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Upgraded rocker pendulum-tuned mass damper for passive 
vibration control of structures

Huong Quoc Cao 

School of Mechanical and Mechatronic Engineering, Faculty of Engineering and Information Technology, 
University of Technology Sydney, New South Wales, Australia 

ABSTRACT 
An upgraded type of tuned mass damper for passive vibration control of 
structures is developed in this work. This innovative model includes a 
smaller tuned liquid column damper (TLCD) integrated into a rocker 
pendulum-tuned mass damper (RPTMD) placed on a smooth-curved sur
face of the main structure, which is referred to as the upgraded rocker 
pendulum-tuned mass damper (URPTMD). The URPTMD is a connectionless 
vibration absorber (CVA) because this design allows it to operate without 
connection to the main structure. This unique feature is an outstanding 
advantage of the URPTMD. This leads to easier installation and reduced 
maintenance costs. After establishing the analytical model of the URPTMD, 
the results obtained from the parametric studies indicate that the mass 
ratio between the TLCD and the RPTMD significantly affects the device’s 
control performance. To explore the vibration reduction ability of this 
device, the performance of an optimized URPTMD are determined and 
compared with those of optimal TMD with the same weight. The numerical 
simulations show that the URPTMD yields higher effectiveness over a 
broader excitation frequency range compared with a conventional TMD. In 
addition, the robustness against changes in the structural properties and 
the mistuning sensitivity of the optimized URPTMD are also investigated. 
The URPTMD is less robust than the PTMD or TMD when facing changes in 
both structural stiffness and mass, but the damping sensitivity of the opti
mized URPTMD is similar to that of the optimized TMD.
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1. Introduction

As construction technology advances, many high-rise buildings are increasingly being constructed 
around the world to optimize space usage. However, these structures are susceptible to significant 
amplitude vibrations caused by strong winds and earthquakes, primarily due to their high flexibil
ity and low damping characteristics (Suthar and Jangid 2022; Li, Pan, and Cao 2022; Giaralis and 
Petrini 2017). In practice, one common technique is to add vibration absorbers to structures to 
mitigate structural dynamic responses (Samali et al. 2004; Wu et al. 2005; Gao, Kwok, and Samali 
1999; Tran, Bui, et al. 2025). Following this way, tuned mass dampers (TMDs), including tuned 
liquid column dampers (TLCDs), are one of the most popular passive vibration absorbers (Gao, 
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Kwok, and Samali 1999; Diana et al. 2013; Momtaz, Abdollahian, and Farshidianfar 2017; Vellar, 
Gupta, and Jangid 2019; Yalla and Kareem 2000).

TMDs have widely been used to reduce vibrations of civil structures under different types of 
loads (e.g. earthquakes, wind or traffic loads). Researchers have developed various advanced types 
to enhance the vibration control capacity of traditional TMDs (Kahya and Araz 2019; Wang, Shi, 
and Zhou 2022; Hui et al. 2024; Zuo 2009). For instance, Cao developed a combined tuned mass 
damper (CTMD) (Cao 2023), while Tran and Bui introduced a rolling tuned mass damper 
(RTMD) designed to control vibrations in buildings subjected to earthquakes (Tran and Bui 
2025). Additionally, Araz proposed connecting multiple TMDs in parallel, known as multiple 
tuned mass dampers (MTMD), to further reduce the dynamic responses of structures (Araz 
2024). Recently, TMDs that utilize inerters have gained significant interest among scholars 
(Marian and Giaralis 2014; Pandey and Mishra 2021; Cao, 2025b; Prakash and Jangid 2022; 
Baduidana and Kenfack-Jiotsa 2024; Suthar and Banerji 2023; Tran, Bui, et al. 2025).

While traditional TMDs (or their innovative types) offer several advantages, including simple 
structure, low cost, and effective performance in reducing structural vibrations, they also present 
some drawbacks. One of these disadvantages is the large stroke of TMDs when they operate. 
Thus, TMDs may require huge horizontal installation spaces, which limits their practical applica
tions for tall structures with space restrictions, particularly in slender high-rise buildings. To over
come this issue, pendulum tuned mass dampers (PTMDs), a special type of TMD, can be suitable 
for vibration reduction of slender civil structures due to the adequate installation space primarily 
in the vertical direction. Currently, PTMDs are being used to control the vibrations in tall build
ings, and one of the typical examples of a PTMD installation is found in the Taipei World 
Financial Center (Taipei 101) in Taiwan.

The natural frequency of a PTMD is determined based on the length of the pendulum, and its 
design can be integrated with external dampers. To effectively control the vibrations of structures 
with very low natural frequencies, a significantly long pendulum is required to ensure that the 
pendulum’s frequency matches with the natural frequency of the main structure. This require
ment can result in complexity to the design of PTMD compared to a conventional Tuned Mass 
Damper (TMD), potentially lifting manufacturing costs. Furthermore, it is important to consider 
issues related to the bearings of a simple pendulum. To address these challenges, a more effective 
solution is to introduce a curvature in the support surface and allow the mass to roll on this sur
face (known as a rocker pendulum). This enables a rocker pendulum to operate similarly to a 
conventional pendulum.

