0.01. The pseudo-code of the simulation loop is shown in algorithm 1.

In some simulations, we assumed elastic collisions between particles. In an SPH

simulation, an elastic collision between two particles occurs when they collide and bounce

off each other without any loss of kinetic energy [64]. In this case, particles are considered

to have collided when the distance between them is less than the radius of one of the

particles. Suppose particles i and j have collided. To update their velocities, we can use

the following formula:
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vi = vi −
2m j

mi +m j

< vi −v j, xi − x j >
∥xi − x j∥2

v j = v j − 2mi

mi +m j

< v j −vi, x j − xi >
∥x j − xi∥2

(4.4)

where vi and v j are the velocities of particles i and j, respectively, and mi and m j

are the masses of particles i and j, respectively. <,> denotes the inner product operator

[114].

Algorithm 1 Simulation loop of solid-based model
1: for all particle i do
2: Internal f orce ← 0
3: Acceleration ← 0
4: Displacement ← New position − Rest position
5: end for
6: for all particle i do
7: Compute ∇u
8: end for
9: for all particle i do

10: Compute strain → ε (Eq.3.1)
11: Compute stress → σ (Eq.3.2)
12: Compute internal f orce → Finternal (Eq.3.6)
13: end for
14: for particle i do
15: for particle j do
16: Compute elastic coll ision (Eq.4.4)
17: update particle i velocity
18: update particle j velocity
19: end for
20: end for
21: for all particle i do
22: U pdate acceleration
23: U pdate velocity
24: U pdate position
25: end for

The simulation frame in the fluid-based model is similar to the solid-based model.

However, we do not have a volume conservation force as we have plastic deformation,

and hence can not guarantee that spheroids will keep their volume during the merging

process. Instead, we have added pressure and viscosity as new forces in the model. Also,

we need to update each particle’s neighbourhood in each simulation iteration as we may
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have plastic deformation and, consequently, a change in the reference shape. One of the

simulation’s major computational components is updating each particle’s neighbours in

each iteration. For determining each particle’s search radius, H, we first obtained the 15

nearest neighbours for each particle. Then we set the neighbour’s search radius as the

maximum distance of each particle to its initial neighbours. Then, we keep this radius

for the rest of the simulation and find each particle’s neighbours based on the KDTree

data structure.

In the fluid-based model, we aim to represent the dynamics of the spheroids by a

set of particles. We will do that by taking the material derivative of the equation of

motion. The material derivative is the derivative along a path with a given velocity.

Hence, particles will be travelling along this path in space. The equation that we actually

will solve for each particle i is:

(4.5)
dvi

dt
= g− 1

ρ i
∇p+ µ

ρ i
∇2v

where µ is the viscosity, ρ is density and ∇p is the pressure gradient. In particular,

we have simplified the incompressible Navier-Stokes equation by taking the material

derivative so that we have a simple equation for the motion of one particle.

According to the Navier-Stokes equation, the density term of each particle can be

approximated by its neighbours’ masses using the SPH kernel function (see Eq. 4.3). For

the fluid-based model, we have used a polynomial kernel (Eq. 4.2) for approximating

density, just like the solid-based model. The above equation says that ρ, the density, is

approximately equal to the sum of the masses of nearby points weighted by the smooth

kernel W . Also, we approximate the pressure gradient as follows:

(4.6)
∇pi

ρ i
≈∑

j
m j(

pi

ρ2
i
+ p j

ρ2
j
)∇W(r i − r j,h)

Here, W is, in fact, a vector expression, and because a gradient is an effector, as a

result, this whole approximation has an effective value, which is what we would expect

for the gradient of p. W is the Spiky kernel function, and it is defined as:

(4.7) W spiky(r,h)= 15
πh6

(h− r)3 i f 0≤ r ≤ h

0 otherwise
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where r is the distance to the particle, and h is the kernel’s support. The reason

for using this kernel instead of the polynomial kernel provided in Eq. (4.2) is that the

spiky kernel generates repulsion forces near the centre of the kernel and avoids particles

clustering around the centre of the kernel.

Finally, the last term that should be approximated is viscosity which can be computed

as:

(4.8)
µ

ρ i
∇2vi ≈ µ

ρ i

∑
j

m j(
v j −vi

ρ j
)∇2W(r i − r j,h)

where µ is a scalar coefficient that defines the viscosity of the fluid. If µ has a small

value, it is a relatively non-viscous fluid like water; if µ has a large value, it can be a

relatively viscous fluid. vi is the velocity of particle i and ρ i is density of particle i. Also,

for the viscosity force, we need to use a kernel whose Laplacian is positive everywhere.

Thus we define W in Eq. 4.8 as:

(4.9) Wviscosity(r,h)= 15
2πh3

− r3

2h3 + r2

h2 + h
2r −1 i f 0≤ r ≤ h

0 otherwise

Note that there is a vector subtraction in the Eq. 4.8; if two particles have the same

velocity, the viscosity force will be zero. It means that there will be no viscous interaction

between them. On the other hand, if the vectors are slightly different, they will have a

small viscous interaction. They will have a relatively large viscous interaction if they

differ significantly. Hence, we can see how this term encourages the particles to travel

together or move in the same direction over time. In fact, particles near each other and

travelling in the same direction will not influence each other. However, particles that

are near each other and travelling at different velocities will influence each other and

try to pull each other together into a common velocity. The simulation framework of the

fluid-based model is explained in algorithm 2:

In the next section, we will show samples of our simulation results with their corre-

sponding parameters and compare them with actual experiments to see how much our

models can describe the spheroids’ mechanical behaviour during the merging process.

4.1.1 Surface reconstruction

The physical simulation updates the position of the particles at every loop. We use the

list of particle positions for each frame to produce a temporal sequence of 3D triangle
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Algorithm 2 Simulation loop of fluid-based model
1: for all particle i do
2: Pressure f orce ← 0
3: V iscosity f orce ← 0
4: Elastic− plastic f orce ← 0
5: Acceleration ← 0
6: Displacement ← New position − Rest position
7: end for
8: for all particle i do
9: Update neighbourhoods

10: end for
11: for all particle i do
12: U pdate density → ρ

13: U pdate pressure → p
14: U pdate volume → v
15: end for
16: for all particle i do
17: Compute pressure f orce → fpress
18: Compute viscosity f orce → fviscos
19: end for
20: for all particle i do
21: Compute ∇u
22: end for
23: for all particle i do
24: Compute strain → ε= εp +εe

25: ε′ = εe − Tr(εe)
3 I

26: Compute stress σ

27: if γ1 ≤ ∥ε′∥ then
28: ∆εp = ∥ε′∥−γ1

∥ε′∥ ε′

29: εp = (εp +∆εp) min(1, γ2
∥εp+∆εp ∥)

30: end if
31: Compute elastic− plastic f orce → fep
32: end for
33: for all particle i do
34: FTotal = fpress + fviscos + fep
35: U pdate acceleration
36: U pdate velocity
37: U pdate position
38: end for

meshes representing the spheroid fusion process. The surface reconstruction program is

written in C++ and based on the OpenVDB library [75] for sparse volumetric processing.
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The created meshes can then be exported as OBJ files or visualized with the interactive

viewer included in our program.
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Figure 4.2: Diagram of the surface reconstruction algorithm.

We operate on implicit surfaces in the form of narrow-band level sets, in order to

avoid dealing with topological changes of the surface, such as merging events. We use the

implementation of narrow-band level sets provided by OpenVDB. Initially, the first frame

of the simulation sequence is used to generate an implicit representation of the spheroids.

In order to do so, we first determine the spheroid to which each particle belongs, with a

simple clustering step. Then, assuming that the spheroids are perfect spheres in their

initial state, we create the starting implicit surface. Finally, we create the initial mesh

with OpenVDB’s isosurface extraction utility, which is conceptually similar to the dual

marching cubes algorithm [81].

For every frame, except the last, we determine the velocity of each particle by the

difference with the next frame in the sequence (Figure 4.2). We treat this information as
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a sparse sampling of a globally-defined velocity field, which we reconstruct with kernel

interpolation. The global velocity field is then used to deform and displace the implicit

surface via level set advection to produce the next implicit surface. By construction, the

advected surface follows the motion of the particle system. We make use of OpenVDB’s

advection solver for this purpose. The generated implicit surface serves as the starting

point for the next advection step, and it is also used to produce the corresponding frame’s

mesh, again via isosurface extraction.

The reconstruction process has several parameters that can be tuned to manage the

trade-off between surface quality and execution times. These include grid coarseness for

the implicit surfaces, the width of the narrow band, and meshing adaptivity.

4.2 Developable patch decompostion

This section will address the implementation of our design algorithm for decomposing

a mesh into a finite number of developable patches. As described in the methodology

section, the implementation process includes cross-field computation, decomposing the

mesh into a few patches based on cross-field, sampling and deriving ruling lines and

applying developability constraints with regards to the ruling lines to make each patch

developable. The above-mentioned steps will be conducted in an iterative process to

converge to a developable mesh consisting of as little as a number of patches while it

tries to satisfy aesthetical constraints.

4.2.1 Input preparation

We assume the input mesh to be a manifold with well-shaped triangles; if these conditions

are not met, we uniformly re-mesh the input using standard tools (we use the Open

Source suite [16]). In the additional materials, we include all the used input meshes.

Our initial step involves the construction of a 4-rotational-symmetric (4-RoSy)

tangent-vector field [130] on the input surface. This cross-field plays a pivotal role

in our framework, steering the entire tracing process; the cuts conform to the directions

dictated by this cross-field. Aligning seams with the principal curvature directions intu-

itively emerges as an effective strategy to enhance the developability of the resulting

patches, a concept supported by numerous quadrangulation methods showcasing a robust

correlation between developability and curvature alignment.
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To initialize the field, we extract curvature directions at a lower scale using the

method introduced by Panozzo and colleagues [88]. We leverage the anisotropy of curva-

ture directions (i.e., the ratio between the norms of the two principal curvature directions)

to identify regions where these curvatures play a crucial role [12].

