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1 Introduction

There is a well-established theory for the solution of parabolic PDEs subject to the most
common types of boundary conditions. The book by Friedman [1] provides a rigorous
introduction to this topic. The classical method makes use of a fundamental solution of the
PDE satisfying boundary conditions. The construction is straightforward, and we present
an illustrative example in the Appendix.

However, the classical method can produce cumbersome representations of the solu-
tion, and the desired fundamental solution may not even be known. So we ask if it is possi-
ble to construct an analytical solution to a boundary value problem using only elementary
solutions, without needing the fundamental solution required by the classical theory? This
has potentially important practical implications, because there are many PDEs for which
elementary solutions are readily obtainable but for which appropriate fundamental solu-
tions are not known.

We will focus on parabolic PDEs on a half-line (, 00) subject to the boundary condition

au(b,t) + Buy(b, t) + yuu(b,t) = g(t). (1.1)
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We will refer to this as a second-order Robin condition. If y = 0, then this reduces to the
usual Robin condition.! The Dirichlet condition u(b, t) = 0 and the Neumann condition
u,(b,t) = 0 are particular cases. We are also able to solve certain moving boundary prob-
lems. We give an example in the final section.

This particular nonclassical boundary value problem arises in a number of areas of ap-
plied mathematics. The earliest example that we know is a paper by Langer [3] in 1932, in
which he studies the cooling of metal bars when one end is held in a liquid. The condition
appears in the study of the boundary reaction of the diffusion of chemicals [4] and the
modeling of transient flow pump experiments in a porous medium [5]. An investigation
of the boundary condition for the heat equation with source term is presented in [6].

Here we develop a new method for the solution of these problems. Our technique relies
on the odd and even Hilbert transforms and does not require a fundamental solution. We
only need two elementary solutions. These can be found in a number of ways, such as
separation of variables.

Suppose that we have a linear parabolic PDE u; = Lu on an interval (b, c0), where L may
be time dependent. The essential idea is to look for solutions of the form

u(x,t)=/ w(E)W1(x,t;$)d$+/ Y (E)wa(x, 156)dé, (1.2)
0 0

where w 5(x, t; £) satisfy the PDE for each &. Imposing (1.1) and an initial condition lead
to a pair of integral equations for ¢ and .

In general, there is no reason to suppose that these equations will be analytically
tractable, though we might attempt to solve them numerically. This idea is reminiscent
of the well-known boundary integral method used for higher-dimensional BVPs. See, for
example, [7].

However, it turns out that for certain types of important problems, these equations ad-
mit explicit solutions and lead to representation of the solutions that differ from those
produced by the classical method. In particular, we have a solution of the BVP that does
not rely on knowing the fundamental solution.

In the current work, we focus on problems where w; and w, involve the sine and cosine
functions. This will be made explicit in Sect. 3. We develop this new technique and present
interesting examples. The outline of the paper is as follows. Theorem 5.1 is a general result
covering a range of PDEs. We will present solutions to a number of problems that do not
seem to be solved in the literature. For example, we solve the classical Robin problem
for the Kolmogorov backward equation arising from a five-dimensional squared Bessel
process.

We begin with a general discussion of boundary value problems and the representation
of their solutions. We mention some recent work, particularly, that of Fokas.

Following this, Sect. 2, we turn to the solution of the problem that motivated this study,
namely the second-order Robin problem for the Black—Scholes equation. We reduce the
solution of this problem to the inversion of the Fourier sine transform. Our result appears
to be new. We also briefly give the fundamental solution for the classical Robin problem,
which can be solved by the same method.

IThere is a historical curiosity here. The boundary condition with y =0 is named after Gustave Robin. However, according
to [2], Robin never stated or studied this type of boundary conditions. It appears nowhere in his collected works. Why this
condition was named after Robin is apparently a mystery.
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Since the fundamental solution in the second-order case is cumbersome, we ask if it is
possible to solve the Robin problem without the fundamental solution? The answer is pos-
itive, and we develop our new theory for the explicit case of the Black—Scholes equation.
The method relies on the odd and even Hilbert transforms, and we begin by presenting the
properties of these transforms we need. See Sect. 3.1. This work begins in Sect. 3 with the
classical Robin problem. We then proceed to the second-order Robin problem in Sect. 4.
We follow this with an example. Then in Sect. 5, we turn to the second-order Robin prob-
lem for a larger class of PDEs. For a class of second-order Robin problems, Theorem 5.1
gives explicit solutions involving the sine and cosine problems. The techniques we de-
veloped for the Black—Scholes example make the proof easier. This new method is the
main contribution of our paper. Then we present examples of PDEs and the families of
elementary solutions our method requires. In Sect. 5.1, we turn to the question of PDEs
uncovered by Theorem 5.1. In Sect. 5.2, we briefly mention PDEs with time-dependent
coefficients and then solve two further problems; first, for the harmonic oscillator, which
requires a different set of elementary solutions. In Sect. 6, we solve the Robin problem
for a five-dimensional squared Bessel process. This has the feature of using elementary
solutions that involve sums of sines and cosines. In both cases, our method is effective.

In summary, our major contribution is the development of a method for solving a wide
variety of BVPs without requiring a fundamental solution, in contrast with the classical
method. We can solve BVPs using only elementary solutions. The connection between
the Hilbert type transforms that we use and the Fourier sine and cosine transforms means
that our methods can be potentially applied using fast Fourier transform techniques.

1.1 Boundary value problems

The literature on boundary value problems is enormous, but Sagan’s book provides a
good elementary introduction [8]. Boundary integral methods play an important role in
the study of multidimensional BVPs. See, for example, McLean’s book [9]. For a study of
boundary conditions in the theory of diffusions, see [10]. We also mention the work of
Fokas [11], which presents a novel integral transform method for the solution of BVPs
on a half-line. There are obviously thousands of references, and we could not attempt to
provide an exhaustive list. However, for Robin problems, we mention some recent work.
Abels and Moser [12] investigated a nonlinear Robin boundary condition in a bounded
smooth domain. Geng and Zhuge [13] studied a family of second-order elliptic systems
subject to a periodically oscillating Robin boundary condition. In [14] the authors stud-
ied the diffusion equation with a stochastic boundary that randomly switches between
Dirichlet and Neumann conditions, proving that the mean of the solution satisfies a new
type of Robin condition.

It is worth mentioning also the paper [15], where the authors consider the eigenvalues of
the Robin boundary value problem for the Laplacian. Finally, Bondurant and Fulling [16]
introduce a map between Dirichlet and Robin boundary conditions for linear constant-
coefficient equations.

The current work arose from the study of barrier options within the Black—Scholes (BS)
framework. For so-called knock out barrier options, we have absorbing boundaries. Re-
flecting boundaries occur where the option is knocked in. Although many formulae exist
for the pricing of barrier options, the solution of the Robin problem for the BS equation
does not seem to have appeared in the literature. In fact, we solve the second-order Robin
problem for the BS equation.
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The fundamental solution we obtain appears to be new. A glance at the Appendix shows
that this solution is extremely complex. This leads to the question, which is the main part
of our study: Is it possible to solve the BVP without the fundamental solution? Although
any well-posed BVP has a unique solution, there is in general no unique representation of

that solution. This is not a trivial fact. For example, consider the BVP

Up = Uyy, > 0,8 > 0,u(x,0) = f(x),x > 0,f € L'(R"),

M(O, t) - yux(O’ t) = g(t)r t>0.

Its solution can be written in terms of the classical heat kernel. This is well known. See
Cannon’s book [4] for details.

However, another representation of the solution to this problem was obtained by Fokas.
We quote the result from [11]. The solution can be written as

1 [, ~ 1 ; 2k
ux,t) = o / R oydk — — / ekt [—GR(k2)
- aD*

00 2 k+ iy
k—i

-k
k+i

Z?(—k)] dk + ©(=y 2y e [Gr(-y?) - f(iv)],

where O is the Heaviside step function, Gg(k) = fOT eksg(s)ds, k € C, D* is the wedge in the
upper half-plane making an angle of 7 /4 with the real axis on both sides of the origin (see
Fig. 2 of [11]), and f(k) = Jo > fx)e*dx.

A discussion of the advantages of this alternative way of obtaining the solution is beyond
our scope, though we remark that Fokas-type representations can often be evaluated nu-
merically with considerable efficiency. However, this is a large subject, and for brevity, we
refer the reader to the aforementioned book by Fokas. We also mention the work of Don-
aldson [17] on obtaining alternative representations for the solutions of BVPs. There is a
considerable literature on this topic.

We will use a combination of separation-of-variables and classical transform methods.
The Hilbert transform has been used to solve integral equations for over a hundred years.
See [18] for a lengthy discussion with examples. We in fact use the related odd and even
Hilbert transforms. Our method has the elegant feature that it turns a pair of integral
equations into a pair of simultaneous equations.

Some of our results rely upon the inversion of the Laplace transform. However, there are
thousands of Laplace transform pairs known, and more can be constructed by standard
methods; see [19]. For polynomial data, inversion produces Dirac delta functions and their
derivatives, and these are easy to handle. If g(¢) = 0, then there is no Laplace transform to

invert.