Based on the above analyses, an upgraded type of TMD for passive vibration control is pro
posed in this work. This innovative version is a combination of a rocker pendulum-tuned mass 
damper (RPTMD) and a TLCD, which we refer to as the Upgraded Rocker Pendulum-Tuned 
Mass Damper (URPTMD). The URPTMD consists of a smaller TLCD mounted on top of an 
RPTMD, and the URPTMD is placed on a smooth-curved surface of the main structure. This 
design allows it to operate similarly to an upgraded TLCD (as presented in the paper by Cao 
(2021)) without connection to the main structure. In other words, URPTMDs are Connectionless 
Vibration Absorbers (CVA). This unique feature ensures that the URPTMD is different from 
conventional TMDs and other types of TMDs. Moreover, it simplifies installation and reduces 
maintenance costs. Additionally, the motion of the liquid column in the TLCD fixed to the 
URPTMD enhances the damping effect of the proposed device.

Beyond developing the analytical model for this new device, the main contributions of this 
study include outlining the fundamental characteristics of the URPTMD and evaluating its vibra
tion control effectiveness, the robustness against variations in the structural parameters, and the 
mistuning sensitivity to changes in key properties of the URPTMD. To do this, an analytical 
model of a single-degree-of-freedom (SDOF) structure equipped with a URPTMD under an 
external force excitation is established in Section 2. Next, the parametric studies of the URPTMD 
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are conducted in Section 3, and then its optimal parameters are found in Section 4. The control 
performance and robustness of the URPTMD are determined and discussed in Section 5. The 
mistuning sensitivity of the device is also presented in Section 6. To the end, the outstanding 
findings of the present work are stated in Section 7.

2. Analytical model of the URPTMD-structure system

The natural frequencies of civil structures are generally distinct from one another. Thus, when 
vibration control of a specific vibration mode, the structure can be simplified to a SDOF system 
that shares the same frequency as the mode being controlled (Gao, Kwok, and Samali 1999). In 
the literature, many researchers have also focused on reducing the dynamic response of a specific 
vibration mode in high-rise buildings, simplifying their models by considering multiple-degree- 
of-freedom (MDOF) structures as SDOF structures (Gao, Kwok, and Samali 1999; Varadarajan 
and Nagarajaiah 2004; Yang et al. 2004). In this study, an analytical model is a SDOF structure 
equipped with a URPTMD under an external force F tð Þ (as shown in Fig. 1a). The URPTMD 

Figure 1. (a) Actual URPTMD-structure system, (b) Equivalent URPTMD-structure system.
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consists of a TLCD integrated into a RPTMD. The mass of RPTMD is m1, while the TLCD is a 
uniform U-shaped liquid column which has a cross-sectional area (A), a head-loss coefficient (f), 
a total length (L), a horizontal length (B), and the liquid density (q). The key parameters of the 
main structure include the generalized stiffness (Ks), the mass (Ms) and the damping coefficient 
(Cs). The natural frequency and damping ratio of the structure are denoted as xs and ns, respect
ively. They are calculated by xs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ks=Ms

p
and ns ¼ Cs=ð2MsxsÞ:

2.1. Equations of motion of the URPTMD-structure system

Figure 1a shows a URPTMD put on a smooth curved surface (e.g. a circular arc) of the main 
structure. The movement of the structure excites the pendulum. The motion of the pendulum 
produces a horizontal force that opposes the structure motion (Q). The horizontal force compo
nent due to the weight of the pendulum (P) will be a factor to pull the pendulum back to its ini
tial equilibrium position. In the same mechanism, the URPTMD-structure system can be 
represented by an equivalent system, as presented in Fig. 1b.

In this study, the external force acting on the structure is assumed by

F tð Þ ¼ F0ejxt , (1) 

in which x is the excitation frequency, F0 is the force magnitude, and j ¼
ffiffiffiffiffiffi
−1
p

. It is important 
to note that the equations of motion of the URPTMD for the case where the surface is a circular 
arc with the radius of R are the same as the conventional pendulum with the cable length of R. 
Here, h (in radian) is denoted as the angle of oscillation of the URPTMD. It is assumed that h is 
small (h < 0:174 rad) and the friction between URPTMD and the curved surface is neglected. 
Thus, equations of motion of the system are given by

Ms €Xs tð Þ þ Cs _Xs tð Þ þ KsXs tð Þ − qALþm1ð Þg sin h tð Þð Þ ¼ F tð Þ, (2a) 

qALþm1ð Þ€x1 tð Þ þ qALþm1ð Þg sin h tð Þð Þ ¼ − qALþm1ð Þ€Xs tð Þ − qAB€x2 tð Þ, (2b) 

qAL€x2 tð Þ þ
1
2
qAf _x2 tð Þ

�
�

�
� _x2 tð Þ þ 2qAgx2 tð Þ ¼ −qAB €Xs tð Þ þ €x1 tð Þ

� �
with x2 tð Þ

�
�

�
� �

L − B
2

� �

: (2c) 

In the above equations, g ¼ 9:8 m/s2 is the gravitational acceleration. XsðtÞ is the absolute dis
placement of the primary structure, x1ðtÞ is the motion of the mass m1 relative to Ms, and x2ðtÞ
is the vertical displacement of the liquid column. In other words, the absolute displacement of 
the mass m1 is given by

xabs
1 tð Þ ¼ x1 tð Þ þ Xs tð Þ: (3) 