Subsequently, we employ a globally smooth method proposed in [24], introducing soft

constraints to align the field with the principal curvature directions. We modulate each

soft constraint value by using the ratio between the norm of the two principal curvature

directions, ensuring adherence to the main curvature directions in relevant regions while

maintaining smoothness elsewhere. In addition to these soft constraints, we enforce

alignment with the boundaries, ensuring that the traced paths intersect the boundary

orthogonality. The result of the initialization and smoothing of the guiding cross field is

shown in Figure 4.3.

Cross-Field Computation

To construct the cross-field (a smooth 4-rotational-symmetric tangent vector field) re-

quired by our method, first, we extract the two principal curvature directions, at a low

scale, using the method by Panozzo and colleagues [88] (Figure4.3, left); then (Figure4.3,

right), we employ the method proposed in [24] to produce a globally smooth cross-field,

enforcing alignment to the principal curvature directions with soft constraints. We mod-

ulate the constraints with the anisotropy factor, i.e. the ratio between the norms of the

two principal curvature directions. This results in an adherence to curvature directions

only in anisotropic regions, while maintaining smoothness elsewhere. An additional set

of hard constraints enforces alignment with the mesh boundaries (if any).

4.2.2 Patch-layout evaluation

To steer the patch layout construction, we need to estimate if the given patch layout

is viable: to be viable, a patch layout must satisfy topological and geometric conditions.

This assessment must be efficient, because it is repeated after each path insertion or

attempted removal.

Topological conditions

Given a set of intersecting paths, each path is split into arches by intersection with other

paths. The arches divide the mesh into patches; each patch is delimited by a number of

arches, touching the corners of the patch.
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Figure 4.3: The initial curvature field with singularities (left) and the final result after
smoothing. The red areas indicate anisotropic regions, where curvature directions are
more significant and thus better preserved in the smoothing process.

We check that each patch is topologically equivalent to a disk; then, we check that

no patch exceeds n distinct arches on its boundary, because that would contradict the

objective of simplicity. Guided by empirical evaluation, we used n = 6. If either condition

is not met, the layout is deemed not to be viable.

Geometric condition

To be viable, a patch layout must also admit a sufficiently good approximation as a

set of valid ruled surfaces. To estimate this, we attempt to globally morph the surface

in a way that (approximately) deforms each patch into a valid ruled surface. This

is cast as a global optimization problem, minimizing the energy that penalizes the

introduced displacements and promotes the geometric characteristics of ruled surfaces.

The minimizer of this energy is then tested: if any introduced displacement exceeds emax,

it is an indication that the set of patches cannot be forced into a set of ruled surfaces

within the prescribed tolerance, and the layout is deemed non-viable.
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(a) (b) (c)

Figure 4.4: Sampling ruling lines: (a) In the case of a patch with an even number of sides,
we create sets of sweeping segments between pairs of non-adjacent sides; (b) For a patch
with an odd number of sides, we additionally sweep segments between a side and the
opposite vertex; (c) In the scenario where a patch has only two sides, we generate a set of
samples parallel and orthogonal to the two corners;

To define this morphing, we first need to determine the ideal orientations for the

rules in each patch, as follows.

4.2.3 Derivation of Ruling lines

The task of determining an optimal set of ruling lines has been tackled in prior work.

The method proposed in Dev2PQ [131] involves extracting straight lines from a level

set function defined by a curvature-aligned line field. While this approach is elegant

and optimal, its applicability is significantly influenced by the distribution of field

singularities. Our optimization strategy necessitates frequent modifications to the patch

layout since the insertion or removal of paths entails the recomputation of ruling lines,

and we cannot assure a consistent singularity distribution at every step of this process.

Consequently, we have chosen a different approach, prioritizing robustness and efficiency

over optimality.

4.2.3.1 Sampling ruling lines

Our devised ruling line sampling procedure capitalizes on the inherent alignment of our

decomposition boundaries with the directions of the cross-field. We introduce a novel,

efficient, and robust combinatorial method to sample ruling lines. Suppose we have a
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2D mapping of a patch (we used least-squares conformal mapping [55]). For each pair

of non-adjacent sides, we consider the two 2D segments that are created by connecting

the corners of those sides in 2D, and we generate an internal sequence of segments that

sweeps between those two, with the purpose of sample uniformly the 2D space and follow

the directions of the boundaries. When segments are outside the interval limited by

the sides, we simply replicate them in parallel (see Figure 4.5.a shows the effect of the

sampling procedure). We test every possible pair of non-adjacent edges and generate a

candidate set of ruling lines. Then, we rank the optimality of each set by considering the

straightness of its segments when mapped back to the 3D space (we simply verify this

condition by sampling regular points in 2D and reporting to 3D to esteem the length of

the corresponding curve). When a patch has an odd number of corners, we also test the

edge with the opposite vertex (see Figure 4.5.b). When a patch has just two corners, we

generate a set of segments parallel to the side and in an orthogonal direction (see 4.5.c).

If a patch has no sides, we subdivide a 180-degree angle interval regularly to select the

best one.

4.2.3.2 Choosing the Ruling lines

The task of determining an optimal set of ruling lines over a given patch has been

tackled in prior work. The method proposed in Dev2PQ [131] involves extracting straight

lines from a level-set function defined by a curvature-aligned line field. This approach

is elegant and optimal, but its applicability depends strongly on the presence and

distribution of field singularities. In addition, this solution is not efficient enough for our

purposes. Instead, we have devised a different approach, that prioritizes robustness and

efficiency.

We parameterize the patch in 2D, using As-Rigid-As-Possible parametrization [59],

which is efficient and finds the most isometric mapping. If this mapping (which is unique

up to 2D rotation and translations) presents self-overlaps, the patch layout is deemed

not viable, as it infringes the condition of bijectivity (self-overlaps are detected by looking

for self-intersections of the patch boundary).

Otherwise, we consider a number of candidate sets of ruling lines, each defined by a

family of straight lines in parametric space. The parametrization maps each corner of

the patch into a 2D position. We consider the 2D polygon defined by these n positions:

for each pair of opposite sides, we generate a sequence of 2D segments sweeping the

space between those two sides at regular intervals (see Figure 4.5.b). If the number of

corners is odd, we also generate a sweeping between each edge and its opposite corner

45



CHAPTER 4. ALGORITHMIC DETAILS AND IMPLEMENTATION

(see Figure 4.5.b). When the polygon has only two corners, we generate two candidate

sets: one in the direction connecting the two corners and the other in the orthogonal

direction (see 4.5.c). Each line is intersected with a 2D image of the patch, giving a 2D

segment traversing the patch side to side.

We pick the candidate family of lines that best preserves the straightness of all lines

when mapped back to 3D space. We measure this by splitting each 2D line regularly into

a number of small sub-segments and averaging the norms of the cross products between

consecutive seg-segments.

(a) (b) (c)

Figure 4.5: Examples of candidates for ruling lines considered for (a) a four-sided patch,
(b) a three-sided patch, and (c) a two-sided patch. The patches are shown in 2D parametric
space.

4.2.3.3 Embedding Selected Ruling Lines

After carefully selecting ruling lines, we seamlessly incorporate them into the triangula-

tion process by subdividing triangles within the 2D spaces defined by the chosen set of

segments. This approach enables the imposition of constraints to ensure the straightness

of the ruling lines while optimizing the embedding of the patch layout in 3D. Refer to

Figure 4.7 for a visual representation of the results achieved through this procedure.
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(a) (b) (c) (d) (e)

Figure 4.6: A summary of meshing used during the entire process. Edges representing
ruling lines are in blue, and thick black lines are edges forming the patch boundary: (a)
Original meshing, after path smoothing (Section 4.2.4); temporarily re-meshed surface
before (b), and after (c), the Morphing into approximate ruled surfaces (Section 4.2.3.4);
(d) final remeshing of the patches (Section 4.2.5); (e) the final 2D layout of one patch.

4.2.3.4 Morphing into approximate ruled surfaces

Next, we want to find a morphing of the surface into a set of ruled surfaces that satisfies

the necessary conditions. Strict adherence to these conditions is not necessary, as this is

done solely for the purpose of evaluating the potential layout.

As a preliminary, we temporarily re-mesh the input surface, so that rules are now

represented as collections of mesh edges (without affecting the shape of the surface).

This is done by leveraging the parametrization found in the previous phase. Each edge

intersecting a ruling line in 2D is split, inserting a new vertex at the intersection point;

vertices at the boundary of all patches are all duplicated so that each patch becomes a

disconnected component of the mesh. Figure 4.6-b shows an example of this remeshing.

In the following, we group the vertices into three sets: vertices on the ruling lines

RL, vertices on the border of a patch B, and internal vertices that do not belong to any

ruling line I.

We define an energy E tot, as a squared function of the positions of the vertices,

designed to penalize a number of undesirable configurations; E tot is the sum of a number

of terms, as follows.

Approximation faithfulness term A term Eapprox measures the introduced defor-

mation (thus the approximation errors), penalizing the distance of each vertex vi from

its original position vt:

(4.10) Eapprox =
∑

vi∈RL
||vi −vt||22.
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Figure 4.7: The effect of the straightness of the ruling lines on a 3D patch. This constraint
forces each patch to be ruled in a plane
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Rule straightness term To encourage straightness of ruling lines, we add a term

that dictates that, for every triplet of consecutive vertices on a ruling line vi,v j,vk in RL,

the position of the middle one v j must be a linear interpolation of the other two. The

interpolation weight α is a constant determined by the parametric positions in 2D of the

three vertices:

(4.11) Estraight =
∑

consecutive vi, j,k∈RL
||αvi + (1−α)vk −v j||22.

Local planarity term The remaining vertices should lie in the plane defined by their

neighbours. An additional energy term E laplace strives to position each vertex vi in B or

I in the weighted average of its 1-ring neighbour N(vi), defined by the cotangent weights

[92] as computed in the 2D layout.

(4.12) E laplace =
∑

vi∈B
||vi −N(vi)||22.

C0 continuity term In order to preserve C0 continuity across patches, it is necessary

that each boundary vertex vi in B is in the same position as its matching vertex v′i on

the boundary of a neighbouring patch. This not being the case is penalized by the energy

term:

(4.13) Eseams =
∑

vi∈B∪I
||vi −v′i||22.