Remark 1.1 We make an important comment here. There are many PDEs on the line that
can be mapped to the heat equation. Some of our examples have this property, though
not all. (For example, equation (6.3) cannot be reduced to the heat equation). We might
think that it would be more efficient to reduce a suitable PDE to the heat equation, solve
the resulting BVP, and then map back. However this ignores the question of what happens
to the boundary conditions under the change of variables? This is a crucial question. The
resulting boundary value problem may not have a known solution.
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To illustrate, suppose that we wish to solve u; = uy, + Axu, u(x,0) = f(x), u(0,¢) = 0.
The PDE can be mapped to the heat equation. However, the result of the mapping is a
formidable moving boundary problem. For complete details, see [20]. Thus mapping to
the heat equation in this case makes the problem much harder.

A similar phenomenon occurs with the harmonic oscillator. Reducing even the simple
problem u; = u,, — x%u, u(x,0) = f(x), u(0,£) = 0 to the heat equation produces another
moving boundary problem, which is much harder than the original one. There are nu-
merous examples of this phenomenon.

There are also many PDEs that can theoretically be mapped to the heat equation, but the
change of variables is itself impossible to compute. Consider the equation u; = o (%), +
fx)u,, x € Q C R. Suppose that it can be reduced to the heat equation. To do so, we first
lety = fx’; (0(2))"V2dz. This makes the coefficient of the second derivative term equal to 1.
For arbitrary o, there is no reason why this integral should be computable. Inverting the
change of variables to write x in terms of y may also be impossible.

Thus methods that produce solutions of BVPs without the need for a change of variables
are important. Our results yield novel solutions for a wide variety of problems without

having to make a change of variables.

2 The second-order Robin problem for the Black-Scholes equation

For the theory of option pricing and stochastic calculus, we refer the reader to a standard
reference [21]. The conventional method for studying the Black—Scholes equation is to
reduce to the heat equation, but we work in the original variables. For our purposes, the

second-order Robin problem can be written as

Wi = %O‘ZSZWSS + rSws, (2.1)
w(S,0) =£(S), (2.2)
OlW(b, t) + IBWS(b) t) + yWSS(bx t) :g(t)¢ (23)

where § > b > 0.

We will assume that the solution is nonnegative and satisfies a bound of the form
w(S,t) < MS? for some positive constants M and 6. This is the usual type of behavior
as S — oo that appears in the literature. See, for example, the discussion of boundary con-
ditions for the Black—Scholes equation in [21].

We will construct a fundamental solution for this problem in the case g(¢) = 0. We first
obtain separable solutions that satisfy the boundary condition. We then use these to con-
struct a solution that also satisfies the initial condition. This second problem can be re-
duced to the solution of a tractable integral equation.

We make the ansatz w(S,t) = *'1(S). Then 3025%V'(S) + rSV/(S) — Av(S) = 0 with the
constant A and the function v to be determined. Assuming that v(S) = S°, we obtain the

condition

1
502525(5 —1)8%2 4+ 1888271 — AS% = 0.
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This means that we must have %028(8 — 1)+ rd — A =0, which gives

2
—(r—%)j: (r—%) +202\

o?

2
We now set (r - %) +202A = —£%0%. So we have

£262 1 N
A=— p— O 2.4
2 202\ 72 24)

o2-2r
202 °
This gives us the solution, which can be easily checked to be valid for all £ > 0:

Hence we can write § = u £ i&, where u =

w(S,t,A\) = M (Clsﬂﬂf + CZSH—JE) )

We now wish to construct a solution of the PDE that satisfies the boundary condition.
Observe that

SHEE — §1 (cos(£ InS) £ isin(£ InS)).

The real and imaginary parts must both satisfy the equation. So we obtain a solution that

can be written as

W5 (S, £) = €S" (A cos(€ InS) + Bsin(€ InS))
) s (2.5)
= ¢TSI (A cos(€ InS) + Bsin(€ InS)),

2
where ¢ = —20% (r - "—22) ,and A, B are constants. We choose A and B by requiring that the
solution satisfies the second-order Robin boundary condition with g(¢) = 0. Substituting

the solution into the PDE and imposing the boundary condition, we obtain

A = sin(€ log(b))z; + £z, cos(& log(h)), (2.6)

B =—cos(&log(b))z; + £z, sin(& log(b)), (2.7)

where z; = (ab® + Bbp + y(u — D — y€%) and 2 = (bB + y (2 — 1)).

The reader can check that for this choice of the coefficients A and B, the function w®
solves the PDE and also satisfies the homogeneous form of the second-order Robin bound-
ary condition (2.1). These choices are not unique. However, every other choice in fact leads
to the same solution. This is not hard to check, but it is somewhat tedious.

We now have to obtain a solution that also satisfies the initial data and boundary condi-

tion. To do this, we will construct a solution of the form

w(S, t) = / PEW (S, t)dE. (2.8)
0
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If the function ¢ has sufficient decay, then it is easy to show that w(S, ¢) is also a solution
of our PDE. See [22] for more on this idea. We note that w# (S, ¢) is locally integrable in &,
since it is continuous in £ for all S > 0 and has Gaussian decay for all £ > 0.

Moreover, by construction, (2.8) satisfies the boundary condition. Our task now is to
choose the function ¢ so that the initial condition is also satisfied. Taking ¢ = 0, we get the
integral equation

5= [ pewis oz,
0
that is,
foo @(&) (Acos(& InS) + Bsin(€ InS)) d& = STHf(S). (2.9)
0

This can be reduced to a Fourier sine transform. To see this, notice that using some ele-
mentary trigonometric identities, we can rewrite (2.9) as

/OOOW(E) (BE cos <€ In (%)) + (VE2 — &) sin (g In <g>>> dg = F(S),

where F(S) = ST*f(S), and

& =ab®+ Bbu +yu(u—1), (2.10)

B=bB+y@u-1). (2.11)
We now reduce this integral equation to a Fourier sine transform via the solution of a
second-order ordinary differential equation.

Let ¢(x) = fooo (&)sin(éx)dé. After the change of variable x = In (%), differentiating
twice, we see that ¢ must satisfy the equation

~y¢"(®) + BE'(x) — &g (x) = b e f (be¥) (2.12)

with initial conditions ¢(0) = 0 and £”(0) = 0. We will assume that A = 82 — 4y & > 0. For
the particular cases where A < 0, the differential equation for ¢ has different solutions.
However, we can proceed as we do here, and we obtain fundamental solutions valid for
those particular choices of the parameter. We will omit the details for brevity.

Using variation of parameters, we see that the solution of (2.12) is given by

Z(x) 22197_% (yf(b)e% sinh (%) - ﬁ/oxf (be°) IC(x,z)dz) ,

B
where K(x,2) = e "***™% sinh (—("’2‘/&).

Recall that the inverse Fourier sine transform offe LY([0,00)) is

fw=2 f 70)singm)dy; (2.13)
T Jo

see [23].
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Inverting the Fourier sine transform in (2.8) then allows us to write down the solution
of the BVP:

w@o=/ (EWE (S, 1)k
0
002 o0
=f —f ¢ sin(En) wh (S, Ddnde
o TTJo
o oo o (2.14)
=//,%WM®W@MMU
0 o
=/ cMG(S, ¢, n)dn,
0

where on the second line, we introduced the inversion integral for the Fourier sine trans-

form. We have

2 o0
g@mn=—/ sin(En)wt (S, )de
T Jo

Let L(S,2) = y In(£) + Bo®t. Then

ZU]n(%)

kS,n,t)=€e ok <ao £ +1n < ) Qyn+L(S,t) +o t(nﬂ y)
2) _~ 42 S 2.(. & 2

+yn° ) —ac“t" +1n s Qyn-LS, ) +0 t(n,B +y> -y
with & and B8 given by (2.10) and (2.11). We would like to write the solution in the form

W(Sy t) = / f()’)P(S,y, t)d}’,

0

where f is the initial data, and p(S, y, £) is a fundamental solution. To do this, we use Fubini’s
Theorem, which leads us to an explicit expression for our fundamental solution subject to

the homogeneous second-order Robin boundary conditions. In fact, we can rewrite the

solution as

m&o=/ NG, £, n)dn
0

= /000 ,Blz/i (yf(b)e2V smh( ) ,Bf f be IC(n z)dz)

x G(S,t,mdn

= /OO %b—# f(b)eZV smh( {) G(S,t,n)dn
0

,Bx/—
2b "
_/ </ f (b€) IC(mz)dz) G(S,t,mdn
0

Page 8 of 38
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=4S, t) - / (be?) f [j/_IC(n,z)g(S t,n)dndz, (2.15)
where
oS, 8) = /0 ~ 2Ij/iyf(b)62y smh< ;j/_) G(S,t,n)dn. (2.16)
If we set
p(S,z,t):= foo %lﬂ;ﬂK(n,z)g(s, t,n)dn, (2.17)
: BVA

then we can express w(S, t) as

w(S,t) = £(S,t) - / be p(S z,t)dz

(2.18)
= (S, 8) - f y) (S, 3, t)dy,
where
- 1_ y
p(S,y,t) = ;p <S,ln (E) ,t). (2.19)
Lastly, formula (2.18) can be rewritten as
w(S, 1) = / y) (S, 3, )y, (2.20)
where
p(S,y,t) = 45,0 3”’)@) - p(S,3,8) (2.21)
S

with §® denoting the Dirac delta centered in b € R. The kernel in (2.19) can be computed
explicitly in Mathematica in terms of Gaussians and error functions. It is complicated, so
we present it in the Appendix.