As h is small, the system is linearized and the following approximations can be applied

sin hð Þ � h and cos hð Þ � 1, (4) 

x1 ¼ Rh � Rsin hð Þ: (5) 

By substituting Equation (5) into Eqs. (2a-b), we obtain the equations of motion for the hori
zontal direction of the system as follows

Ms €Xs tð Þ þ Cs _Xs tð Þ þ KsXs tð Þ −
qALþm1ð Þg

R
x1 tð Þ ¼ F tð Þ, (6a) 
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qALþm1ð Þ€x1 tð Þ þ
qALþm1ð Þg

R
x1 tð Þ ¼ − qALþm1ð Þ€Xs tð Þ − qAB€x2 tð Þ, (6b) 

qAL€x2 tð Þ þ
1
2
qAf _x2 tð Þ

�
�

�
� _x2 tð Þ þ 2qAgx2 tð Þ ¼ −qAB €Xs tð Þ þ €x1 tð Þ

� �
: (6c) 

It is noted that the mass of the liquid column in the TLCD (denoted as m2) is calculated by 
m2 ¼ qAL: The length ratio of liquid column (denoted as c) is given by c ¼ B

L : Here, the equiva
lent stiffness of the equivalent URPTMD-structure system is given by

keq ¼
m1 þm2ð Þg

R
: (7) 

Now, Eqs. (6a-6c) are rewritten as

Ms €Xs tð Þ þ Cs _Xs tð Þ þ KsXs tð Þ − keqx1 tð Þ ¼ F tð Þ, (8a) 

m1 þm2ð Þ €Xs tð Þ þ €x1 tð Þ
� �

þ keqx1 tð Þ ¼ −cm2€x2 tð Þ, (8b) 

m2€x2 tð Þ þ
m2f

2L
_x2 tð Þ
�
�

�
� _x2 tð Þ þm2

2g
L

x2 tð Þ ¼ −cm2 €Xs tð Þ þ €x1 tð Þ
� �

, (8c) 

The natural frequency of the mass m1 in the URPTMD is

x1 ¼

ffiffiffiffiffiffi

keq

m1

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m1 þm2ð Þg
m1R

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2=m1ð Þg

R
,

r

(9) 

The natural frequency of the TLCD in the URPTMD is

x2 ¼

ffiffiffiffiffiffiffiffi
2g
L

r

, (10) 

The mass ratio of the mass m1 in the URPTMD is

l1 ¼
m1

Ms
, (11a) 

and the mass ratio of the liquid column in the URPTMD is

l2 ¼
m2

Ms
: (11b) 

Therefore, the mass ratio between the URPTMD and the structure is

l ¼
m1 þm2

Ms
¼ l1 þ l2: (11c) 

Note that the mass ratio between the TMD2 and the TMD1 in the URPTMD is

l21 ¼
l2
l1
¼

m2

m1
: (11d) 

It should be noted that Eq. (8c) is nonlinear because the damping term f
2L _x2 tð Þ
�
�

�
� in this equa

tion is nonlinear. To directly solve Eqs. (8a-8c), Newmark’s average acceleration method is 
applied. This method will be described in Appendix A.
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2.2. Dynamic magnification factor of the structural response

The dynamic magnification factor (DMF) of the structural response in the steady state is 
expressed by (Den Hartog 1985; Gil-Mart�ın et al. 2012)

DMF ¼
max Xs

F0=Ksð Þ
¼

max Xs

F0= Msx2
s

� � : (12) 

In this work, letting the frequency ratio is

a ¼
x

xs
: (13) 

Two tuning frequency ratios of the proposed device are denoted as b1 and b2: These tuning 
ratios are given by

b1 ¼
x1

xs

b2 ¼
x2

xs

:

8
>><

>>:

(14) 

It is evident that DMF of the structural response is a multi-variable function. With each struc
ture given, two parameters ns and a were determined, while the mass ratio l will be pre-chosen 
by design engineers. The remaining parameters (including l21, b1, b2 and f) will be found 
through optimization problems mentioned in the next section.

To assess the vibration control effectiveness of the proposed device, the TMD-structure system 
is also established for the purpose of comparisons. This system and its equations of motion are 
presented in Appendix B.

3. Parametric study

In this section, studies on URPTMDs’ parameters, which affect its vibration control performance, 
are carried out through numerical examples. In this study, the SDOF structure is the first mode 
of a 76-story building used in the literature (Varadarajan and Nagarajaiah 2004; Yang et al. 
2004). The building has a total mass of 153000 tons. The first mode of the building has the natu
ral frequency xs¼ 1.0 (rad/s) and the damping ratio ns¼1%. It is assumed that the external force 
magnitude is F0 ¼7.5x105 N and the excitation frequency range of [�x1, �x2] corresponds to 0:5 �
a � 1:5: Here, �x1 and �x2 are the lower and upper limits of the excitation frequency, respectively. 
This frequency range is chosen because it effectively captures the resonant and near-resonant 
behavior of the structure. In addition, the length ratio of the liquid column (c) of UTLCD is fixed 
to be 0.75 for all cases considered.