Figure 4.8: The effect of the energy term Esmooth on the boundary shapes (left: without;
right: with).
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Boundaries smoothness term To encourage smoothness of the patch boundaries, we

add additional energy terms, Esmooth, as the bi-Laplacian smoothing term computed on

sequences of boundary vertices. Without this term, the patch boundary can morph into

unnecessarily wiggly lines, as shown in Figure 4.8.

Figure 4.9: Patches can bend abruptly over ruling lines are orthogonal, even when the
target surface is flat (left). This undesired occurrence is prevented by introducing the
energy term E f lat (right).

Bending avoidance term Another potential problem is that a patch can bend

abruptly, folding along a ruling line. This configuration does not infringe the defini-

tion of ruled surfaces, nor its developability, but can still be undesirable for a number

of reasons (including ease of construction or aesthetics), when the sudden bent is not

found in the target surface. Figure 4.9, left, shows one example. To address this, we add

an energy term, E f lat, that promotes the flatness of the patch for such reason. E f lat is

defined in the same way as equation (4.11), but acts on triplets of vertices vi, j,k on three

different consecutive rules. This term should not trigger in areas where the original

surface actually bends abruptly. Therefore, we weigh the contribution for each triplet

according to the local isotropy factor, the middle vertex v j, defined as one minus the ratio

of the magnitudes of the associated minimal and maximal curvature directions.

The total energy is the sum of all the above terms, each weighted by constant factors

reflecting their relative importance:
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E tot = Eapprox +E laplace +105 Estraight

+100 Eseams +Esmooth +2 E f lat.
(4.14)

The weights are chosen based on experience to get the best results. It is obvious that

a higher weight on each term will force the program to comply with those constraints

more than others. Figure 4.6-c shows an example of the resulting morphing.

4.2.4 Patch Layout creation

Our patch creation strategy requires tracing a sequence of paths oriented with the

cross-field.

Figure 4.10: We frame the problem of tracing field-aligned paths as the minimal path over
a graph with four nodes for each vertex, one for each tangent direction of the cross-field
(left). The graph arches are defined by connecting nearby nodes with matching cross-field
directions (right).

Tracing Field-Oriented paths To trace paths aligned with the field, we adopt the

efficient graph-based methodology adopted in Nuvoli et al. [83] and Pietroni et al. [90],

which we summarize for completeness. A graph is constructed with four nodes for each

vertex, each aligned to one cross-field direction. Then, the problem of path tracing as a

shortest-path search, where a designated source node is connected to one of potential

destination nodes within the graph. We trace two types of paths: those connecting border-

to-border and those forming loops. When tracing a loop from a specific vertex, an internal

node is selected as the source, with the objective of returning to the same node. For

border-to-border paths, a source node is chosen on a boundary vertex whose direction

enters the mesh, and the destination nodes encompass all border nodes whose direction

exits the mesh.
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Figure 4.11: Traced path as identified as minimal paths over the mesh graph (left), and
after the smoothing phase.

Path smoothing Given that paths consist of sequences of edges of the triangle mesh,

they often exhibit a zig-zagging shape, contrary to our objective of layout simplicity. To

counter this, we employ extrinsic smoothing to all the vertices on the path, followed by

their re-projection onto the original surface (see Figure 4.11).

Figure 4.12: A few steps of path insertion with developable 3D embedding and relative
approximation error.

Path insertion strategy We begin by sampling a set of candidate paths that trace

loops or extend from border to border. For efficiency, we uniformly subsample the source

nodes both on the border and within the mesh interior. After [63], we insert paths using a

greedy approach that prioritizes paths furthest from those previously inserted. Distances

for each node are computed using the M4 stratification of the graph and are subsequently

averaged for each path.

For each insertion step, we update the entire patch layout to evaluate its viability.

Then, we mark each patch failing to meet the topology (as outlined in section 7.3.1) or
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geometry criteria. A candidate path is considered for insertion only if it splits a patch

that does not match the specified goals and does not intersect tangentially with any

previously inserted path. Notice that, in line with the approach presented in [63, 91],

determining the tangential intersection between two candidate paths is straightforward:

it involves a simple check to verify whether two paths pass through the same vertex in

non-orthogonal directions.

An example of the step taken by this sampling procedure is depicted in Figure 4.12.

Path removal strategy As mentioned, paths are tested for removal in inverse order of

creation, until only paths deemed necessary for the viability of the patch layout remain.

Figure 4.13 shows an example. As a variant, we can test the removal of individual arches

rather than entire paths. This results in a patch layout with T-junctions (see Figure 3.2).

4.2.5 Final Remeshing

Finally, the last produced morphed mesh is remeshed to obtain the final discretized

ruled surfaces (which are developable by construction). The final meshing is obtained by

sampling over each arch at the boundary between (up to) two patches, all the intersections

with every ruled line on either side. Intersection points on opposite sides of a patch are

connected, creating mesh edges that correspond to the selected ruling lines. Additional

edges are inserted to triangulate the entire mesh, prioritizing edges with a direction

similar to the ruling lines. See Figures 4.14, 4.6-d,e for examples of this remeshing, and

of the corresponding isometric flattening.

Final patch-shape optimization Over highly non-developable parts of the mesh,

the orientation of the ruling lines determined by our parametrization-based approach

(Figure 4.15, a) will inevitably undergo high distortion during the morphing (Figure 4.15,

b). While this does not compromise the ability of the morphing to reliably assess the

viability of a patch layout, the shape of patch boundaries can be adversely affected. As

a simple way to counter this, we apply an extra optimization, only in the last iteration,

consisting of repeating the entire morphing procedure a second time, including the

determination of the ruling lines, this time targeting the already morphed mesh. (as

shown in Figure 4.15.c).
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Figure 4.14: The morphed original mesh (left) and the final discretization (right).

(a) (b) (c)

Figure 4.15: Final shape optimization: before the morphing, ruling lines traced over
a highly non-developable surface (a) can adversely affect the regularity of the patch
boundary after the morphing (b); this is countered by final patch-shape optimization (c).
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5
RESULTS

Since our applications are in bio and digital fabrication, we will present their results

separately in section 5.1 and section 5.2, respectively. In section 5.1, firstly, we will show

the results of the SPH simulation without extracting the surface of the spheroids and

then the results of the fusion after extracting the surface. These results are obtained from

a simulation of two and three spheroids during their fusion. For the digital fabrication

part, in section 5.2, we will present the results of our algorithm for a wide range of input

meshes, including geometrical, architectural and manufactures.

5.1 In-silico simulation of cardiac spheroids fusion
results

We provide the results of our simulations with different parameters. All code is imple-

mented in Python and C++ programming languages. For computation, we have used

a notebook with AMD Ryzen PRO 4750U and Radeon Graphics 1.70 GHz. OpenGL

platform and OpenVDB [76] have been utilized for visualization and surface extraction.

Also, the results were rendered with the Blender software.

We defined a range of changes for each parameter to see the effect of that parameter

on the simulation result. For this purpose, we have summarized the range of each

parameter we have used in our simulation in Table 5.1.

In our experiments, stiffness, rest density and viscosity coefficient are only used in
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Table 5.1: Simulation parameters and their change steps

Parameter (abbreviation) Range Change step

Young modulus (YM) 0.5-3.5 0.5
Poisson ratio (PR) 0.35-0.49 0.04
Volume constant (VolC) 0.1-2 0.5
Plastic limit (PL) 0-0.9 0.1
Stiffness (S) 0.1-3 0.5
Rest density (RD) 0.1-2.5 0.4
Viscosity coefficient (VC) 0.1-3 0.5

the fluid model, and the rest of the parameters are common between the fluid and the

solid-based models.

As mentioned in the implementation section, we performed 46 simulations with

different combinations of the parameters in Table 5.1 to simulate different behaviour of

spheroids during the merging process. The primary purpose of this series of simulations

is to show the flexibility of the proposed physically-based framework in matching the

different parameters involved in the spheroid merging process. In the following subsec-

tions, we show just some selected results. Also, the developed framework is generic so

that it is able to be used for simulating different applications with the same material

properties or with more than two spheroids (Figure 5.1).

Figure 5.1: Simulation of fusion of three spheroids: a) frame 1 of the simulation (beginning
of the fusion), b) frame 100 of the simulation (middle of the fusion)

.
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5.1.1 Simulations without surface

The first set of results only contains particles (without surface reconstruction) to show

how the simulation is working. The simulation parameters and the full video link of each

simulation are provided in the caption of the figures. Based on the video, spheroids first

go toward each other and then start bouncing back and expanding a little bit due to the

elastic force. (Figure 5.2 and 5.3).

Figure 5.2: Fusion process of spheroids in 500 simulated frames using the fluid-based
SPH model and without surface reconstruction (parameters: YM=3, PR=0.4, VolC=1.4,
PL=0.1, S=1, RD=1, VC=1). The full video is available here

.
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Figure 5.3: A: The beginning of the simulation when spheroids move towards each other.
B: The end of the simulation when particles are stabilized (parameters: YM=3, PR=0.45,
VolC=1.4, Pl=0.3, S=1, RD=1.5, VC=1). The full video is available here

.

5.1.2 Simulations with surface

In the next set of results, we will show the fusion process of spheroids with their

surfaces. This set of results can mimic the actual process using appropriate parameters.

Therefore, we will present at least one example of each model (solid or fluid) with different

simulation parameters.

In Figure 5.4, selected frames of a solid-based simulation are shown. In this set of

results, the spheroid surfaces have been extracted and shown with different colours (red

and green). As expected, the surface’s behaviour depends on moving particles connected

to the surface.

Based on our surface extraction algorithm, surfaces start joining at the beginning

of the simulation to form a final shape of the fused spheroids. However, we can see

different kinds of deformation on the surface during the simulation caused by the

interior interaction of the spheroid particles.