Remark 2.1 We have solved the second-order Robin problem in the case g(¢) = 0. We
can also solve the standard Robin problem by this method. We sketch the calculation.
We begin with (2.8) and apply the boundary condition. The analysis is very similar to the
second-order case, though somewhat easier. We find that a solution satisfying the bound-

ary condition is

2,2
WE(S,t) = ¢ Tt gh (Acos(£1nS) + Bsin(£1nS)), (2.22)

2\ 2

“—) ,and

—_ 1 (y_
where ¢ = -~ (r 5

A =BE& cos(& Inb) + ba sin(§ Inb) + B sin(€ Inb), (2.23)
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B =—bacos(EInb) — Bucos(€ Inb) + BE sin(€ Inb). (2.24)

Setting u(S,¢) = fooo @(&)W* (S, t)dE and imposing the initial condition lead to an integral
equation, which also reduces to a Fourier sine transform. The difference is that in place
of the second-order equation (2.12) for ¢, we have 8¢'(x) + (ba + Bp)¢ (x) = b~He!*f (be™)
with ¢(0) = 0, which is of first order. Obtaining ¢, we proceed exactly as in the secon-order
case and obtain the fundamental solution

2,72 ~
T g 24 oA+ B (ln b tin (%))
pS,yt)=— ——Ab'F erfc
IBy;HlJr% 2,320'2t

2
In k+lnS) +2InbIn ?‘Flnzb)

eelSHyHol [ 2nyems 2 jend (( —
+—= | b o +8§ ok e
V2ot

The classical approach to the solution of the problem with g # 0 is found in Friedman’s
book [1]. For completeness, we present it in the Appendix. Our purpose now is to develop
a new method for solution of these problems that does not require any knowledge of the
fundamental solution.

3 A novel representation using Hilbert transform methods
In this section, we construct a solution to

1
W = EazSwag +rSws, S>b>0, (3.1)
aw(b,t) + Pws(b, b) = e 27 W ig(p), (3.3)

which does not require a fundamental solution. We will then extend our method to include
second-order Robin conditions and a significantly wider class of PDEs. We assume that
o, B # 0 for the remainder of the paper, unless stated otherwise. Choosing one of these
constants to be zero reduces the BVP to one of either Dirichlet or Neumann type.

Although explicit solutions can be obtained by our method for many interesting prob-
lems, in most cases the representations we obtain will require numerical evaluation. How-
ever, this is true for every representation and is beyond the scope of our study. Note that
there is a considerable literature on the numerical evaluation of Hilbert transforms. We
refer the reader to Chap. 14 of [24] for an introduction to this topic.

Our approach to the problem uses the even and odd Hilbert transforms. For an exhaus-
tive treatment of the Hilbert transform, we refer to King’s two-volume treatise [18, 24].

3.1 The odd and even Hilbert transforms

For the reader’s convenience, we introduce here the material we require. The odd and
even Hilbert transforms have some very useful properties, which we will exploit. Although
these are important operators in their own right, they arose originally as particular cases
of the classical Hilbert transform.

Various Hilbert transforms are given by integrals defined in the principal value sense.
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Definition 3.1 We will define the even Hilbert transform of a function f : [0,00) — R by

the principal value integral

(Hef)(x) = (3.4)

26, (% fO)
/] 0 x% —

assuming that it exists. Similarly, we define the odd Hilbert transform of a function f :
[0,00) — R by the principal value integral

(Hof)) = /0 xyf @;2 dy, (3.5)

again assuming the convergence in the principal value sense.

It is sufficient that f € L2[0, o) for these transforms to exist. If f € L2[0, 00), then H,f €
L12[0,00) and Hof € L2[0,00). We can extend the operators to other function spaces, but

we will avoid a discussion and simply refer the reader to [24].

Remark 3.2 The Hilbert transform of a suitable function f is defined by

HP@) = / J© (s) (3.6)

Again, if f € L?(R), then the Hilbert transform exists, and Hf € L*(R).

The Hilbert transform has many useful properties, most of which can be found in King’s
books. An extensive table of transform pairs can be found in [18]. The inverse of the
Hilbert transform is simply —H, that is, %> = —I, where [ is the identity operator.

Now suppose that f is even. Then a simple change of variables in the integral yields

Zx o0
A= Zp [ LY (37)
7T Jo x%*-y
Conversely, if f is odd, then we obtain
2
=20 [~ L= . (389)
7 Jo x%-y?

So the odd and even Hilbert transforms can be regarded as particular cases of the usual

Hilbert transform. This is extremely useful for obtaining properties of #, and H,.

The fundamental relationship between the even and odd transforms is

HHo=HoHe = —1.

See [24, p. 261]. Note also that if k(x) = xh(x), then

y(y)

(Hk)(x) = —P/ =x(H h)(x). (3.9
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This fact will be of importance below. For the second-order problem, we will require the
even Hilbert transform of y2(H,f)(y), but this is best presented in context. See equation
(4.6).

The odd and even Hilbert transforms arise because of their connection with the Fourier
cosine and sine transforms. If 7, and F; are the cosine and sine transforms, respectively,
then we have ;' F, = H, and F, ' F; = —H,. A proof can be found in [24, p. 259].2

3.2 The solution of the Robin problem
We will construct a solution of problem (3.1)—(3.3). We will assume that o + % #0. The
case where o + % =0 can be handled by a modification of our method.

We will use two linearly independent solutions of the PDE to solve our modified prob-
lem. These are

m

(S, 1) = <g) e 30 UE D) g <f;‘ In (%)) , (3.10)
i

1(S, £) = (g) e 20 HE D) iy (g In (g)) . (3.11)

Notice that our BVP has a slightly different form to that used previously. We pose the
problem in this way to avoid a technicality involving the Laplace transform. This arises
in taking the inverse Laplace transform of e*F(s),a > 0. If a < 0, then the inverse Laplace
transform is simply f(t + a)H(t + a), where f is the inverse Laplace transform of F, and H
is the Heaviside function.

However, if a is positive, then we have to decide what the inverse transform will be. A
natural choice is to insist that f be zero to the left of the origin, in which case the inverse
Laplace transform will be f(¢ + a). However, the issue requires a discussion of the Laplace
transform as a distribution. So we solve the modified problem and refer the reader to
Schwartz’s treatment of the Laplace transform within the theory of distributions in the
book [25].

We construct a solution of the PDE of the form

W(S,t)=/ w(%‘)hi(&t)dé+/ Y (EW(S, D). (3.12)
0 0

Our aim is to choose ¢ and ¥ so that the solution satisfies the boundary and initial con-

ditions. Hence we must have

s3] [ (+(2) 7 6(6))] s

where @, and @ are the cosine transform of ¢ and the sine transform of v, respectively.

Setting y = In (%), we obtain

P + Us(y) = ef (be’) . (3.14)

2Note: King uses a slightly different definition of the sine and cosine transforms by including a multiplicative factor of ,/ %
Our statements are equivalent to his.
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Applying the inverse Fourier cosine transform, we obtain the relation

2 o0
o€ == [y (o0) coseny - (7 Fne)

2 o0
== / ef (be’) cos(Ey)dy + (Ho)(&). (3.15)

0

Set F(§) = 2 [y ef (be’) cos(§y)dy. Then ¢(&) = F(§) + (Ho¥)(6).

It is easy to see that
o0 1 2,62, 2
w(b,t) = / p(§)e 27 1, (3.16)
0
and after some straightforward calculations, we obtain
aw(b,t) + Bws(b,t) = <a + %) / (p(g)e—%a%(szmndg
0
oo
! g fo EY(E)e 2N gg = b W g p),

. 1522 . - :
Canceling the factor of 727 ! and using the substitutions z = §? and s = %azt gives us

mB\ [Ce(W2) . B [*1 g (28
(a+7)/0 2ﬁe dz+b/(; 2W(ﬁ)e dz-g(02>.

We assume that (oz + “—f) #0. The case where (a + "Tﬁ> = 0 reduces to the inversion of
a single Laplace transform for vr. From this and the relation (&) = F(§) + (H,¥)(§) we
immediately obtain ¢, and we have our solution.

Assuming that (a + %) #0, taking the inverse Laplace transform, and letting z = £2, we
obtain
np - 2s B
(a4 ) o0r-2602 ¢ 5 ):22] - Lo .17

Set K(£) = 26L7" [g(%);£7]. Obviously, in the homogeneous case, K(§) = 0, so there is
no Laplace transform inversion necessary. Using (3.15), we have the relation

(Ot + %) (FE)+ (Hoy)(E) =K () - %w@. (3.18)
We now take the even Hilbert transform of both sides to obtain
wp _ B
a+ == [(HE)E) =¥ (8)] = (HL)(E) - ZE(HM)(S), (3.19)

where we used relation (3.9). So we have obtained a pair of simultaneous equations for
‘H,y and . Clearly, equation (3.18) gives us

~ up\~ £B
(Ho)E)=a+ o K(&) - ilﬁ(g) —-F(§), (3.20)

Page 13 of 38



Craddock et al. Boundary Value Problems (2025) 2025:12 Page 14 of 38

so that

_&p
(HK)E) - b (% —F(S))

(o)

(HeE)(E) =¥ (§) =

(3.21)

Rearranging this gives

v [ B HENE) - HKNE) + 5 (25K @) - F©))
(b + upB)? + p2&2 ,

V()=

where v = b(ab + uB). From this we find ¢ and obtain a potential solution to the boundary
value problem. This leads us to the following result.