3.1. Effects of the mass ratios l and l21

The frequency response functions (FRF) of the structure (or the DMFmax curves of the structural 
response) for each value given of l21 from 0.01 to 3.0 corresponding to the various values of l 

are shown in Fig. 2, in which the l values are 0.01, 0.02, 0.03, 0.04 and 0.05. As shown in Fig. 2, 
the remaining parameters include b1 ¼ b1 ¼ 1, c ¼ 0:75 and f ¼ 50: It is important to note that 
DMFmax is denoted as the peak dynamic magnification factor of the structural response in the 
excitation frequency range of [�x1, �x2], and the lowest point of each DMFmax curve represents the 
maximum vibration reduction ability of URPTMD.

As observed in Fig. 2, with any mass ratio, the vibration control performance of URPTMD is 
significant if the value of l21 is small (it should be less than 1.0). In contrast, the URPTMD will 
not be effective if l21 chosen is large. The second observation is that, based on the lowest point 
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of DMFmax curves in Fig. 2, the vibrational reduction capacity of the proposed device will rise 
when the mass ratio l increases. In particular, the lowest point of DMFmax curve decreases from 
20.93 to 7.615 when l rises from 0.01 to 0.05. Furthermore, the optimal value of l21 can be 
determined for each l given, and this value of l21 will be larger if one uses a larger mass ratio. 
For example, the optimum l21 value obtained is 0.09 at l ¼ 0:01, and the optimal value of l21 
continuously increases to 0.13 when l continuous to rise to 0.05.

3.2. Effects of the tuning ratios b1 and b2

To survey the effects of the tuning ratios, let us consider the tuning ratio of URPTMD 
(b21 ¼ b2=b1) changes in the domain of [0.5, 1.5] while l and l21 are fixed at 0.02 and 0.1, 

Figure 2. DMFmax curves of the structure response for various cases of l21.

Figure 3. DMFmax curves corresponding to different values of b2.
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respectively. In addition, the head-loss coefficient of the TLCD in the URPTMD is assumed to be 
50. The effect of the tuning ratio b21 on the DMFmax curve is shown in Fig. 3 with different val
ues of b2: As observed in Fig. 3, there exists the lowest point in each DMFmax curve correspond
ing to each value of b2: Based on the observation of the lowest point of each DMFmax curve in 
Fig. 3, it can be seen that the b21 value rises as b2 increases. Particularly, the lowest point of the 
DMFmax curve is from 8.697 to 15.16, while the b21 value rises from 0.78 to 1.15 when b2 varies 
from 0.8 to 1.2. Thus, one can determine the optimal values of b2 and b1 based on minimizing 
the smallest value of the DMFmax curve.

3.3. Effects of the head-loss coefficient

Figure 4 describes the effects of the coefficient of head loss (f) on changes in the DMFmax curve 
in the case of the tuning ratio b2¼1.0, in which the values of f are 25, 50, 75, 100 and 125, 
respectively. It should be noted that this survey is for the case of l ¼ 0:02 and l21¼0.1. One can 
observe from Fig. 4 that the control performance of the URPTMD will reduce when the head 
loss coefficient increases from 25 to 125. Namely, the smallest value of the DMFmax curve is 7.61 
at f ¼ 25, and this value increases to 13.57 at f ¼ 125. However, with such a broad range of the 
f value (from 25 to 125), changes in the minimum DMFmax values of the DMFmax curves are 
small. This means that the sensitivity to change of f is small, and this point will be verified in 
Section 6.1 (the sensitivity of the head-loss coefficient).

In conclusion, every DMFmax curve in the above analyses has a nadir. Therefore, we can find a set 
of proper values of b1, b2, f, and l21 to maximize the structural vibration control capacity of a 
URPTMD. To do this, a parametric optimization procedure will be introduced in the next section.

4. Parametric optimization

The core aim of the parametric optimization is to maximize the vibration absorption capacity of the 
damper. This means that the maximum value of the dynamic magnification factor (denoted as 
DMFmaxÞ of the structural response when the excitation frequency changes in the domain [�x1, �x2] 
should be minimized. Therefore, the objective function based on the value of DMFmax is given by

Figure 4. DMFmax curves for different f values.
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DMFmax

�
�
�
�

�x2
�x1

� �

! min (15) 

It should be noted that the value of DMFmax in the frequency range of [�x1, �x2] is determined 
by (Gao, Kwok, and Samali 1999; Yamaguchi and Harnpornchai 1993)

DMFmaxj
�x2
�x1
¼

max Xsj
�x2
�x1

� �

F0=Ksð Þ
¼

max Xsj
�x2
�x1

� �

F0= Msx2
s

� � : (16) 

Eq. (15) is a multi-variable objective function with many constraints. Thus, to solve this prob
lem, we need a potential optimization algorithm.