Figure 5.5 shows two selected simulations of solid-based models. The main differences

between these two simulations are plastic limit and Poisson ratio parameters which are

0.1 and 0.45 for Figure 5.5.a, and 0.9 and 0.35 for Figure 5.5.b, respectively. The effects

of these parameters are clearly seen, as the volume of spheroids in Figure 5.5.a has

decreased a lot due to having more plastic properties. Hence, we can see in Figure 5.5.a,

there is more plastic deformation in the spheroids.

Based on the theory of continuum mechanics, decreasing Young’s modulus or increas-

ing the Poisson ratio will make a more elastic object. To prove this fact, in Figure 5.6, we

compared four simulations in which we decreased Young’s modulus and increased Pois-
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Figure 5.4: Fusion process of spheroids in 500 simulated frames using the solid-based
SPH model with surface extraction (parameters: YM=1, PR=0.45, VolC=1.4, PL=0.1).
The full video is available here.

son ratio from top left to bottom right, respectively. It can be seen that with decreasing

Young modulus and increasing Poisson ratio, the volume and area of spheroids change

significantly.

It is worth mentioning that gravitational force is applied to each spheroid particle

toward the other spheroid’s centre. As a result, due to the spheroids’ visco-elastic proper-

ties, this gravitational force causes the spheres to crumple and lose volume during the

fusion process. However, surprisingly, we see an increase in volume and area in the last
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Figure 5.5: A: Complete fusion of spheroids made by the visco-elastic solid model (para-
meters: YM=3, PR=0.45, VolC=1.4, PL=0.9). The full video is available here. B: Half
fusion of spheroids made by the visco-elastic solid model (parameters: YM=3, PR=0.35,
VolC=1.4, PL=0.1). The full video is available here.

simulation. This can be due to the dominance of the elastic force, which tends to return

the spheroid to the initial shape, over the gravity force, which tends to crumple the

spheroids. Because in the last simulation, Poisson’s coefficient and Young’s modulus have

their maximum value, and the spheres have assumed the most elastic state (Figure 5.6).

Young modulus=3
Poisson ratio=0.1

Area=1.96×1013µm2

Vol.=7.20×1018µm3

Young modulus=2
Poisson ratio=0.2

Area=1.95×1013µm2

Vol.=7.13×1018µm3

Young modulus=1
Poisson ratio=0.3

Area=1.87×1013µm2
Vol.=6.69×1018µm3

Young modulus=0.1
Poisson ratio=0.49

Area=2.16×1013µm2
Vol.=8.20×1018µm3

Poisson ratio
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Figure 5.6: Effect of increasing Poisson ratio and Young’s modulus on total area and
volume (total deformation) of spheroids.
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The results of simulating as visco-elastic fluids for full (Figure 5.7.a) and partial

(Figure 5.7.b) fusion are shown in Figure 5.7. The meaning of partial or full fusion is

the degree of interpenetration of the spheroids, which can be adjusted by varying the

attraction force between them and an opposing external force caused by the hydrogel.

The parameter values of each simulation can be seen in the caption of the figures. In this

result, spheroids have an egg-shaped deformation in complete fusion. This is because of

the continual gravitational force between spheroids particles, which forces the particles

to spread along the edge of spheroids collision. The other important difference between

Figures 5.7.a and 5.7.b is the stiffness parameter which is 0.5 for Figure 5.7.a and 1 for

5.7.b. That is why we can see a little shrinkage in spheroid volume in Figure 5.7.a.

Figure 5.7: A: Complete fusion of spheroids made by the visco-elastic fluid model (parame-
ters: YM=3, PR=0.45, VolC=1.4, PL=0.1, S=0.5, RD=1, VC=1). The full video is available
here. B: Half fusion of spheroids made by the visco-elastic fluid model. (parameters:
YM=3, PR=0.45, VolC=1.4, PL=0.1, S=1, RD=1, VC=0.5). The full video is available here.

To better understand the effect of stiffness and constant volume parameters, Fig-

ure 5.8 shows the last frame four simulations in which we have an increase in volume

constant and stiffness parameters from bottom left to top right. As it might be hard to

see the amount of deformation in the total configuration due to the size of the images, we

have measured the area and volume of the total configuration at the beginning and end

of each simulation. Of course, at the beginning of all simulations, the area and volume of

the configuration are fixed and equal to 3.88×1013µm2 and 1.66×1019µm3, respectively.

Increasing either volume constant or stiffness will increase the volume and area of the

total spheroid configuration except for the last picture (top right of Figure 5.8). This

exception is due to the balancing of the forces and stability in the position of the particles.

The volume constant, stiffness, area and volume of each simulation are written at the

bottom or above each picture.
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Stiffness=0.5

Area=3.86×1013µm2
Vol.=2.20×1019µm3

Vol. constant=1.0
Stiffness=1.0

Area=5.00×1013µm2
Vol.=3.09×1019µm3

Vol. constant=1.5
Stiffness=1.5

Area=5.39×1013µm2

Vol.=3.44×1019µm3

Vol. constant=2.8
Stiffness=1.8

Area=5.01×1013µm2

Vol.=3.10×1019µm3

Stiffness

V
ol

um
e

co
ns

ta
nt

Figure 5.8: Effect of increasing stiffness and volume constant on spheroids total area
and volume (total deformation).

Another kind of simulation is when we applied elastic collision between particles of

two spheroids. In this case, when two spheroids touch each other, their particles collide

and bounce back due to the elastic collision force. Then, the attraction force brings them

back together, and they collide again. This process will repeat until the particles get

balanced in a final position. As shown in Figure 5.9, when we have elastic collision in

our simulation, spheroids do not get entirely merged as particles of each spheroid do not

go through each other. Indeed, particles get spread along the boundary of collision.
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Figure 5.9: A: Merging of spheroids made by the visco-elastic solid model with less plastic
deformation (YM=0.5, PR=0.45, VolC=1.4, PL=0.1). The full video is available here. B:
Merging of spheroids made by the visco-elastic solid model with more plastic deformation
(YM=3, PR=0.45, VolC=2, PL=0.5). The full video is available here.

In the simulations of Figure 5.9, we have used two different plastic limit values. It is

evident that the simulation with a larger plastic limit shows more plastic deformation (

Figure 5.9.b).

5.2 Developable patch decomposition results

Figure 5.10: Starting with a triangular mesh with a curvature-aligned cross-field (left),
our system produces a decomposition into a seamless set of ruled surfaces (middle) that
serves as a blueprint to easily fabricate the surface by means of inextensible materials,
such as paper (right).
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Figure 5.11: The layout of ruling patches for a selection of regular geometry. The figure
also incorporates the distance error to the original mesh. The maximum error is high-
lighted in red, corresponding to 2.5% of the input meshes bounding box diagonal.

We successfully tested our method on a wide range of different input geometry. The

results in Figure 5.10 show how our method performs on fairly regular input shapes.

Notably, we observe satisfactory behaviour, with outcomes closely resembling those

achievable through manual modelling. It’s worth emphasizing that our method operates

entirely automatically, making it particularly noteworthy that it can yield globally con-

sistent and regular results. A pivotal factor contributing to the success of our approach

is the incorporation of the guiding cross-field, which serves as a valuable abstraction for

capturing the overall structure of the input shape.

We implemented our method in an Apple M1 Max notebook with 32 GB of RAM. The

method performs at the order of seconds to minutes. The examples shown in the paper

took from 6 seconds (the models in figure 5.11) up to 80 seconds (for the complex models

shown in Figure 5.17). These times allow users to adjust the parameters emax, searching

for a preferred trade-off (Figure 3.1). In all the examples, we used a maximum error

ranging from 1 to 5 % of the diagonal of the input bounding box.

Other output results shown in Figure 5.11, 5.15, 5.16, and elsewhere in the paper

indicate that our method performs well on fairly regular input shapes, yielding consis-

tently good results. In the attached materials, we make all input meshes and the final

design (with the 2D layouts available both as UV maps of the meshes and as separated

SVG files).

A pivotal factor contributing to the success of our approach is the incorporation of

the guiding cross-field, which serves as a valuable abstraction for capturing the overall

structure of the input shape.

66



5.2. DEVELOPABLE PATCH DECOMPOSITION RESULTS

We test our method on shapes inspired form various specific contexts where de-

velopable ruled surfaces can find application, such as architectural design, with both

symmetrical (Figure 5.14), and non-symmetrical (Figure 5.12) examples, and fashion

design (5.13). In all cases, our algorithm generates high-quality consistent rulings that

smoothly flow in the principal curvature direction. Although our method is not specialized

for deriving garment pattern layouts [89], it produces convincing paper patterns.

We can observe that our algorithm generates high-quality consistent rulings that

smoothly flow away from the symmetric axis along the principal curvature. The final

result is a visually pleasing approximation.

Finally, Figure 5.17 showcases a particularly intricate model designed to highlight

the robustness of our proposed method.

5.2.1 Physical realizations

We fabricated several physical exemplars to demonstrate the applicability of the gener-

ated design.

First, we fabricated a paper covering of a vase-lion, Figure 5.18. The statue high-

lights the advantage of our discrete patches in allowing both bending and twisting to

approximate the target mesh. The advantage of twisting can be appreciated in the region

under the lion’s mouth, where a single patch is split into two ends.

Our second example (Figure 5.19) showcases a potential application of our method

towards construction. To physically realize the piece we 3D printed a rod-like support

following the boundary of our patch layout. The ruled patches are then cut from cardboard

and glued onto this supporting, resulting is a robust model with a very limited amount

of supporting material.

Our last example demonstrates an application of our method towards the stylized

fabrication of a lamp, Figure 5.20. In this case, the produced design naturally preserved

the 3-way symmetry of the input, without explicitly enforcing it.
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Figure 5.13: The layout generated for Fashion Design.

Figure 5.14: The layout of ruling patches for a selection of architectural models with
symmetric decomposition.
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Figure 5.15: The layout of ruling patches for a selection of general models.

Figure 5.16: The layout of ruling patches for a selection of general meshes.
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Figure 5.17: Discretized versions of two complex meshes showcasing the robustness of
our patch generation.