Theorem 3.3 Let f € L ((b 0), ,m) and g(t) = fooo G(x)e™dx where G, G'(x), and G”

are integrable. Let hé; and hg be given by (3.10) and (3.11), respectively. Then if a + % #0
and v = b(ab + up), then problem (3.1)—(3.3) has a solution

WS, ) = / (S, OdE + / WS, Ode, (3.22)
0 0

where

v [P (HAE)E) - (HKNE) + 5 (5K ©) — F®))

Ve (b + 1Y + % ’

and

1 2
w(&h(m%) [ZsG( 5)—&/@]

where F(§) = % fooo e Mf (be?) cos(Ey)dy and K(£) = 0%£G <#)
Proof To complete the proof, we must establish sufficient conditions to guarantee that we

do in fact have a solution. To this end, we make the following observations. Since H, =
F;1F., we easily obtain

(HF)§) = 7, Fo / " e (beY) cos(Ey)dy
0
zg/me’“yf(bey)sin(éy)dy
T Jo
2 [T\ . n\\ 41
" /h (3) f“?”‘“(““(z))?

Let f € L'((b,00),n™*"'dn) and denote k||, = [, |k(x)|x"'dx. Then we obtain the in-
equality

|HF| < _”f”b (3.23)
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It is also easy to see that |F| < -2

< = |Ifll»- From this we can conclude that

o/ ( —b(ab + up)

35 \@br uprs F2 éz(HeFxs)hi(s, t)) (3.24)

is integrable for k = 1,2 and j = 0, 1, 2. Similarly,

d ( —b(ab + up)

at \ (@b + uB)® + ’Bzgz(HeF)(S)hls((S’ f)) (3.25)

is integrable. Both facts follow from the Gaussian decay of the solutions hi(S, t). Specifi-
cally, we can bound (3.24) in § by

o/ ( —b(ab + up)

95 @b + e - s MeD OIS t)) ‘ =ce (320

for some positive constants y and C, which depend on S. Similarly for (3.25).
The same argument shows that

Bl ( bBE

15 \ab e npy < et MG t))

and

d -bpE
at ((ab + uB)? + p2E2

FEH(S, t))

are also integrable for k= 1,2 and j=0,1,2.

Next, we suppose that g(¢) = fooo G(x)e™dx, and for simplicity, we will suppose that
Gl = fooo |G(x)|dx < 00. In fact, this assumption can be relaxed to allow fooo le™*G(x)|dx <
oo for some r > 0. We can also allow G to be a distribution. We will not go into these tech-
nicalities here, but below we will present an example where G is a distribution.

It immediately follows from our assumption that

282
K()=26L7" [g (2—§> ;52} - 0%G (i)
o 2

Consequently, a simple change of variables gives ||K||;1 = ||Gl|;1 < co. Arguing as previ-

ously, we see that

¥ ( bBE

S \(ab + puB)* + ,32521(($)hi(5’ t))

are integrable for k =1,2and j=0,1,2, as is

3 ( bBE

at (ab + up)? + '32%-21<($)h/€(5, t)) .

Turning to H.K, we observe that if k is twice differentiable and K’ and k" are integrable,
then the Fourier cosine transform F_k is also integrable. This is a famous result and follows
via integration by parts; see [26].
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The observation that | F k| < ||k||;1 is elementary. So we have
2 2
| F Tkl < = | Fek] < =1kl 1.
T T

Hence we can conclude that if G’ and G” are integrable, then |H K| < %HG 1
This implies that for all k = 1,2 andj=0,1,2,

Bl ( (ab + up)*

S \(ab + up)? + p2£2 (HeK)(S)hi(S, t)) ,

is integrable, as is

9 ( (@b + up)’

5 @b+ upr + gz TOOMS r)) .

From this we see that if
WS, ) = / (S, OdE + / VS, e, (3.27)
0 0

then three applications of the dominated convergence theorem allows us to differentiate
under the integral sign with respect to ¢ and twice with respect to S. Since hf (S,t) and
hi(S, t) satisfy the PDE, it follows that (3.22) also solves the PDE. By construction it also
satisfies the boundary conditions and initial data. O

Remark 3.4 Thus we have constructed a solution of the BVP that does not require us
to know a fundamental solution for the problem. An alternative representation for the
solution of a BVP can be very useful. It may be more tractable or more computationally
efficient than the classical method. However, a discussion of this issue is beyond the scope
of the current work. We content ourselves with an illustrative example.

-1
Example3.1 Letg(t) =tandf(S) = 0% (a + "T’S> (%)“ (ln (%))2, and assume that o + % #
0. Now recall that if § is the Dirac delta function, then by definition on [0, c0),

‘/mS/(x)f(x)dx =— lim f'(h). (3.28)
0 h—07*

Hence fooo 8'(x)e™**dx = s. After some calculations, it turns out that we can take v = 0 and

-1
P(&) = <a + %> 4 8'(E%). (3.29)

b o?

Consequently, a solution of our problem with g(¢) = ¢ is

[e'e] 123
w(S, t) = / Ls’(s% <§> e 30 HE P o (g 1n§> di
0 g2 (Ot + %) b b

2 (5)" e S
= 4(1’) e‘%“z“zt/ §'(2)e"2°"% cos («/Eln —) dz
o? (a + %) 0 b
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Figure 1 Plot of (3.30) for S € (1,5) and t € (0, 3), which corresponds to the solution of the BVP (3.1)—(3.3) with
-1 2
b=1f9= 5 (a+ ) (3)" (n(3)) g0 =t0=05r=005a=1,=1,and ju=1

~ 2(%)“ Lo ot 1 S\\?
= W@ s T + E (ln (Z)) . (330)

The apparent singularity at z = 0 is removable. We used a Taylor expansion to evaluate the

integral. Specifically,

/Oo §'(z)e 2% cos (ﬁln <§>> dz=— /oo 8(2)
0 b 0

2 : s
X (e‘%"zn (-%t cos (ﬁln (%)) —-1In (%) e (\f\/h; (b)))) dz
AW N B PSRN VY S\
= +In (z>/0 8(2) |:§e ;(2n+1)! <ln (Z)) z :|dz
ot 1 (1 s>)2
= T + 5 n (z .

Note that all terms in the infinite series are zero after n = 0. This gives the result. It is not
hard to see that

s (o4 (0 (4(3)

So the initial condition is satisfied. Using Mathematica, it is easy to see that the bound-
ary conditions are satisfied. Choosing g to be a polynomial leads to the appearance of
derivatives of the Dirac delta, and integrals involving these distributions particularly easy
to evaluate.

In Fig. 1, we plot the solution (3.30) for S € (1,5) and ¢ € (0, 3).

4 Hilbert transform methods for second-order boundary conditions
The result of the previous section give rise to a number of questions. The first is whether
the Hilbert transform approach can be extended to the second-order Robin problem? A

Page 17 of 38
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more important question is whether the method can be applied to boundary value prob-
lems for other PDEs? The answer to both questions is positive.

We start with the extension to the second-order Robin problem and then turn to the
second question. We will solve

Wy = %(IZSZWSS + rSwg, (4.1)
aw(b,t) + Bws(b, £) + ywss(b, ) = e 27 W ig(p), (4.3)

where S > b > 0.

In fact, the same method can be used to solve this problem with an extra step. Our
solution will again be of the form (3.12) as in the previous section. It is straightforward to
show that w(b,0) = fooo @(&)d& = f(b). This fact will be useful.

As in the regular Robin condition case, we deduce that ¢(&) = F(§) + (H,¥)(§), where F
is as before. Here we make the observation that

/0 (’HoI/f)(S)dE:/O (p(§) - F(§))d& :f(b)—/0 F(§)ds.

Here we assume that F is integrable. This can be guaranteed by imposing mild conditions
on f. We will give a sufficient condition for integrability below.

Introduce the constants A = o + bizyu(u -1+ % and B = % + Z—Z(Z,u —1). Then the

boundary condition yields the equation

1

oo oo
/ (A= 5600 17 dg + B / EV(©e 7 dg = g(0). (44)
0 0
Converting the integrals to Laplace transforms and inverting as previously, we obtain
2s
(A= 25600(&) + BE v (§) = 2L [g (—2) ;sz} .
o

We will insist that A and y have opposite signs to ensure that ¢ is nonsingular. Let G(§) =
26L7 g (3—;) ;€2]. Then we can rewrite the equation as

(A- %Ez)[F(E) + (Hoy)(E)] + BEY (§) = G(&).
or, equivalently,
AHo¥)(E) - %Ez(ﬂolﬁ)@) +BEY(§) =G(§) - (A - %EZ)F(E). (4.5)

To proceed, we need to take the even Hilbert transform of both sides. We make the
observation that

2 0 W2(H
HA (o)) = =P f PODD ,,

2
0 xXe =y

00 2 2 2
T ),
T 0

x2 _y2
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2 o0
- _;xp_/ (Hoy)(dy + xZ(HeHow)(x)
0

2 o0
- = <f(b) - P/ F(y)dy> - &Y (x)
T 0
= Cx — x> (x), (4.6)

where C = —% (f b) - fooo F(y)dy). We dropped the principal value because we are assum-
ing suitable integrability. We can of course weaken this assumption and reintroduce the
principal values of the integrals.