In the literature, there are techniques developed to solve optimization problems (McCall 2005; 
Etedali and Rakhshani 2018; Le-Duc, Nguyen, and Nguyen-Xuan 2020). One can use one of the 
existing algorithms such as Genetic Algorithms, Cuckoo Search Algorithm, Firefly Algorithm and 
Moth-Flame Optimization to optimize the design of URPTMD. Among the recently introduced 
optimization algorithms, Balancing Composite Motion Optimization (BCMO) is a novel tech
nique developed by Le-Duc et al. (Le-Duc, Nguyen, and Nguyen-Xuan 2020). Basically, the 
BCMO is a population-based optimization algorithm and its basic principles were explained in 
detail in Ref. (Le-Duc, Nguyen, and Nguyen-Xuan 2020). Moreover, scholars can find the 
MATLAB source codes of this algorithm in Ref. (Le-Duc, Nguyen, and Nguyen-Xuan 2020) 
through the link the authors provided. Thanks to high efficiency, low complexity, and rapid con
vergence compared to various population-based optimization algorithms (Le-Duc, Nguyen, and 
Nguyen-Xuan 2020; Bui, Tran, et al. 2023; Bui, Tran, et al. 2023; Cao, Tran, and Bui 1984; Tran, 
Bui, and Cao 2024), the BCMO is chosen to search the optimal parameters for devices in the pre
sent work.

The BCMO algorithm has two important parameters. They include the number of generations 
(NG) and the number of individuals in the population (NP). These parameters are selected based 
on the number of variables of the objective function and the convergence of that function. 
Additionally, a flowchart of the design optimization procedure for the URPTMD is depicted in 

Figure 5. Design optimization procedure of the URPTMD with the BCMO algorithm.
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Fig. 5. It is noted that the URPTMD has four design variables (including l21, b1, b2 and f) that 
should be optimized. These design variables and their lower and upper bounds are listed in 
Table 1.

It is noted that the head-loss coefficient (f) of the TLCD which depends on the orifice opening 
ratio has a maximum limit. In previous works, Wang et al. used a head-loss coefficient value of 
2000 (Wang et al. 2020), while Pandey and Mishra (Pandey and Mishra 2021) assumed a ratio of 
the head-loss coefficient to the length of the TLCDI (f/L) to be 161. However, manufacturing a 
TLCD with a very large value of f is challenging. Therefore, in this study, the maximum head- 
loss coefficient for URPTMD is limited at 300.

For extensive comparisons between the proposed device (URPTMD) and TMD, a model of the 
TMD-structure system is also established, as shown in Appendix B. It should be noticed that 
URPTMDs are connectionless vibration absorbers, and they are different from conventional 
TMDs and other types of TMDs. However, comparing the URPTMD with the TMD is appropri
ate because (1) both URPTMD and TMD have the same fundamental principle of a tuned vibra
tion absorption, (2) TMD is highly effective for harmonic excitations and is considered a 
benchmark damper among tuned vibration absorbers, and (3) an optimal TMD offers equivalent 
effectiveness as an optimized PTMD (or RPTMD) if the natural frequency, mass and damping 
coefficient of the PTMD (or RPTMD) are designed to be the same as those of the TMD. In par
ticular, a rocker pendulum operates similarly to a conventional pendulum, while the analogy 
between a TMD and a PTMD (as reported in Ref. (Soltani and Deraemaeker 2022)) enables the 
application of all tuning rules developed for TMDs in the case of PTMDs. Moreover, the results 
obtained in the research work (Wang et al. 2023) show that the control effectiveness of an opti
mal PTMD is similar to that of an optimized TMD with the same weight as the PTMD. This 
means that a comparison between the URPTMD and the TMD is also a comparison between the 
URPTMD and the PTMD (or RPTMD).

From the input data in Section 3 and Table 1 and using the BCMO algorithm with the corre
sponding parameters NP¼300 and NG¼200, Table 2 lists the obtained parameters of the optimal 
URPTMD and TMD configurations corresponding to each l value given (including l¼1%, 1.5%, 
2%, 2.5%, 3%, 3.5%, 4%, 4.5% and 5%). It should be noticed that the optimal radius of the 

Table 1. The lower and upper limits of the parameters of the URPTMD.

Parameter/Design variable Value Notation and expression

l21 0.01 < l21< 1.0 l21 ¼
m2

m1

b1 0.5 < b1 < 1.5 b1 ¼
x1

xs

b2 0.5 < b2 < 1.5 b2 ¼
x2

xs

f 10 < f < 300 The head-loss coefficient of the TLCD

Table 2. Optimal parameters of URPTMD and TMD corresponding to each given value of l:

URPTMD TMD

lURPTMD lURPTMD
21opt bURPTMD

1opt bURPTMD
2opt fURPTMD

opt RURPTMD
opt b

opt
tmd n

opt
tmd

1.0% 0.050 1.023 0.985 9.715 9.84 0.989 0.062
1.5% 0.068 1.028 0.977 17.194 9.90 0.983 0.075
2.0% 0.093 1.039 0.970 30.421 9.92 0.978 0.086
2.5% 0.114 1.047 0.964 43.930 9.96 0.973 0.096
3.0% 0.138 1.057 0.957 62.092 9.98 0.968 0.105
3.5% 0.152 1.061 0.950 73.978 10.02 0.963 0.114
4.0% 0.180 1.073 0.945 99.350 10.04 0.959 0.121
4.5% 0.200 1.080 0.939 120.031 10.08 0.954 0.128
5.0% 0.228 1.091 0.935 148.483 10.11 0.949 0.135
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circular arc (curved surface) for URPTMD moving (RURPTMD
opt ) is also provided in Table 2. It is 

observed from Table 2 that the optimal values of lURPTMD
21opt , bURPTMD

1opt , fURPTMD
opt and RURPTMD

opt 
increase while bURPTMD

2opt reduces as the mass ratio is from 1% to 5%. For the optimal TMD config
urations (as shown in Table 2), there is a decrease in the optimal values of b

opt
tmd, while the 

remaining parameter n
opt
tmd increases when the l value rises. In this optimization problem, to 

ensure the global convergence of the optimal values, each URPTMD configuration is independ
ently run five times, and the standard deviations of the results are consistently under 0.3%.