Figure 5.18: Fabricated lion statue composed of several complex patches exhibiting
various degrees of bending and twisting.
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Figure 5.19: Thin rod-like scaffolds are used to reproduce an architectural piece by
attaching large pieces of developable material to cover the roof.
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Figure 5.20: Fabricated paper lamp.
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Figure 5.21: Comparison of our method with Dev2Qp [131]. As highlighted in the original
paper, Dev2Qp is unable to provide a solution for the field shown on the right. In contrast,
our method successfully derives a valid ruling patch layout (image courtesy of [131]).
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6
MODEL VALIDATION

6.1 In-vitro validation

In-vitro validation refers to testing our proposed method in real experiments and com-

paring its results in order to validate its accuracy and efficiency. Therefore, this is only

applicable to the bio-fabrication case.

In order to validate the effectiveness of the presented mathematical models, we have

conducted a series of practical experiments to compare the results obtained from the

simulation with images obtained from the actual fusion of spheroids. We designed our

experiments based on potential factors that might affect the fusion process namely: the

Hydrogel type, the density of spheroids, and the distance between spheroids. In this

section, we present our experiments and discuss the validation results.

6.1.1 Design of experiment

We have considered 36 different scenarios corresponding to four types of hydrogel, three

different densities of spheroids and three different distances between spheroids. We

conducted a full factorial experiment with three replications for each combination of

parameters leading to a total of 108 experiments in vitro.

First, three types of cells were cultured:

• Human Cardiac Fibroblasts Cells (HCFCs)
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• Human Coronary Artery Endothelial Cells (HCAECs)

• Human Cardiac Myocytes Cells (HCMCs)

Each type of cell was grown using its specific media and growth protocol. After

growing a sufficient number of cells, we made spheroids by combining them. A 384-

hanging drop culture plate was used to culture cells in it. Based on previous studies, the

three types of cells, HCFCs, HEAECs and HCMSs, are combined with a ratio of 1:1:2

to form spheroids. The culture plate is incubated at 37 degrees (average human body

temperature) for 4 to 5 days to generate human spheroids. Cardiac spheroids usually

have a diameter of around 100−200µm and volume of around 4.2×106−3.4×107µm3.

For more details on this process, please refer to Polonchuk et al. [97].

Hydrogel

The stiffness of the hydrogel in which the spheroids get printed is usually the most

critical factor, because its stiffness may prevent the spheroids from approaching each

other. In order to produce different types of fusion, we have prepared four types of

hydrogel based on their stiffness:

• Hydrogel 1: alginate/gelatin

• Hydrogel 2: alginate/gelatin+1% silk

• Hydrogel 3: alginate/gelatin+2% silk

• Hydrogel 4: alginate/gelatin+3% silk

Adding more silk will make a stiffer hydrogel and make spheroid movement harder.

Density of the spheroids

We measured the number of combined cells per spheroid while forming the spheroids. In

this way, we can obtain different spheroids densities. For this study, we considered three

different spheroids densities:

• spheroids with 10000 cells

• spheroids with 20000 cells

• spheroids with 30000 cells
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Distance of the spheroids

We considered three different distances between pairs of spheroids:

• very close distance (dist.≤ 400µm)

• close distance (400µm ≤ dist.≤ 700µm)

• far distance (dist.≥ 700µm)

6.1.2 Results of validation

After placing spheroids in a well-plate, we monitor their fusion within six days by taking

an image at different times. Our observations show that spheroids behave differently

depending on the distance and the environment they are in. A detailed investigation

of this hypothesis requires statistical tests that it is beyond the scope of this article.

However, examination of the images shows that some spheroids do not fuse at all, some

have little fusion, some have moderate fusion, and some are entirely fused. Most complete

fusions occur in hydrogel 1 (alginate/gelatin), which is less stiff than other hydrogels.

In contrast, spheroids fusion can be seen among all densities of spheroids. In terms

of the distance between spheroids, all fusion occurred among the spheroids with very

close distances. Hence, it is obvious that the distance is a very significant factor in our

experiments and all fusion results presented in Sec. 6.1.4-6.1.6 are belonged to the “very

close distance" category.

6.1.3 No fusion

Some of the spheroids in the experiments did not fuse at all. The reason can be the time,

hydrogel and distance. Most fusions happen within the first few minutes of the spheroids

being close to each other. Since placing the spheroids in a well plate is a relatively

time-consuming process, it may prevent their fusion during the experiment. Because

according to our observation, fused spheroids start their fusion at the very beginning of

being beside each other, and if they are not close enough, the chance of fusion decreases

as time elapses. Stiffer hydrogel makes the fusion harder - as the second factor that

affects the fusion process. The last factor is distance. Our observations show that all

fusions have happened with spheroids that are very close to each other. Apparently,

the gravitational force between them is weaker than the viscosity force of the hydrogel.

Below it can be seen two examples of non-fusion of spheres over six days (Figure 6.1).
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Figure 6.1: An example of two spheroids that are relatively close but are not fused
within six days: a) Environment: hydrogel 1, density: 20000 cells, distance: close, b)
Environment: hydrogel 2, density: 30000 cells, distance: close.

6.1.4 Low Fusion

Another case of fusion is when there is little fusion between the spheroids. Based on

our observations, this mode is the most common among the fusion types, especially

when spheroids are embedded in a hydrogel (Figure 6.2 and Figure 6.3). The proposed

simulation framework can successfully simulate this type of fusion in different cases.

Table 6.1 compares experiment and simulation parameters of Figure 6.2 and 6.3.

Figure 6.2: Two examples of a pair of spheroids that have low fusion: a) environment:
hydrogel 1, density: 10000 cells, b) environment: hydrogel 1, density: 10000 cells, c)
environment: hydrogel 2, density: 20000 cells.
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Figure 6.3: Two examples of two spheroids that have low fusion at the sixth day: a)
Environment: hydrogel 2, density: 20000 cells, b) Environment: hydrogel 3, density:
20000 cells.

Table 6.1: Comparing experiment parameters and simulation parameters for low fusion

Figure Experiment parameters Simulation parameters

Figure 6.2.a

Environment: hydrogel 1 Young modulus: 3
Density: 10000 cells Poisson ratio: 0.35

Volume constant: 1.4
plastic limit: 0.1

Figure 6.2.b

Environment: hydrogel 1 Young modulus: 2.6
Density: 30000 cells Poisson ratio: 0.38

Volume constant: 1.5
plastic limit: 0.2

Figure 6.3.a

Environment: hydrogel 2 Young modulus: 3
Density: 20000 cells Poisson ratio: 0.3

Volume constant: 1.5
plastic limit: 0.2

Figure 6.3.b

Environment: hydrogel 3 Young modulus: 2.5
Density: 20000 cells Poisson ratio: 0.3

Volume constant: 1.5
plastic limit: 0.2

6.1.5 Medium fusion

In some cases, the spheroids fuse to a greater extent, which we call moderate fusion.

Examples of this type of fusion are presented below (Figure 6.4 and 6.5). This type

of fusion can be simulated via the proposed models appropriately. Table 6.2 compares

experiment and simulation parameters of Figure 6.4 and 6.5.
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Figure 6.4: An example of two spheroids that have medium fusion within three days:
Environment: hydrogel 1, density: 10000 cells.

Figure 6.5: Two examples of two spheroids that have medium fusion at the sixth day:
Environment: a) hydrogel 4, density: 20000 cells, b) Environment: hydrogel 1, density:
30000 cells.

Table 6.2: Comparing experiment parameters and simulation parameters for medium
fusion

Figure Experiment parameters Simulation parameters

Figure 6.4

Environment: hydrogel 1 Young modulus: 3
Density: 10000 cells Poisson ratio: 0.35

Volume constant: 1.4
plastic limit: 0.1

Figure 6.5a

Environment: hydrogel 4 Young modulus: 2
Density: 20000 cells Poisson ratio: 0.45

Volume constant: 1.5
plastic limit: 0.2

stiffness: 1
rest density: 1

viscosity coefficient: 0.5

Figure 6.5b

Environment: hydrogel 1 Young modulus: 2.8
Density: 30000 cells Poisson ratio: 0.35

Volume constant: 1.5
plastic limit: 0.6
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6.1.6 Complete fusion

The last case is the complete fusion of the spheroids, in which they merge almost

completely and usually form a larger spheroid. Below are examples of the complete

fusion of spheroids and their corresponding simulations. This type of fusion usually

has the largest deformation in the final shape of the fused spheroids. As it is shown

in Figure 6.6 and 6.7, our simulator has the ability to simulate the corresponding

deformation in the spheroids. Table 6.2 compares experiment and simulation parameters

of Figure 6.6 and 6.7.

Figure 6.6: Two examples of two spheroids that have complete fusion at the sixth day:
a) Environment: hydrogel 1, density: 10000 cells, b) Environment: hydrogel 1, density:
20000 cells.

Figure 6.7: two example of two spheroids that have complete fusion at the sixth day:
a) Environment: hydrogel 1, density: 10000 cells, b) Environment: hydrogel 2, density:
30000.
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Table 6.3: Comparing experiment parameters and simulation parameters for complete
fusion

Figure Experiment parameters Simulation parameters

Figure 6.6a

Environment: hydrogel 1 Young modulus: 0.5
Density: 10000 cells Poisson ratio: 0.45

Volume constant: 1.5
plastic limit: 0.1

stiffness: 1
rest density: 1

viscosity coefficient: 1

Figure 6.6b

Environment: hydrogel 1 Young modulus: 0.8
Density: 20000 cells Poisson ratio: 0.4

Volume constant: 1
plastic limit: 0.2

stiffness: 1
rest density: 0.8

viscosity coefficient: 0.5

Figure 6.7a

Environment: hydrogel 1 Young modulus: 1
Density: 10000 cells Poisson ratio: 0.4

Volume constant: 1.5
plastic limit: 0.2

Figure 6.7b

Environment: hydrogel 2 Young modulus: 1.5
Density: 30000 cells Poisson ratio: 0.4

Volume constant: 1.5
plastic limit: 0.3

This section’s pictures show that the proposed models can simulate all fusion states

between spheroids. Tables 6.1, 6.2, and 6.3 compare biological and simulation parameters

for the spheroids fusion. As we expected, for lower fusion, there is not much deformation

on spheroids. Because of that, the physical parameters of the corresponding simulation

are tuned to make a less deformable object (e.g. relatively larger Young modulus and less

Poisson ratio). However, the more fusion the spheroids have, the more deformation they

will have. Hence, the physical parameters of the corresponding simulation for higher

fusion are tuned to make a softer object.