Taking the even Hilbert transform of (4.5) gives us the relation

~(A = SEW(E) - CE + BEHoW(E) = Hol G(E) ~ (A - -EDF(E)L (4.7)

Now we easily see that

2 (o)
(P G)(E) = P f Fodx + E2(HF)(E).
0

So our assumptions on F and the assumptions of the previous section are sufficient to
guarantee that the right-hand side of (4.7) exists.
We know that ¢(§) = %_5;’2@, so that
b

G(§) - BEY(§)

(Ho¥)(§) = A58 —F(&).

We thus have

G(§) - BEY ()

—Aw(a—%(cs—szw(s))ws( e —F@)):M(s>
b2

with M(§) = H[G(§) — (A — LE)F(E)].

This gives
% Bg? % G(&)
_ (A_ Tete o Z—ZEQ> ¥ = Cot +ME) + BEF©) - BE 1.
Let
G
N(E) = CL + M(E) + BEFE) ~ BE (4.8)
s

Then we have

-NE)A - 587

O - Gz g

4.9)

Combining this, we have the following result.

Page 19 of 38
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Theorem 4.1 Suppose that f and g satisfy the conditions in Theorem 3.3. Suppose further
that nf' (), nf" () € L! ((b 0), /m) Let F, G be as in Theorem 3.3. Then Problem 4.1
with a, B,y #0 has a solution given by

WS, 1) = /0 (EE (S, 1)k + fo VWS, Dde, (4.10)

where hiZ(S, t) are as in Theorem 3.3,

-N(E)A - 587

V)= A_LE7 + B (4.11)
and
GE)-B
o(E) = (é) 51#(5),

_blzgz

where A = o + b%yu(,u— 1)+ %,B: % %(ZM 1), N is as defined in (4.8), and A and y

have opposite signs.

Proof The proof follows the lines of the proof of Theorem 3. So here we only consider the
integrability of F. We recall that

2 o0
F© =~ [ enf (be) costean
0
Obviously, we can write
o0 1 00
| ree - [ Feas s [ Fe
0 0 1

A simple application of Fubini’s theorem shows that | fol F(&)dg| < oo, provided that

1
/ lef (be)| & <00
0 Y

The obvious change of variables gives us

1
d
[ lerr )2 - s
0 Y b

nu+l

Thus f € L'((b, oo), u+1 ) guarantees that |f0 F(&)dE| < 0.
Now we assume that f is twice differentiable. Integration by parts gives us

/ / e If (be?) cos(Ey)dy = / / (7f (b)) sm(gy)d i

. o oy OEN T
_/1 ([dy( ey g2 L
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© g2 cos(éy)
- fo TR e y) dt
_ foo ,U«f(b)g—zbjm(b)alé 1

1

where I = [ [° %(e‘“yf (bey))%dydé. Clearly,

/ uf(b) - bf'(b)
1

& dé = uf (b) - bf'(b).

Further,
00 00 dZ
1] = — (e7f (be”))
1 Jo ay
o0 poo| g2 cos(£y)
N ‘d—yge o (b)) ’dyds

| -1y
‘d—yz(e f(bey))‘d)moo,

COSE(ZSJ/) dy dg‘

where we have employed Fubini’s theorem on the assumption that the final integral is
finite. Thus the integrability of & o7 (e Hf (be”)) is sufficient to guarantee that | fo F(&)dg| <
oo. Since

[ pep|ay=v [ o] 22,
where (Df)(§) = ;sz(n) +b(1=2p)nf' () + wWn*f"(n), it is sufficient to require £ (1), nf'(n),
n*f"(n) € LY((b, o0), ,”1 ) for the integral of F to exist. This also justifies our use of Fubini’s

theorem.
The proof of the integrability of (& )hi (S,t) and Y (& )hi (S, t) and the differentiability of
the integrals defining the solution proceeds along the lines of the proof of Theorem 3.3.
O

Again, we have a representation of the solution of the second-order Robin problem that
does not rely upon any knowledge of a fundamental solution. Given the complexity of
the fundamental solution in the second-order case, this may be preferred. The problem
of efficient evaluation of the solutions will be treated elsewhere. However, we remark that
the even and odd Hilbert transforms can be written in terms of the Fourier sine and cosine
transforms. Hence techniques for the evaluation of these transforms can be employed to
calculate the even and odd Hilbert transforms. In particular, we has access to fast Fourier
transform methods.

5 A general result for second-order Robin problems

It is possible to construct general formulae for different types of boundary conditions. We
present one particular case for second-order Robin conditions. In the simplest version of
the theory, we need a family of solutions of the form

Wi, ) = p(x) cos(E pu(x))e Y, (5.1)



Craddock et al. Boundary Value Problems (2025) 2025:12 Page 22 of 38

Wwalx, £5€) = p(x) sin(& u(x))e s, (5.2)

where ¢ and p are assumed to be twice continuously differentiable. There are many vari-
ations on this, and we will present some examples below. By linearity, if w; and w, are

solutions of a linear PDE, then so are

W@, 6) = p(x) cos(E () — (@))e ", (5.3)

(%, £58) = p() sin(§ (1) — p(@))e ™. (5.4)
In fact, many PDEs on the line have solutions of this form. A simple characterization can
be obtained as follows.

If w, is a solution of the PDE u; = P(x)u,, + Q(x)u, + R(x)u, where P, Q, R are smooth
functions, then we must have

P(x)(p" (x) cos(& () — 26/ (x) sin(& () — £2 p(x) cos(& u(x)))
+ Q) (0 (x) cos(& (%)) — Ep(x) (%) sin(€ p(x))
+ R(x)(p(x) cos(& pu(x)) + £2) = 0.

Substitution into the PDE shows that for this to be a solution, we require P, Q, R, i, and
p to satisfy the following system of equations:

P(x)p" (%) + Q(x)p(x) + R(x)p(x) = 0, (5.5)
1 - P(x)(W' (%))* = 0, (5.6)
Q) p)' (%) + 2P(x) 1 (x)p"(x) + P(x) p(x) " (%) = 0. (5.7)

This implies that 1/ (x) = £(P(x)) V2.

Obviously, p must be a time-independent solution of the PDE. It is not hard to show
that wy(x, t; £) will be a solution of the PDE whenever w; is and vice versa. Most PDEs will
not possess solutions of this form, but there are numerous PDEs that do. These defining
equations allow us to generate examples, and we will present some below.

Now we present a general result for the solution of second-order Robin problems, where
the PDE has solutions of this form. We observe that by taking the limit as y — 0 we obtain
the solution of the standard Robin problem. There are various particular cases that we will
not cover. They can all be handled by obvious modifications of our arguments. We make
several simplifying assumptions to make the proof easier. More precise conditions are
possible, but we will not present a full analysis here. The actual calculations are essentially
the same as in the Black—Scholes case, so we leave these to the reader.

Theorem 5.1 Suppose that the PDE
Uy = P(X)ttyy + Q)1 + R(X)ut, x> b, t >0, (5.8)

has solutions given by (5.3) and (5.4). Suppose that | : [b,00) — R is invertible, g has an
_ [ orud)

inverse Laplace transform, and f € L'[0, 00), where f(y) = DTy
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Define the constants A = ap(b) + Bp'(b) + yp"(b), B = —yp(b)(1' (b))%, C = Bp(b)u'(b) +
y(pb)u"(b) + 20 (b)u' (b)), x = % (c - fooo F(S)dé), and ¢ = lim,_,}, %, which we assume
to exist. Suppose that A and B are nonzero and have opposite signs.

Let F(§) = % [ f(n)cos(En)dn and G(E) = 26 L7 [g(t);£2], and suppose that K(£) =
G(&) — (A — BEY)F(£) € L2[0,00). Then a solution of (5.8) satisfying u(x,0) = f(x) and

au(b,t) + Buy(b,t) + yu.(b, t) =g(t) is

u(x, 1) = /0 0(E)(x) cos(E (1u(x) — w(b))e s di

+ / ¥ (&)p(@) sin(& (1u(x) — u(b))e € de, (5.9)
0
where
(A= BE(HLK)(E) - x§) - CEK(§)
Y(E)=- A_Be2p s 22 , (5.10)
and
GE)-C
@)= w. (5.11)

A - BE2

Proof The derivation of the solutions follows the same lines as in the Black—Scholes case.
The initial condition gives (&) = F(§) + (H,¥)(§), and the boundary condition gives [A —
BE2)p(&) + CEY(£) = G(§). We immediately obtain

[A-BE* 1Y () + CEY(E) = K(§).