On the other hand, the optimal lURPTMD
21opt values obtained are small. These values are consistent 

with the conclusion in Section 3 that the performance of URPTMD is significant if l21 < 1:0 
with any mass ratio. In addition, to validate the optimal parameters of the devices obtained using 
the BCMO algorithm, we can use the explicit formulas of Den Hartog (Den Hartog 1985) to 
compute optimal parameters of TMD applied to SDOF structures. In particular, the optimal 
damping ratio (nt) is calculated by ntmd ¼

ffiffiffiffiffiffiffiffiffiffiffi
3l

8 1þlð Þ

q
, and the optimal frequency ratio (bt) is deter

mined by btmd ¼
1

1þlð Þ
: From the data presented in Table 2, the optimal parameters of the TMD 

with the BCMO algorithm match well with those of the TMD gained by using the explicit formu
las of Den Hartog.

5. Effectiveness and robustness

To evaluate the vibration control capability and the robustness of an optimal URPTMD, the per
formance and robustness of the optimized URPTMD are calculated and compared with those of 
optimum TMD which has the same weight as the URPTMD.

5.1. Control performance of URPTMD

In this section, two criteria for evaluating the vibration suppression ability of URPTMD or TMD 
are the DMFmax value of the structural response (Gao, Kwok, and Samali 1999; Yamaguchi and 
Harnpornchai 1993) and the root mean square (RMS) of the peak displacement response (RMSXÞ

of the structure (Cao 2023; Cao, 2025a). For the first criterion, a vibration absorber with a smaller 
value of DMFmax is more effective (Gao, Kwok, and Samali 1999; Yamaguchi and Harnpornchai 
1993). Meanwhile, the second one is related to the vibrating energy dissipated, and a smaller 
value of RMSX means that more vibrating energy is dissipated by the device (Cao 2023; Cao, 
2025a). In this study, the dimensionless quantity of RMS�X in the frequency range �x1, �x2½ � is 
expressed by (Cao 2023; Cao, 2025a):

RMS�X ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn

1
ð�XiÞ

2

n

v
u
u
u
t

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn

1

Xi

F0=Ks

� �2

n

v
u
u
u
t

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Xn

1

Xi

F0= Msx2
s

� �

 !2

n

v
u
u
u
u
t

, (17) 

where Xi is the sampling value of the structural peak displacement at the excitation frequency xi 
in the above frequency range. It should be noticed that Equation (17) are also used for computing 
the RMS displacement of the liquid column of the TLCD and RPTMD in the URPTMD.

Denoting “UC” as the uncontrolled structure and “device” as the structure equipped with the 
device, based on the DMFmax value, the vibration reduction of the structure controlled by each 
device can be defined by

RDMF ¼
DMFUC

max − DMFdevice
max

DMFUC
max

� 100%: (18) 

And based on the RMS�X index, the vibrating energy reduction of the structure controlled by 
each device can be calculated by
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RRMS ¼
RMSUC

�X − RMSdevice
�X

RMSUC
�X

� 100%: (19) 

It is noted that the uncontrolled structure has the values of DMFmax and RMS�X are 50.0 and 
8.795, respectively. Based on the optimal configurations of URPTMD and TMD in Table 2, the 
values of DMFmax, RDMF , RMS�X and RRMS of these configurations are reported in Table 3. As dis
cussed earlier, a device with a smaller DMFmax value is more effective. It is found from Table 3
that URPTMD’s optimal configuration offers smaller values of DMFmax and RDMF compared to 
those of TMD with the same l given. Furthermore, as previously mentioned in Section 4, the 
control performance of an optimal PTMD is similar to that of an optimized TMD with the same 
weight as the PTMD (Wang et al. 2023). Thus, it can be concluded that a URPTMD is more 
effective than a PTMD or a conventional TMD with the same weight. In particular, the vibration 
control effectiveness improvement of the optimal URPTMD configurations compared to the 
TMD configurations are from 19.3% to 22.4% (based on the DMFmax index) and from 5.1% to 
6.9% (based on the RMS�X index) when l rises from 0.01 to 0.05.

To make the discussion clearer, Fig. 6 shows the control effectiveness of the URPTMD and 
TMD for the different mass ratios, in which Fig. 6a is for the DMFmax values and Fig. 6b is for 
the values of RMS�X: It should be noted that the vibration control performance and weight of an 
absorber added to the structure are constantly subjected to the law of trade-off. In other words, 
an increase in the control effectiveness of the device comes with a larger weight added to the 
main structure. It is found from Table 3 and Fig. 6 that the effectiveness of the URPTMD at l 

¼2.5% is similar to that of the TMD at l¼4.5% based on the DMFmax value (6.08 and 6.05, 
respectively). This also means that using the optimal URPTMD with l¼2.5% rather than a TMD 
(or a PTMD) with l¼4.5% can reduce the damper’s mass added to the structure by at least 2% 
of the total mass of the structure. In another case, the optimal TMD with l¼3.5% is not as effect
ive as the optimized URPTMD at l¼2% based on the DMFmax index (6.75 compared to 6.72).