Since all fusions occur only when the distance between spheroids is very close (≤
400µm), therefore, the distance in all the simulations is supposed to be very close (in the

scale of the simulation).
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6.2 Morphologicl analysis

Morphology plays a crucial role in spheroid fusion, as it characterizes the geometric

properties of the spheroids throughout the fusion process. To validate our model and

simulations, it is essential to compare the morphological aspects between in-silico simu-

lations and in-vitro experimental data.

Figure 6.8: Morphological parameters measured during fusion

Following the methodology introduced by Susienka et al. [123], we defined three

variables length, width, and the length of the contact area of spheroid doublets to

represent the spheroid morphology during fusion (refer to Figure 6.8). These variables

were measured using Fiji software in the experimental data [111]. Similarly, the same

variables were measured in the simulation data corresponding to the experimental

conditions. The data were categorized into three fusion types: low, medium, and complete

fusion. Subsequently, statistical tests were conducted to analyze the results, employing

the t-test to compare the means of each variable between the in-vitro and in-silico

datasets. The summary of the test results is presented in Table 6.4.
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Table 6.4: The results of t-test for comparing the mean of morphological variables for
in-vitro and in-silico data

Type of fusion Morphological variables Hypothesis p-value

Low fusion
Doublet length 0.8333 (ns)∗

Doublet width H0 : µin−vitro =µin−sil ico 0.5277 (ns)
Doublet contact area 0.9797 (ns)

Medium fusion
Doublet length 0.7997 (ns)
Doublet width H0 : µin−vitro =µin−sil ico 0.3978 (ns)
Doublet contact area 0.4062 (ns)

Complete fusion
Doublet length 0.8510 (ns)
Doublet width H0 : µin−vitro =µin−sil ico 0.7885 (ns)
Doublet contact area 0.1072 (ns)

* not significant

The obtained p-values from the performed tests, as shown in Table 6.4, indicate their

relatively high values, rendering them statistically insignificant. This suggests that

there is no significant difference between the mean values of each morphological variable

in the experimental data and the simulations. Thus, the simulations successfully capture

the observed morphological behaviour in the experiments.

For a more comprehensive analysis, Figure 6.9 presents box plots illustrating the dis-

tribution of each variable for different fusion types in both in-vitro and in-silico settings.

These plots reveal a remarkable similarity in the distribution of variables between the

in-vitro and in-silico data. Although the variance of the in-vitro observations is generally

higher, as expected, these graphs effectively demonstrate the close resemblance between

the experimental and simulated data in terms of mean and variance.
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Figure 6.9: Box plots of morphological variables: the first row corresponds to the doublets
length, width and contact area of low fusion, the second row corresponds to the doublets
length, width and contact area of medium fusion, and the third row corresponds to the
doublets length, width and contact area of complete fusion

This morphological analysis provides compelling evidence that our simulations accu-

rately reproduce the observed behaviour of spheroid fusion. By quantifying parameters

such as contact area and doublet dimensions, we aimed to demonstrate the model’s

ability to describe the temporal evolution of tissue shape changes.
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7
DISCUSSION

In this section, we will discuss the pros and cons of the proposed methods in this thesis,

as well as the recently published articles in related areas. Like the whole thesis, the

discussion is explained in two separate subsections for bio and digital fabrication cases.

7.1 Discussion on bio fabrication case

Physically-based simulations, especially the SPH method, are highly sensitive to model

parameters such as kernel radius and the number of neighbours for each particle.

Therefore, to avoid any simulation breakdown, we fixed the simulation time step at 0.01

and set the search radius for each particle so that at the beginning of the simulation,

each particle has 15 neighbours. Of course, after running the simulation, the number of

neighbours for each particle may change.

In this section, we will discuss the sensitivity of the simulations to the various

parameters of the developed models. Observing the performed simulations, some of

which were displayed in the previous section, shows that Young’s modulus, Poisson

ratio, volume constant, and stiffness are the most influential parameters in controlling

deformation in spheroids. After that, the plastic limit has the most significant effect in

controlling the amount of deformation.

In the video of Figure 5.2, when two spheroids move towards each other, they also

expand their volume due to internal pressure. The model’s volume constant and stiffness

parameters can tune this internal pressure. Increasing the stiffness and volume constant
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parameters leads to an increase in volume.

The effect of internal pressure is also visible in Figure 5.3, where after spheroids

reach each other, each particle goes toward the other spheroids’ particles and continues

its movement until the particles get balanced in a final position. It means that particles

move until the total force applied to them becomes zero. In the case of Figure 5.2, the

particles spread apart slightly due to the elastic force between particles. However, in the

simulation of Figure 5.3, we do not see any increase in volume in spheroids due to not

increasing the stiffness parameter. Therefore, spheroids approach each other and get

compressed slightly at the beginning, increasing density; consequently, internal pressure

force spreads them out again.

It is worth mentioning that elastic-plastic parameters are considered in all simula-

tions. However, we have only mentioned the most important parameters that cause the

specific behaviour of the spheroids during the simulation. For example, in the case of

Figure 5.3, the most important parameters were stiffness and density.

While the volume constant and stiffness are the most influential parameters in the

fluid-based model, our observations show that Young’s modulus and Poisson’s ratio are

the most critical parameters in the solid-based model. In Figure 5.8, we compared four

simulations while increasing their stiffness and volume constant to demonstrate the

importance of these parameters. The results show that an increase in stiffness and

volume constant will cause significant deformation in spheroids.

On the other hand, the effect of Young’s modulus and Poisson’s ratio is shown in

Figure 5.6, where we compared four simulations with different values of these parameters

in terms of their total volumes and areas. The results indicate that increasing the

Poisson’s ratio and decreasing Young’s modulus will cause more deformation in spheroids.

According to Figure 5.6, from the top left to the bottom right of the graph, we have

decreased the Poisson ratio and increased Young’s modulus while we measured the final

configuration’s area and volume. All information about these simulations is mentioned

at the bottom and above each picture. The interesting point of these simulation results

is that by increasing the Poisson ratio and decreasing Young’s modulus, we can see a

decrease in volume and area except in the last simulation (bottom right of Figure 5.6).

We can conclude that increasing the Poisson ratio and decreasing Young’s modulus

will give the spheroids more elastic properties. Therefore, we can be assured that our

mathematical model and its implementation are valid. The exception that happened in

the last simulation (bottom right of Figure 5.6) is due to having the maximum Poisson

ratio (0.49) and minimum Young modulus (0.1), which caused the spheroid to relax and
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increase the volume a little bit.

A final observation we would like to make about Figure 5.6 and 5.8 is that simulated

spheroids have a larger scale due to the ease of implementation compared to natural

spheres. However, this difference does not affect the obtained results because the amount

of deformation is scaled to the proportion of the initial and final shape of spheroids.

Another behaviour we aim to simulate is the external force caused by the interaction

of the hydrogel and the spheroids. Although modelling the interaction between these

two forces is not one of the goals of this study, it can be considered a topic for future

research. However, we considered this interaction the total external force applied to the

spheroid particles. In that case, we should be able to simulate a half or complete fusion.

This can be seen in the simulations of Figure5.5. a and Figure5.5.b where we consider

the spheroids an elastic-plastic solid material.

As shown in Figs. 5.5 and 5.7, both solid and fluid simulation behaviours are very

similar as elastic-plastic material is a phase between pure solid and pure fluids. The only

difference between the two models is that spheroids change their volume permanently

during the fusion process in fluid-based simulations. This is not the case in the solid model

because the volume conservation force will suppress volume change in the spheroids.

Therefore, the fluid model does a better job from this point of view, as in actual images,

final merged spheroids are increased in volume.

To summarize the effect of the parameters on the model, we observed that a lower

Young’s modulus and larger Poisson ratio produce larger elastic properties in spheroids.

Increasing the volume constant will increase the volume of spheroids (in case we do not

have a volume conservation force). The elastic limit will tell us when the spheroids will

switch to plastic deformation. Having a larger plastic limit allows spheroids to have more

plastic deformation. Regarding fluid-specific parameters, stiffness affects the internal

pressure of spheroids. The larger the stiffness, the larger the internal pressure and the

increase in volume during the fusion. The simulation does not show significant sensitivity

to the rest of the density parameter. Last but not least, increasing the viscosity coefficient

will decrease the velocity of spheroids during the fusion.

7.2 Comparison with previous studies

Our study introduces a novel approach for simulating bioprinted spheroid fusion, making

it the first framework in the literature to combine graphical simulation and Smoothed

Particle Hydrodynamics (SPH) for bioprinting simulation. While Göhl and colleagues
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[35] also present a computer-based simulation of hydrogel in 3D bioprinting, there are

fundamental differences between their work and our study. They used IPS IBOFlow

software without proposing a numerical scheme for solving their model’s equations. In

contrast, we developed and implemented our own SPH method, providing full control

over simulation parameters and enabling better tuning of the physical simulation to

match real-world behaviour.

Unlike Göhl et al., our Lagrangian-based SPH method is mesh-free, offering greater

flexibility in handling complex geometry and deformations. Grid-based methods, em-

ployed by Göhl et al., are limited by the initial mesh and are less adaptable for simulating

spheroid fusion. Furthermore, they used an elastic-plastic model for the bioink, while

our study utilizes an elastic-plastic model to simulate spheroid diffusion, capturing

non-reversible deformations.