Taking the even Hilbert transform of both sides gives us

~(A=BE)Y(E) + CEHo)Y)(E) + xE = (HK)(E). (5.12)

We therefore have a pair of simultaneous equations. Solving gives us our expressions for
¥ and .

Now w; (%, £; &) and wy(x, £; &) are solutions of the PDE, and they have Gaussian decay in
&. By Riesz’s inequality (see [24]) there exists a constant R such that |H K], < R||K|,.
It immediately follows from Holder’s inequality and our assumptions on F and G that the
integral defining the solution is convergent. Similarly, the integrals

/0 U(E)@Wu(x, t;€)dE,
j=1,2,and

o0 d
/0 U(é)&wl,z(x, t;&)dé

are convergent. Here 7 is either ¢ or ¥. Therefore (5.9) is a solution of the PDE, and by
construction it satisfies the boundary and initial conditions. O
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5.1 Some examples with elementary solutions

Using the previous remarks, we can generate an interesting variety of examples.

Example 5.1 For the heat equation with drift

U = Uyy + ally, x>0, >0, (5.13)

a2
we let u(x,0) = f(x) and au(0,£) + Buy(0,1) + yu,(0,2) = e~ 4 'g(¢). The elementary solu-
a a 12 a
tions are wy(x, ;&) = et te5x cos(&x) and wy(x, ;&) = e St te5x sin(&x). Note that
the theorem is still valid because the additional factor of e~ 7% will cancel when we apply
the boundary conditions.
Example 5.2 An important class of stochastic processes are squared Bessel processes; see

[27]. An n-dimensional squared Bessel process is the squared distance from the origin of

an n-dimensional Brownian motion. For the three-dimensional case, we have

Uy = 2XUyy + 3Uy, x> b >0,£>0. (5.14)
The elementary solutions are

wi(x, t;A) = %e’kzt cos(A(v/2x — v/2b))
and

mmgm:%f“%muJﬂ—Jﬁn

Choosing u(x,0) = 0, b = 1, and the boundary condition u(1,¢t) = \/%, we can explicitly
solve the corresponding BVP. Indeed, Theorem 5.1 gives
wap _E)? _
e (Zf(uﬂ e 20D erf(\é%) ( )
u(x, t) = - . 5.15
VE+1/x VE+14/x
In Fig. 2, we plot solution (5.15) for x € (1,4) and t € (0,5).
Example 5.3 We consider the PDE
Us = Uy, + 2(tanhx) iy, x > 0,2 > 0. (5.16)

The elementary solutions are

_éztcos(éx)’ o, 5 6) = e_éztsin(éx)

wix, ;) =¢€ .
i §) oshx coshx

The solution to the BVP will be of the form (5.9).
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Figure 2 Plot of (5.15) for x € (1,4) and t € (0,5), which corresponds to the solution of the PDE (5.14) with
b =1, initial condition u(x,0) = 0, and boundary condition u(1,t) = %

We also remark that the PDE u; = u,, + 2(cothx)u, arises in hyperbolic geometry. See
the discussion in [28]. The elementary solutions are
_sztcos(éx)

wmx &)=’ "——, wm(x, ;€E)=e
sinhx

_£2 sin(éx)
sinhx

To avoid singularities, we must place the lower boundary at x = b > 0.
Example 5.4 Next, we consider a family of PDEs of the form
Up = Uy + (257 + Dty + (6 + ax® + 20)u, x> 0,¢> 0.

The elementary solutions that we use are

Wi, £ £) = e 16 a3 - hax oo (ﬁ) ,
2

wolx, ;€)= e 1€ a3 —gax Gy (ﬁ) .
2

Variants of the Robin boundary condition can also be studied, and we present some
examples.

Example 5.5 Naturally, we cannot obtain a solution where none exists. Boundary condi-
tions must be suitable to the PDE. We illustrate this with the equation

Uy = (5% = Dty + x4, > 1,2 > 0. (5.17)

We require u(1,¢) = f(x) and au(1,£) + BvVx2 — Lu,(x, t)| =g(t). It is not clear that the
standard Robin problem at x = 1 even has a solution. This is clearly not covered by The-

x—1

orem 5.1. Nevertheless, the same construction works as in that result. Our elementary

solutions are

wilx, ;&) = e_g% cos (?; cosh™ x) , WX, L E) = e_s% sin (E cosh™ x) .
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From the initial data we obtain (&) = F(§) + Ho ¥ )(§) with F(§) = 2 [ f(coshy) cos(§y)dy.
The boundary condition gives

ap(€) + PEV(E) = 26 L7 [g(1):£7),
and we have solved equations like those before.

5.1.1 Extension to time-dependent coefficients

We can also study problems with time-dependent coefficients. A full discussion would
be lengthy, so we only make some brief remarks. Suppose that r : [0,00) — (0,00) is a
continuous positive function. Suppose that the PDE (5.8) has solutions given by (5.3) and
(5.4). Then the PDE

Lut = P(®)ttyy + Q(x)tty + R(x)ut, x > b >0, (5.18)
r(t)

has solutions given by

(%, 1) = p(x) cos(E (1u(x) — pu(b)))e s Jo s, (5.19)

T, ££) = p(x) sin(E (u(x) — pu(b)))e s oo, (5.20)

The extension of Theorem 5.8 to (5.18) subject to the boundary condition (1.1) is entirely
straightforward, and we leave it to the interested reader. See however the remark in Sect. 7.

Many classes of equations with time-dependent coefficients can be solved, and we make
no attempt to list them all here, but, as an example, we simply present equations of the

form

Uy = 0 ()t + (A(t) — B()x)tty, x> 0,0(¢t) > 0. (5.21)
Here 0, A, B are continuous. Equations of this type admit solutions of the form

(%, £) = exp(—£2k(£)) cos (s(xe- Jo Bo)ds C(t))) , (5.22)

ug(x, t) = exp(—&2k(t)) sin (5 (we™ JoBds C(t))) , (5.23)

where k(t) = fot o(y)e? i B&)dsdy and C(t) = fot A()e” I B&Mdsgy, A variety of boundary
value problems for (5.21) can be solved by our method.
We take our solutions to be of the form

s = [ " 06 exp(-gkit) cos (£xe 150 1 (o)) d
0
- ") expl-7k(0) sin (s 0% 4 Ce) de.
0
Since k(0) = C(0) = 0, we have

u(x,0) = p(x)(Pe(®) + Ps(x)) = f(x).
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This is the same condition that we had before. There are various cases where the equa-
tions resulting from the boundary conditions can also be solved using the odd and even
Hilbert transforms; however, some cases are challenging. If A(¢) = 0, then the Neumann
and Dirichlet problems are reasonably straightforward. For example, the inhomogeneous

Dirichlet problem yields
u(0,8) = / 0(E)e MO dE = g(p). (5.24)
0

Setting £ = z, we have the Laplace transform d(k(t)) = g(t). Here @ is the Laplace trans-
form of ¢(z) = ‘pZ(—:/[;). Since k is increasing, it is invertible, and we write d(s) = g (k‘l(s));
this can be inverted explicitly for a large number of cases. This gives us a solution of the

Dirichlet problem.

5.2 A modified Robin problem for the harmonic oscillator

The equation for the harmonic oscillator is
Up = Olhyy — uX°u, x€QCR,u>0. (5.25)

This plays an important role in quantum mechanics, though it would normally be in the
form iu; = 0%y, — ux*u. The real form also plays an important role in the theory of heat
kernels. See Davies’ book [28].

It also arises in stochastic analysis. By the Feynman—Kac formula the functional u(x, t) =
E [f(Xt)e‘” fozxszds|X0 = x], where X = {X;;¢ > 0} is a Brownian motion, is given by the so-

lution of the problem

1
U = Eum —uxzu,x eR,

u(x,0) = f(x).

If f(x) = e, then the solution of the initial value problem gives the Laplace transform of
the joint density of (X}, fé X2ds). Our intention is to solve a modified Robin problem of a
special form. However, we note here that the Dirichlet and Neumann problems can easily
be solved by our method. In fact, there are numerous problems that we can solve. The
standard Robin problem reduces to the solution of a different type of integral equation of
Laplace transform convolution type. We will present it elsewhere.

We will solve the problem

Up = Uy — XU, x >0,
u(x,0) = f(x),
au(0,t) + Be *u,(0,t) = g(2).
We will suppose that & and § are nonzero. It is worth noting that if we map this to the heat

equation, then we obtain a very complicated moving boundary problem, which appears

to be intractable.
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The boundary condition describes a situation where the lower boundary starts off as
partially absorbing and partially reflecting and exponentially decays to a purely absorbing
boundary. Such a situation can arise in many settings, such as the design of materials which
reflect, say, alpha or beta particles. These can cause serious damage to living tissue.

We can let u be the amount of radioactive material that has been absorbed. As the
protective material breaks down, the proportion reflected decreases to zero, and so the
boundary will become purely absorbing. For small ¢, the reflectivity will decay linearly,
but after a certain point is reached, the reflectivity will evaporate exponentially fast. These
are important considerations in the design of systems to protect against radiation. There
is a very vast literature on this subject, and we can only suggest a survey [29]. Our prob-
lem may be regarded as a toy problem that could be of value. However, we present it here
purely for its mathematical interest. We prove the following theorem.