On the other hand, due to the safety of the main structure, the mass of the URPTMD added 
to the structure (which is usually determined through the mass ratio l) is limited. Generally, the 
weight of the vibration absorber can be chosen from 1% to 5% of the mass of the main structure 
(Ocak et al. 2022; Rao 2017). The mass ratio range of 1% to 5% is suitable because it effectively 
balances the control performance, practical implementation conditions, typical structural charac
teristics and structural safety. However, increasing the mass ratio comes with trade-off, including 
higher structural loads, increased costs, greater system complexity, spatial constraints, and dimin
ished control benefits. As observed in Fig. 6, the slope of the DMFmax curve decreases when the 
mass ratio increases from 1% to 5%. In other words, the control performance gain reduces when 
the value of l rises. With a mass ratio greater than 5%, the additional reduction in the structural 
vibration amplitude becomes less significant. This is why the mass ratio range of [1%, 5%] is 
used to survey the control effectiveness of the proposed device in this work.

Table 3. DMFmax , RMS�X and RDMF , RRMS reduction (%) of each device for various cases of l:

l

URPTMD TMD

DMFmax RDMF RMS�X RRMS DMFmax RDMF RMS�X RRMS

1.0% 9.18 81.6% 4.59 47.8% 11.36 77.3% 4.84 45.0%
1.5% 7.61 84.8% 4.23 51.9% 9.65 80.7% 4.46 49.3%
2.0% 6.72 86.6% 3.95 55.1% 8.56 82.9% 4.21 52.2%
2.5% 6.08 87.8% 3.75 57.3% 7.80 84.4% 4.00 54.5%
3.0% 5.62 88.8% 3.60 59.1% 7.21 85.6% 3.84 56.3%
3.5% 5.25 89.5% 3.48 60.5% 6.75 86.5% 3.72 57.7%
4.0% 4.95 90.1% 3.36 61.8% 6.37 87.3% 3.60 59.0%
4.5% 4.70 90.6% 3.27 62.8% 6.05 87.9% 3.50 60.2%
5.0% 4.49 91.0% 3.18 63.8% 5.78 88.4% 3.42 61.1%
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FRF curves of the structure equipped with the optimal URPTMD configurations are shown in Fig. 
7a, while such curves of the structure with the TMDs are presented in Fig. 7b for the cases of l ¼ 1%, 
3% and 5%. It is observed in Fig. 7 that, with the same mass ratio, the system with the URPTMD 
always yields a significantly smaller DMFmax value compared to the system using the TMD. The second 
observation from Fig. 7 is that the DMF curve of the structure with the URPTMD has three-peak char
acteristics, while the DMF curve of the structure with the TMD has two-peak characteristics. With the 
same value of l, the three-peak DMF curve of the structure coupled with the URPTMD is relatively 
flat on a broader frequency range compared to the two-peak DMF curve of the structure equipped with 

Figure 6. The control effectiveness of the URPTM and TMD for the different mass ratios: (a) based on the DMFmax values, and (b) 
based on the RMS�X values.

Figure 7. DMF curves of the structure controlled by (a) the URPTMD or (b) TMD with the different values of l:
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the TMD. Therefore, it can be concluded that, for passive vibration control of the structure, the optimal 
URPTMD configuration is much more effective than the optimized TMD or PTMD with the same 
weight.

When the primary structure vibrates due to the external force excitation, a part of the vibrational 
energy from the structure is transferred to the URPTMD. This energy part can be referred to as damp
ing energy. The damping energy is then distributed among the components of the URPTMD (including 
the TLCD and RPTMD), and becomes the vibrational energy of the device. As discussed earlier, the 
RMS displacement is related to the vibration energy. To have a clearer look at distributing damping 
energy across the TLCD and RPTMD components of the URPTMD, the values of RMS displacement 
of the RPTMD and of the liquid column in the TLCD are determined using Equation (17). These val
ues are listed in Table 4, in which RMSRPTMD

x1 and RMSTLCD
x2 are denoted as RMS displacement of the 

RPTMD and of the liquid column in the TLCD, respectively.
It can be seen from Table 4 that the RMS displacement of the TLCD in the URPTMD is 

always larger than that of the RPTMD for each given mass ratio. This means that the TLCD plays 
an important role in dissipating the vibration energy transferred from the main structure. The 
vibrational energy dissipated by the TLCD is mainly through the orifice, which is quantified by 
the nonlinear damping term. The energy dissipation is influenced by the liquid velocity and is 
maximized when the URPTMD is optimally tuned.