Compared to similar studies, the most important advantage of the present study is

the use of a general framework that has high flexibility in simulating the behaviour of

spheroids during fusion. Although visco-elastic differential equations have been used

in the study of Beaune et al. (2022) [8] and Ongenae et al. (2021) [86]; however, the

fundamental difference in their solution method is an advantage for this research. First,

the solution method presented in this paper is not dependent on the mesh. In other

words, the Lagrangian approach is used to solve the model’s differential equations, in

which there is no need to discretize the spherical mesh. Therefore, our approach offers

several advantages over the studies mentioned above for solving continuum mechanics

differential equations: i) Flexibility in domain representation: Since we are using mesh-

less methods, we do not require a predefined mesh structure, allowing for a more flexible

and adaptive representation of complex domains with irregular geometries. This makes

our methods particularly suitable for problems involving free surfaces like deformations

with changing topologies. ii) Easy handling of moving boundaries: our method excels

in handling problems with moving boundaries or interfaces. Since the computational

particles used in our methods can easily be repositioned, tracking and handling moving

boundaries becomes more straightforward than mesh-based methods requiring mesh

regeneration or remeshing. iii) Reduced computational cost: our method often exhibits

computational efficiency advantages for problems with large deformations or when high

accuracy is required. It does not suffer from the mesh distortion issues typically en-

countered in mesh-based methods, reducing computational effort associated with mesh

updates or element distortion. iv) Adaptive refinement: our method can achieve adaptive

refinement by locally increasing the density of computational particles in regions where
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high accuracy is needed. This adaptivity allows for efficient concentration of computa-

tional effort in areas of interest without global mesh refinement. v) Natural treatment of

discontinuities: our method naturally handles problems involving discontinuities, such

as the fusion of spheroids. By placing computational particles near the discontinuities, ac-

curate representation and modelling of these features can be achieved without requiring

unique treatments or complex mesh configurations. vi) Last but not least is generality:

our proposed framework is general. It means that it can simulate more than just two

spheroids fusion, as shown in Figure 5.1.

Ongenae et al. (2021) [86] research has explored the concept of “arrested coalescence,"

where certain factors hinder the complete fusion of spheroids or droplets. Unlike Ongenae

et al. (2021), who model arrested coalescence with a jamming effect in viscous models,

our general framework accommodates both solid and fluid states. The degree of fusion

in our model is determined by specific parameters, such as stiffness, volume constant,

internal pressure, Poisson ratio, and Young’s modulus of particles. In summary, arrested

coalescence in our paper is modelled as balanced between internal and external forces.

Internal forces are elastic-plastic, volume conservation, pressure and viscosity and

external force is the gravitational force between spheroids.

A significant difference in our approach lies in the method of force generation. Onge-

nae et al. (2021) primarily rely on geometric forces arising from changes in distances

and contact angles between cells and spheroids. In contrast, our approach is rooted in

inherent material properties, such as elasticity and plasticity, and derives forces from

physical equations representing chemical interactions resulting from these properties.

Material properties, which are the root cause of fusion and deformation in spheroids, can

better link the chemistry and biology of such a complex phenomenon to physics.
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Figure 7.1: the values of sin2(θ) for solid-based and fluid-based models.

More in detail, while Ongenae et al. (2021) focus on geometric forces and consider

spheroids as perfect spheres, we simulate various deformations during fusion through

our algorithm, considering particle positions on the spheroid surface. Our approach

ensures that geometry and final shape are dictated by physics, taking into account

elastic-plastic forces and volume conservation in solid-based models and pressure and

viscosity forces in fluid-based models. Considering the material properties gives us the

ability to control the geometry of the spheroids by tuning the current properties, such as

stiffness or using different materials. While in Ongenae et al. (2021) paper, we do not

have the ability to control the fusion process.

However, to quantitatively compare our presented model with the research of On-

genae et al. (2021), we conducted an analysis of two variables from their work. The

first variable, denoted as sin2(θ) = ( x
a )2, where x is the length of contact area, and a

is the spheroid’s radius. θ is the contact angle, and sin2(θ) captures the dynamics of

fusion according to Ongenae et al. (2021). Figure 7.1 illustrates the fusion dynamics for

solid and fluid-based models of our approach. In both cases, fusion initiates gradually

with a small increase in the theta angle, indicating a low attraction force between the

spheroids. However, as a bond is established between the spheroid particles, the fusion

process accelerates until the gravitational force achieves equilibrium with internal forces,

resulting in stable fusion. This observation contrasts with Ongenae et al. (2021), where

fusion starts rapidly and continues at high speed until reaching equilibrium in Figure 3.

B and Figure 4.A. This discrepancy arises from the different definitions of gravity and

internal forces in their model and ours. We believe that a gradual fusion rate at the start
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and end of the process aligns more naturally with our observations from in-vitro data.

Unlike the model proposed by Ongenae et al. (2021), in our model, fast fusion is hindered

by elastic collision and viscosity at the beginning. However, as we update the neighbours

of each particle, bonds between particles of two spheroids form, accelerating fusion. This

exemplifies the advantage of employing forces derived from material properties.

Figure 7.2: A) Average density vs time for different Young’s modulus. B) Average density
vs time for different Poisson ratios. C) Average density vs time for different fluid stiffness.
D) Average density vs time for different fluid viscosity

The second variable is the density of the entire system, which represents the average

density of all particles contained with the two spheroids, plotted against a 36-hour

fusion time. To compare the average density values for each model, we focused on the

most important parameters of our model, namely Young’s modulus, Poisson’s ratio, fluid

stiffness, and viscosity, as they significantly influence this variable.

Figure 7.2 displays the average density of spheroids over time for various values

of Young’s modulus, Poisson’s ratio, stiffness, and viscosity. All four graphs exhibit

similar trends, with increasing density as the fusion progresses. Specifically, in the fluid

model, increasing stiffness and viscosity lead to an S-shaped behaviour in the density

graph, where density initially increases and then decreases towards the end. This
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behaviour is attributed to the rise in fluid stiffness, which elevates internal pressure,

resulting in increased volume and, consequently, decreased density. Comparing our

results with Figure 3.A from Ongenae et al. (2021) article reveals similar density trends

during the fusion process, which is reasonable as we expect an increase in density when

two spheroids are fused. Our approach adeptly captures arrested coalescence without

relying on the “jamming effect". Instead, we leverage the intrinsic material properties

of the spheroids to create internal forces that balance the gravitational force between

them, resulting in the termination of fusion. This method is not only more realistic

and versatile but also highly effective in modelling various types of behaviour beyond

arrested coalescence. We regenerated the parameters that Ongenae et al. (2021) utilized

in their study, which explicitly outline fusion dynamics as detailed in their paper and

compared them with the result of Ongenae et al. (2021). The primary advantage of

our approach lies in its ability to not only capture arrested coalescence with similar

properties (as demonstrated in the density graph) but also to model various other fusion

phenomena, including different types of deformation. This introduces a novel perspective

to modelling spheroid fusion. In our case, we are capable of modelling fusion based on

material properties rather than solely the geometry of the spheroids. This ability implies

the potential for controlling the fusion process using diverse biological materials.

For future studies, to enhance the accuracy and relevance of our simulation and

better align it with in-vivo experiments, it is important to consider additional factors,

such as the inclusion of the hydrogel medium and the composition of the extracellu-

lar matrix (ECM). The ECM composition in fibroblasts, myocytes, and coronary cells

plays a vital role in tissue structure and function, with fibroblasts producing collagen,

fibronectin, and proteoglycans, myocytes interacting with collagen, laminins, and elastin,

and coronary cells interacting with collagens, proteoglycans, and glycoproteins. The

ECM provides structural support, regulates cell adhesion and migration, and contributes

to tissue integrity. However, further investigation is needed to understand the specific

ECM composition and its impact on spheroid fusion. Developing a fluid model that can

accurately simulate the properties of the hydrogel and incorporate boundary conditions

influenced by the ECM can be the subject of our future research.

Although the model used in Muller et al.’s (2004) [72] article is old, it has been

considered as a basis for developing the models used in this research. In this regard, the

use of different basis functions, the online updating of the nearest neighbours search

in the fluid-base model, and the addition of elastic collisions between particles in the

solid-base model are among the changes we made in the Mueller et al.‚Äôs (2004) model
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to adapt it better to our case study.

The innovation of this research is interesting from several aspects. First, the use of a

physically-based simulation method in the advanced Biofabrication of human tissue can

potentially open a new chapter for solving complex biological problems using physical

equations. This method can be very effective, especially in the case of creating a 3D

human texture, because the goal of physically-based simulation is the 3D world that is

usually used in computer games or animations. Second, the presented models have been

updated according to our case study to justify the real conditions of the experiments as

much as possible. Finally, the design of the experiments and the number of experiments

(96 experiments) to validate the models have also been unique in their kind.

7.3 Discussion on developable mesh decomposition

Developability, as a fundamental concept in differential geometry [85], has garnered

significant attention in computational design, particularly in decomposing triangular

meshes into flat patches for manufacturing purposes [10, 41, 146, 147]. The practical

utility of these methods lies in their ability to simplify manufacturing processes by

generating flat pieces that are easier to produce, pack, and assemble into complex 3D

models.

However, despite the emphasis on fabrication, many existing methods fail to ex-

plicitly consider crucial constraints related to manufacturability. While they ensure

developability, they often overlook the need to ensure self-intersection-free, smooth,

easily bendable patches of reasonable size, particularly crucial for large-scale designs in

architecture. This oversight often results in suboptimal decompositions that hinder the

manufacturability of the final product.

In our work, we present an algorithm that explicitly integrates fabrication constraints

into the decomposition process, with a specific focus on ensuring ruling line consistency

for easy assembly. Unlike prior methods, our algorithm takes into account various

constraints simultaneously, optimizing the number of patches and their ruling lines to

produce intersection-free decompositions automatically.

The exploration of developability is deeply rooted in mathematical algorithms [11,

100–102, 128]. However, for practical applications in fabrication, the focus shifts towards

finding the closest developable approximation of a given mesh [121]. Unlike previous

approaches that address specific input constraints or rely on global-local optimization

strategies [10, 41, 113], our method offers a more comprehensive solution that accommo-
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dates a wide range of inputs, making it applicable across various scenarios.

To ensure the manufacturability of the final result, we impose several constraints,

including the absence of self-intersections, adherence to developability, smooth variation

of ruling lines, and a limited number of patches. Leveraging curvature-aligned cross-

fields, we decompose meshes into patches aligned with curvature flow, a feature unique

to our approach.