Theorem 5.2 Let f € L'([0,00) and g(t) = [, G(x)e ™ dx, where G € L' ([O, 00), ﬁ)
Ea

Then the boundary value problem

U = Ugx -%’u, x >0,
u(x, 0) = f (%),
au(0,2) + Be > u,(0,t) = g(2),

where o, B are nonzero, has a solution given by
oo oo
u(x, t) =/ oM)wy(x, & L)dA +f Y (M) wa(x, t; A)dA. (5.26)
0 0
Here
Lo 1o u 2
wilx, tA)=exp | t+ Ex - ZA (€™ = 1) ) cos(rxe™),

1 1
W%, ;1) = exp (t + Exz - Z)?(e“ - 1)) sin(xe®),

« [a(?—[eF)(k) — (MK + E2K () - kﬁF(A)]

a2+ ,32)»2

v =

)

00 = LKO) =0, FO) = 2 [ e ¥ f) cosGundy, K6 = 57|01 5 | and 26s) =

1
1
(Hs)%g( In(1 + s)).

1
4

Proof We begin with the following solutions of the PDE:
Lo 1o u 2
wi(x, ;1) =exp | £+ Ex - ZA (e* —1) ) cos(Axe™), (5.27)

1 1
wa(x, ;1) = exp (t + Exz - Zkz(e“ - 1)) sin(xe®). (5.28)
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It is straightforward to check that these satisfy the equation for every A. (Notice that they

are not however of the form (5.1) or (5.2).)
As usual, we construct a new solution of the PDE by setting

u(x, t) = /Ooogo(k)wl(x, t; M)dA + /000 Y (M) wa(x, t; A)dA.
The initial condition then implies that

e [3u(x) + U (0)] = ().
Reasoning as previously, we deduce that

2 [ 1,
o= / I F () cosO)dy + (Hop ).
0

We set F(A) = 2 [ e 3£ (y) cos(ry)dy.
Now we easily see that

u(0,t) = /DO o(L)exp <t - i)ﬁ(e‘” - 1)> dh
0
and
u,(0,8) = / ” Ay (L) exp (3: - ixz(e‘“ - 1)> dh.
0

From the boundary condition we have

0 22 0 2
« / (e T Va1 / A (e T D) = e g ().
0 0

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

Now we set s = €% — 1, which implies ¢ = 1 In(1 +s). We also put A? = 4z. This transforms

(5.34) into
o f TV i (zsydz e 2p / TV e (29 de =26,
0 Vz 0
where

_ 1 1
g =—7¢ (Z In(1 +s)) .

(1+s)2

Inverting the Laplace transform gives

9(24/z)
Nz

o

+2BY(2v/2) = L7 [g(s)2],
and so

Aol a2
ap(A) + BAY(R) = EL [g(s); Z] =K(),

(5.35)

(5.36)

(5.37)
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which immediately yields
a(F() + (Hoy)(W) = K(A) = BAY(R). (5.38)
Taking the even Hilbert transform of both sides produces the result
a(HF)A) — (D)) = (HK)(R) = BAH Y )(). (5.39)
However we also have

1
(Hoy)() = o [KQ) = BAy ()] - FQL),

whence
a(HF)A) — ar () = (HK)(L) - BA [é [K(A) = Bry(M)] - F(?»)] . (5.40)
Solving for v gives
o [a(HeF)(A) — (M) + K2 - AﬁF(A)]
V() = . (5.41)

a2 + 132)\'2

From this we can find ¢. Proving the convergence of the integrals for these choices of ¢
and ¥ proceeds much as in our previous example. Since the details are similar, we focus
on the function K, which has a different structure than in the previous case. To proceed,

we suppose that

g(s) = / ~ Gx)e “dx. (5.42)
0

Then we immediately see that

1 1g(lln(l +s)) = /*00 &)mdx. (5.43)
1+s)1 \4 0 (L+s)+

Taking the inverse Laplace transform, we obtain

(g : —/w_G(x) el g
- |:(1+s)i (41“(1”))“}‘ , T (5.44)

See [19] for the inverse Laplace transform.

Thus we obtain the expression

A -3 2 [* G 22 (A2
K) = (§> e‘T/O T (g)e‘ﬁ (5> dx. (5.45)
4
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If we suppose that G € L! <[0, 00), ﬁ), then an application of the dominated con-
E3

vergence theorem gives

(1 w2 (A2
11m/ 1 Glx)e 16 <—) dx=0. (5.46)
r—00 Jo F(ﬂ) 2

4

We also have

] w2 (12
/0‘ @G(x)e 16 (E) dx’}FO:O. (54:7)

4

Now the Lebesgue integral of a measurable function returns a uniformly continuous func-

tion; see [30]. Hence the integral in (5.45) is bounded, and we have the inequality

IK(V)| < Lk (5.48)
Va

for some positive constant C depending on G. Thus the even Hilbert transform of K exists.
We can prove that (H.K)(AM)wi(x,t;A) is integrable for k = 1,2 by similar means to the
Black—Scholes equation case. If we suppose that f is integrable, then similar statements
can be made for the even Hilbert transform of F. The remainder of the proof is similar to

our previous examples. O

6 The Robin problem for a five-dimensional squared Bessel process
The method is effective for elementary solutions of greater complexity. For example, so-
lutions of the form

Wi, 8) = (01 (% £5§) COSEA (%, 1)) + po(w, £6) sin(EAx(x, D) <, (6.1)
Wa(, ) = (033, £56) COS(EAL (X, 1)) + pa(i, 1) sin(E A (x, ))e & ! (6.2)
can be used. It is possible to formulate an analogue of Theorem 5.1 for equations with

elementary solutions of this form. However, we omit this for brevity. Instead, we content
ourselves by working through the details of a particular example of interest. We solve the

problem
Uy = 2XUyy + BUty, x> b, t >0, (6.3)
u(x,0) =f(x),x> b, (6.4)
au(b,t) + Buy(b, t) = g(o). (6.5)

We assume that f is continuously differentiable. This is associated with a five-dimensional
squared Bessel process and is not covered by Theorem 5.1. However, our method can be

extended to cover it. We look for a solution that can be written as

u(x,t)=/ w(E)W1(x,t;$)d§+/ YV (E)wa(x, t;6)dE, (6.6)
0 0
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where
wi(x, £ E) = e 5 Ly 302 (25\/9_csin (Em(x)) + /2 cos (Sm(x))) , (6.7)
Wox, £ &) = e ty32 (ﬁ sin (Em(x)) — 2E /% cos (gm(x))) (6.8)

with m(x) = v/2x — /2b.

By the change of variables x = 1(y + v/2b)* the initial condition reduces to

/0 @(E)(cos(Ey) + (y + V/2b)E sin(Ey))dé

. fo Y (EXSInEY) - (y + V2B cos(Ey))de
_ (L vame) (L vane) -7
_E(E(“ )) f(§U+ ))—f(ﬂ

This seems to be quite different to the previous cases that we have encountered. However,
we can rewrite the above as

d —~ -
(1 -+ ~/2—b)5> @) + V) =f ) (6.9)

or, equivalently,

d 1 . —~
(5 ——=)@) + ¥s(y) =~

&y Vb %@f ). (6.10)
Introducing the integrating factor ﬁ we have
;y (y i/— (@ + ws(w)) mf@). (6.11)
Hence
Pe) + Vs(y) = (v + V/2b) ( /0 o ﬁ —————f(ndn + 1) = F(y), (6.12)

where I is a constant of integration. To determine the value of /, we need an initial condi-
tion, and we notice that 1}\5(0) =0and ¢.(0) = fooo @(&)dE. Thus we need the value of the
integral fooo @(£)dE. This same constant also arises from the boundary conditions. We will
see that it can be obtained by solving a pair of simultaneous equations.

From (6.12) we obtain the familiar condition

@(&) =F(E) + (Hop)(E) (6.13)

with F(&) = 2 [ F(n) cos(n&)dn.
We remark here that for the squared Bessel processes of odd order higher than five,
condition (6.13) is obtained by solving equations of Euler type for @.(y) + 1//f\s(y) and the
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initial conditions are found by solving a system of linear equations. However, the details
are quite involved and so will be presented elsewhere.
The Robin boundary condition gives us

((2ba - 3B) + 2bBE*)p(&) 4 38— 2bo

B2 V() = 26L7 g7 = G&). (6.14)

This is equivalent to

(A +BE)(Mo)(&) + CEYr = G(§) — (A + BEHE(E) (6.15)

with A = (222% and C = 3’3;—?’“. We assume that A + B£2 has no real roots. We take the

even Hilbert transform of both sides, just as before. This gives

2 [o¢]
Ay +B (—fp | Howinan- szw@) + CE (M) (6) = (), (6.16)
0
where J(§) = (HK)(&) and K(§) = G(E) - (A + Béz)ﬁ(é). Now as before, we require

P/ (Hor) (mdn =P/ (9(n) = E(n))dn. (6.17)
0 0

We will drop the principal value by assuming suitable integrability. The procedure for
determining the value of the integral fooo @(&)d& will be addressed below.
From (6.15) we see that

K(&) - CEy(§)

B (6.18)