Our method addresses the challenge of efficiently decomposing meshes into devel-

opable patches while ensuring manufacturability without compromising quality. Through

rigorous optimization and curvature-guided decomposition, we provide a robust solution

that can be applied across various industries and applications, making it a valuable

contribution to computational design for manufacturing.

Moreover, we demonstrate the efficacy of our method through comparative analysis

with existing approaches. Our algorithm not only outperforms previous methods in terms

of producing manufacturable decompositions but also achieves superior results in terms

of computational efficiency.

In conclusion, our work represents a significant advancement in the field of com-

putational design for manufacturing. By integrating fabrication constraints into the

decomposition process and leveraging curvature-guided techniques, we provide a practi-

cal solution for generating developable patches from triangular meshes. Our method has

the potential to revolutionize the way complex 3D models are fabricated, opening up new

possibilities for efficient and cost-effective manufacturing processes.

7.3.1 Comparison with previous studies

We compared our method with the one proposed by Stein et al. [121] using the reference

implementation provided in Meshlab [16] (see Figure 7.6). Since [121] does not produce

a patch layout automatically, we split the resulting mesh along edges whose angle

exceeded a certain threshold (12 degrees). As shown in Figure 7.4, our method produces

a better-structured patch layout that uses fewer patches but comes with a slightly

higher approximation error. For the two examples shown in the figure, the Hausdorff

mean distance is below 0.45% for Stein et al.’s method and below 0.8% for our proposed

method. Despite this, we believe that the range of introduced approximation error is still

acceptable for practical applications.

Figure 7.4 shows a comparison with the recent approach of Zhao et al. [147]. Both

meshes have similar boundary lengths; however, our method produces a more regular and

easier-to-assemble pattern layout. Similar to the previous comparison with the approach
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Figure 7.3: Comparison of the method proposed by Stein and colleagues [121] (left) versus
ours (right).

of Stein and colleagues [121], our method introduces a slightly higher approximation

error (an average of 0.8% of the bounding box diagonal). Nonetheless, this error is still

acceptable for fabrication purposes. Notably, Zhao et al.’s approach does not guarantee

that the patches are fully developable, as highlighted in our experiment.

Finally, in Figure 7.10, we present an example where our method successfully derives

a proper decomposition, whereas the approach of Dev2PQ [131] fails. As highlighted in

the original paper, Dev2PQ strictly depends on the singularity layout of the guiding line

field (shown on the right side of the figure).

Field Alignment The key design principle of aligning the ruling lines along the
directions of minimal curvature is crucial for reducing the approximation error in the
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Figure 7.4: Comparison of our method (left) with the one recently proposed by Zhao et al.
[147] (right). The two layouts have similar boundary lengths. The last column shows the
distortion in the 2D flattening of two patches from the dataset of Zhao et al. We used the
As-Rigid-As-Possible deformation technique [120], where the red colour corresponds to
2.5% edge elongation.

discretized ruled surfaces.

In the example depicted in Figure 7.5, two patch layouts with comparable border

lengths are contrasted. One layout follows the minimal curvature direction, while the

other does not. The former exhibits a significantly lower approximation error, under-

scoring the importance of proper ruling alignment. This highlights how optimizing the

geometric configuration according to curvature can greatly enhance the fidelity of the

surface approximation.

Full developability While aligning ruling lines to the principal curvature direction is

crucial, it is not the only factor in achieving an optimal patch decomposition. Another

key aspect is aligning the boundaries of the decomposition to the primary curvature

direction and placing the seams in optimal locations. Since seams must align correctly

when assembled, their placement significantly impacts the overall shape. Figure 7.6

demonstrates how proper boundary alignment can further reduce the approximation

error and result in a more compact patch layout. This experiment highlights the supe-

riority of field-aligned patch decomposition compared to other methods with the same

boundary length, such as Simple Voronoi with Delaunay relaxation and Variational

Shape Approximation [18].

Geometric approximation alone is not sufficient to achieve a patch decomposition
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ε= 0.41%, E = 2.19% ε= 0.71% E = 4.7%

Figure 7.5: Proper alignment of the ruling lines and patch layout significantly reduces
the average approximation error ε from 0.71% (right) to 0.41% (left) and the maximum
error E from 4.7% (right) to 2.19% (left). The error is measured as the Hausdorff distance
to the target surface, normalized as a percentage of the bounding box diagonal.

that is both realistic and fabricable. Since some common fabrication materials, like

paper, are inextensible [? ], it is crucial to ensure the patch layout is ideally 100%

developable. As shown in Figure 7.7, simply using a patch decomposition method, such

as those proposed by Pietroni and colleagues [83, 90], and parametrizing each patch

with as-rigid-as-possible parametrization [59] is often insufficient. The resulting patches

can still exhibit significant stretch (up to 50% in some areas, as seen in the dolphin

decomposition). Remarkably, our discretized ruled surface tessellation, we can guarantee

fully developable patches.

This advantage is also demonstrated in Figure 7.8, where we compare our method

to that of Stein and colleagues [121]. Their decomposition is not fit for fabrication as

it is not bijective, and the flattening distortion exceeds 5% in several regions. Further

comparison in Figure 7.9 highlights the superiority of our method over Zhao et al. [147]

in terms of developability, compactness, and the quality of the resulting patch layout.

Contribution We summarized in table 7.1 an overview of the proposed method and

its main characteristics in relation to key aspects such as developability, patch layout,

and curvature alignment, as discussed earlier. Among the compared methods, Dev2PQ

[131] is the only one that explicitly uses a field as input. While Dev2PQ ensures full

developability, it imposes strict constraints on the derivation of the final decomposition.

As noted in the original paper, Dev2PQ heavily relies on the singularity layout of

the guiding line field (illustrated on the right side of the figure). In Figure 7.10, we
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Figure 7.6: This comparison of our field-aligned patch layout with the Voronoi partition
with Delaunay relaxation and Variational Shape Approximation [18] shows the superior-
ity of the proposed method in approximating the geometry and generating a compact
patch layout, even in regions where precise curvature directions are not well-defined.

Method Curv
Align

Full
Develop

Automatic
Layout

Tang et al. (2016) [128] (✓) ✓ ✗

Schuller st al. (2018) [112] ✗ ✓ ✓

Stein et al. (2018) [121] (✓) ✗ ✓

Zhao et al. (2023) [147] ✗ ✗ ✓

Verhoeven et al. (2022) [131] ✓ ✓ (✓)
Proposed ✓ ✓ ✓

Table 7.1: A table providing an overview of state-of-the-art methods and their respective
capabilities.

demonstrate an example where our method successfully produces a valid decomposition,

whereas the Dev2PQ approach [131] fails to do so.
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Figure 7.7: A simple curvature-aligned patch decomposition, such as the one proposed by
Pietroni and colleagues [90], combined with surface flattening techniques like as-rigid-
as-possible parametrization [59], is generally not suitable for fabrication, as it does not
guarantee full developability (see left). The red regions indicate areas where stretching
or compression exceeds 5% of the original length. In contrast, our approach produces a
tessellation that is 100% developable by construction.
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Stein et al. (2018) [121]

proposed

Figure 7.8: Comparison of the proposed method (bottom) with that of Stein et al. [121]
(top). Unlike the concurrent method, our approach ensures both bijectivity and full
developability (red areas indicating where stretching exceeds 5%.
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7.3. DISCUSSION ON DEVELOPABLE MESH DECOMPOSITION

Zhao et al. (2023) [147] proposed

Zhao et al. (2023) [147] proposed

Figure 7.9: Comparison of our method (right columns) with Zhao et al. [147] (left columns).
The layouts have similar boundary lengths. The last column shows the distortion in the
2D flattening of two patches. We used the As-Rigid-As-Possible deformation technique
[120], where red corresponds to 1% edge elongation.

Figure 7.10: Comparison of our method with Dev2Qp [131]. As highlighted in the original
paper, Dev2Qp is unable to provide a solution for the field shown on the right. In contrast,
our method successfully derives a valid ruling patch layout (image courtesy of [131]).
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CONCLUSION

In the realm of computational design, where innovation intersects with bio fabrication

and digital fabrication, our research represents a concerted effort to advance the fron-

tiers of both disciplines. Through the synthesis of physical modelling and algorithmic

approaches, we have made significant strides in shaping the future of tissue engineering

and mesh decomposition techniques.

Our work on the physically-based simulation of visco-elastic fusion in 3D bioprinted

spheroids stands as a testament to the potential of computational modelling in bio fabrica-

tion. By developing continuum models and employing smoothed particle hydrodynamics

(SPH), we have simulated the intricate fusion process of spheroids with remarkable

fidelity. This research not only deepens our understanding of tissue formation dynamics

but also offers practical insights into optimizing bioprinting processes for tailored tissue

engineering applications.

Simultaneously, our contributions to mesh decomposition through the introduction of

ruling patches signify a paradigm shift in digital fabrication methodologies. By devising

a novel method to decompose meshes into compact, aesthetically pleasing developable

patches with embedded ruling lines, we have unlocked new possibilities for efficient

fabrication of complex structures. Our approach, though non-interactive at present,

demonstrates efficiency and versatility, showcasing the potential for transformative

applications in various industries.

Looking ahead, our research trajectory remains anchored in the pursuit of excellence

at the intersection of computational design, bio fabrication, and digital fabrication. We en-
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vision further refinement of our methodologies, leveraging machine learning techniques

for parameter optimization and incorporating physical simulations to enhance precision

and fidelity. By bridging the gap between theoretical insights and practical applications,

we aim to catalyze innovation in both biological and digital realms, shaping a future

where computational design serves as a cornerstone for transformative advancements in

fabrication technologies.

In essence, our work embodies the ethos of interdisciplinary collaboration and in-

novation, driving forward the frontiers of computational design for bio fabrication and

digital fabrication. As we continue to push the boundaries of what is possible, we remain

steadfast in our commitment to harnessing the power of computational tools to unlock

new opportunities and address pressing challenges in the realms of tissue engineering

and digital fabrication.
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