(Howr)(E) =

Together with (6.16), we have a pair of simultaneous equations for ¥ and #H,v, and we
obtain

A+ B 232 C2 2 92 00
A O ) = H©) + B / Hoy Grydn - k&), (6.19)
+ B¢ 7 Jo

where k(§) = iﬁg. This gives

(HK)E) + BE ([ (p(n) - Fanydn) - S5

_ 2
V(€)= —(A + BE?) B O

(6.20)

From this we obtain ¢. To complete the calculation, we need to determine fooo p(&)dE.
First, from the construction of the solution we have

o0 2 o0
u(b,0) = f(b) = b3/ fo (et~ /0 £y (E)de. (6.21)

Integrating both sides of (6.14) gives

AoodBOOZdCoo d:de. 6.22
/0¢<s>s+ /0 E20(E)dE + /0 EY(E)dE /0 (&)de (6.22)
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We next calculate u,(b,0) and after rearranging obtain

o0 1 o0 ,
/0 sy e = -V / Eoends + fo o(&)dE + £ (b). (6.23)

Basic algebra leads to the pair of simultaneous equations

3/2

f
d G
H; /O &)k + H, / E20(8)dk = f(b) / @ds

Hy /0 o©ds 4y [ Epens - f(b)—— / G(e)de,

where H; = <1+@), H, = ‘ﬁB , H3 = ( §+%), H, = (g-g) This gives
15° @(&)dg =y, where
Ha (Z5f®) - 42 [ G©ds ) - Hy (51 (1) - [ 5L )

- , 6.24
4 H,H, — HyHs (6:24)

provided that HyHy — HyHs # 0. If g(¢) = 0, then this simplifies to
o 2 Hyf (b) ~ % Haf (b)
| ot - .
0

(6.25)
H\Hy — HyH3

We immediately obtain

—————f(dn +

Fy)= <y+f>(/0 (“f)z

75)
V2b

The question then arises as to how we are to interpret the Fourier cosine transform
of y + V2b? This is in terms of distributions. Clearly, fooo 8(&)cos(§y)dé = 1. Hence
% fooo cos(&y)dy = 8(§). Now let ¢ be a suitable test function of Schwartz class. We de-
fine the distribution A(¢) = [~ yé.(y)dy and as a distribution (f5° ycos€)dy, @) = A(g).
Note that solutions (6.7) and (6.8) are in the Schwartz class, so that A(w;) and A(w,) are
well defined and can be computed easily.

It is possible to give conditions that guarantee the convergence and to prove that we do
indeed have a solution of the Robin problem. This proceeds along the lines of the treatment
given in the cases of the Black—Scholes equation and the harmonic oscillator. To avoid
repeating the same arguments as before, we will omit this analysis. However, we are able
to construct a solution to the problem by this method, which again does not require us to

know the fundamental solution.

7 Future directions

In this paper, we have introduced a new method, which yields new representations for
the solution of important boundary value problems. The idea of constructing solutions to
boundary value problems from elementary solutions of the PDE without use of a funda-
mental solution is potentially very important. Naturally, there are many open problems.
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First, we would like a fuller characterization of the types of equations for which the
method is effective. We have one result along those lines, and others are possible. We can
give a characterization of PDEs that possess solutions of the forms (6.1) and (6.2). We
proceed as in the discussion at the start of Sect. 5. We substitute the solutions into an
arbitrary linear PDE, which leads to conditions that guarantee that we have a solution.

There are also particular cases that we have not gone into detail to keep the current
paper to a manageable length. For most of these cases, the analysis is basically the same as
that presented for our main problems. In many cases, they are easier because certain terms
disappear from the equations. For example, in the derivation of Theorem 3.3, assuming
that (a + %) = 0 significantly reduces the difficulty in determining ¢ and ¥. We simply
invert a single Laplace transform to obtain ¥, and ¢ can be determined from this.

We do not yet know the full range of equations with time-dependent coefficients that
can be studied by this technique. However, we made some preliminary remarks on this
earlier. If we consider equation (5.18), then the extension of Theorem 5.1 to equations of
this form is not at all difficult. We simply construct a solution

u(x, t) = / O(&)p(x) cos(E (uu(x) — p(b)))e s Jo s g
0
" / Y (E)p(x) sin(E (uu(x) — u(b)))e s fordsge
0

Note that k(¢) = fot r(s)ds is increasing and so is invertible. We have

u(x,0) = p(x) (Pe(1a(x) — (b)) + Ds(p(x) - (b)) =£(x),

and the equations arising from the boundary conditions can be solved by the use of the
odd and even Hilbert transforms. The analysis is similar to the case where r(s) = 1, and
the solution is a modification of that given in Theorem 5.1. The solution is in terms of the
inverse Laplace transform of g(k~1(s)), as with our example for the equation (5.21).

For (5.21), it is clear that there are numerous possible cases that can be considered. We
have seen that the Dirichlet problem is straightforward if we set A(¢) = 0, which corre-
sponds to a time-dependent Ornstein—Uhlenbeck process. The Neumann problem can
also be solved in the same manner. For different choices of the coefficients, a variety of
boundary value problems can be solved. There are other time-dependent equations that
can be studied, but we will not discuss them here.

Another application of these techniques is to equations with nonstandard boundary
conditions. We mentioned previously that certain moving boundary problems can be
solved. We will give one example. Consider the PDE u; = u,, — xu, x > £, subject to
u(t?,t) = g(t), u(x,0) = f(x). The PDE has solutions

1y (6, 58) = 35 cos(E (x — £2)), (7.1)

Uy (x, 158) = €3 5 gin(£ (x — £2)). (7.2)

We can solve a number of different problems with these elementary solutions; see [22]. To
solve the moving boundary problem, we define

ux,t) = / ©E)ui(x, £ €)dE + / @& ua(x, £ E)dE. (7.3)
0

0
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Then u(x,0) = @ (x) + l/l;s(x) = f(x). The moving boundary condition leads to

oo
| o tas - g, 7.4
0
This reduces to a Laplace transform, and inverting the transform gives us ¢, and from this
we obtain . There are other moving boundary problems that we can study for different
PDEs. This is ongoing work.

We also remark that different families of elementary solutions that do not involve sines
and cosines can also be used in our basic construction. There are also PDEs that possess
elementary solutions for which the integral equations arising from (1.2) can be solved by
means other than the Hilbert transform. Much work remains to be done on these prob-
lems; however, see preprint [31] for work in this direction.

Appendix

The classical approach to solving the Robin problem when g is nonzero is presented here.
For a more technical treatment of the solution of boundary problems for parabolic oper-
ators, we recommend [1]. We wish to solve

uy(S,t) = Lu(S, 1), (A.l)
Olu(b, t) + ,Bug(b, t) + yuSS(b! t) =g(t): (Ag)

with S > b,t>0, b >0, and L a positive second-order operator in S. In our case, L is the
second-order Black—Scholes operator:

Lu(S,t) = %02521455(5, £) + rSus(S, t).
To solve problem (A.1)—(A.3), we set u(S, t) = v(S, £) + h(S, t), where

av(b,t) + Bvs(b,t) + yvss(b,t) =0,
and

ah(b,t) + Bhs(b, t) + yhss(b, t) = g(¢). (A4)
This gives

vi(S,t) = Lv(S, t) + K(S, 1),
V(Sx 0) :f(S) - h(S: 0)1 (A‘S)
O{V(b, t) + ,BVS(b’ t) + VVSS(b’ t) :g(t)r

where K(S,t) = Lh — hy(S,t) and S > 0, £ > 0. We assume that g(¢) is differentiable and

integrable. Then we have the following result. We omit the proof, which is available on
request.
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Proposition A.1 Let h(S,t) be a function that satisfies (A.4), and let q(S,y,t) be a fun-
damental solution of q; = Lq such that aq(b,y,t) + Bqs(b,y,t) + yqss(b,y,t) = 0. Then the
solution of the boundary value problem (A.1)—(A.3) can be written as

u(S, ) =h(S, 1) + /b (F9) = h(2,00q(S, y, )y

+/ /‘00 <Lh(y,r)— %(y,r)> q(S,y,t — t)dydr.
0o Jo at

In general, the function /(S ¢) is not unique, and different choices for it may lead to
different representations of the solution to the BVP. The fundamental solution in this case
is given by (2.21) in which

ln(z)+21n(5) -
ST MESONG, )
42 Ayp (ozt)g/2 <& + 1L (B + y,u))

4 (=4In(b) In(S) + In2(b) + In%(S)) + 41n2 () + (02 = 2r)* £
- ( ( $) e () + o2 -20"0%)

5(5,% t) =

where
MS,0 = (~VAB+ R (20f®) (@ -+ (B+yn))-B(B+2vn))

B(B+2vu)+2vV/Ape At VAp (‘e ' )> ’

R= (e 1

—

% ) (%)+ln2(b)+1n2(5) In(S) (%
t

202t Z(S,y) + 2b o2t § ot

i

S _M 21n(} ) +1n(s) ) %
—2yln<z)5 a2t b ok —2yln( )b 2§ o

and Z(S,y) = erf(ln(T

S
[ SN—"
Sl =
ol 5
—
SI=
[ ~—
\—/
|
[¢]
=
-~
—
5
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~ [ S—"
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