5.2. Robustness of URPTMD

The natural frequency of the main structure depends on the stiffness and mass (Ks and Ms), and 
any changes in Ks and/or Ms always lead to a change in the structural natural frequency. In prac
tical applications, the structural stiffness and mass may be different from the initial design values 
due to various factors. These can include measurement errors (Yamaguchi and Harnpornchai 
1993), environmental conditions such as snow accumulation, or equipment replacements in the 
main structure during maintenance activities (Cao, 2025a). In such cases, tuned vibration absorb
ers will be "detuned" (Petrini, Giaralis, and Wang 2020). In this section, we conduct a study on 
the robustness of URPTMD against changes in the properties of the primary structure, where the 
robustness of URPTMD is compared the robustness of TMD with the same condition.

The robustness of each damper can be evaluated through its ability to resist variations in Ks 
and/or Ms: In this work, the difference between the actual stiffness and the initial design stiffness 
of the structure is DKs %ð Þ, while the difference between the actual mass and the initial design 
mass of the structure is DMs %ð Þ: With the assumption that DKs %ð Þ and DMs %ð Þ change within 
[ − 20%, þ 20%] and based on the vibration reduction RDMF , Figs. 8a and 8b present contour 
maps of the robustness of the URPTMD and TMD against the changes in Ks and Ms with l ¼
2%, respectively. It should be noted that the marked points in these figures are the maximum 
vibration reduction RDMF of each absorber corresponding to DKs ¼ 0 and DMs ¼ 0 at l ¼ 2%:

As shown in Fig. 8, the URPTMD and TMD maintain acceptable effectiveness with a vibration 
reduction RDMF over 55% when both Ks and Ms rise or drop within [ − 20%, þ 20%]. However, the 

Table 4. RMS displacement of the RPTMD and the liquid column with different values of l:

l RMSRPTMD
x1 RMSTLCD

x2

1.0% 35.77 107.61
1.5% 27.92 74.20
2.0% 22.75 52.62
2.5% 19.59 41.78
3.0% 17.24 33.89
3.5% 16.14 30.11
4.0% 14.24 25.33
4.5% 13.18 22.56
5.0% 12.19 19.87
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performance of URPTMD deeply decreases if Ks and Ms rise or drop in opposite directions. In particu
lar, the control performance of URPTMD is reduced to 28.5%, while the effectiveness of TMD drops to 
only 40%. Based on the formula xs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ks=Ms

p
, it is important to note that as Ks and Ms vary in 

opposite directions, the difference in the structure’s natural frequency is larger than compared to the 
case that Ks and Ms vary in the same direction. If Ks increases by 20% and Ms drops by 20%, the vari
ation of the natural frequency of the structure is þ22.5%. In contrast, if Ks decreases by 20% and Ms 
climbs by 20%, the difference in the structural frequency is −18.3%. Hence, a larger change in the struc
ture’s natural frequency will result in a deeper decrease in the damper’s performance.

It can be concluded that the URPTMD is less robust than the TMD when subjected to changes 
in Ks and Ms of the structure. This can be explained by the fact that the vibration control ability 
of the TMD is determined by two tuning parameters (including bp and np), whereas the effective
ness of the URPTMD relies on three tuning parameters: two frequency ratios (b1 and b2) and f:
As a result, as Ks and/or Ms vary, the proposed device is detuned across three tuning parameters. 

Figure 8. Vibration reduction RDMF of the absorber against changes in Ks and Ms at l ¼ 2%: (a) for URPTMD and (b) for TMD.
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This detuning can lead to complex interaction among its components in the vibration phases. 
Consequently, this results in a more significant decrease in control performance of the URPTMD 
compared to the TMD, which depends on two tuning parameters.

6. Mistuning sensitivity

In practice, due to various factors (e.g. errors in design, manufacturing, or installation), there are always 
differences (even very small) between the designed optimal values and the actual values of any vibration 
absorber. This may lead to a decrease in the control effectiveness of the device. Therefore, the mistuning 
sensitivity related to b1, b2 and f of the URPTMD are considered in this section.

6.1. Sensitivity of the head-loss coefficient

Assuming the head-loss coefficient in the URPTMD changes in the range of [-20%, þ20%] com
pared with its optimal value. Based on the RDMF index, Fig. 9 describes the sensitivity to changes 
in the f value of the URPTMD. For the sake of comparison, Fig. 9 also presents the sensitivity to 
variations in np of the TMD in the same range of [-20%, þ20%] compared with the optimal np 
value. It is found that the sensitivity of the URPTMD to the change in f and the sensitivity of the 
TMD to the variation of np are small. There is an insignificant difference between the damping 
sensitivity of the URPTMD and the damping sensitivity of TMD. As reported in Fig. 9, the per
formance of the URPTMD insignificantly decreases (by only 1.4%) when the head-loss coefficient 
changes from −20% to 20% compared with its optimal value.

6.2. Mistuning sensitivity

In this subsection, the influence of mistuning on the vibration reduction effectiveness of the optimal 
URPTMD configuration at l ¼ 2% is explored. It is noted that the URPTMD has two tuning fre
quency ratios, b1 and b2, in which the tuning ratio b1 represents for the component having a large 
mass m1 and b2 is for the liquid column with the mass m2: Errors in tuning ratios b1 and b2 are 
denoted as Db1 %ð Þ and Db2 %ð Þ, respectively. It is assumed that Db1 %ð Þ and Db2 %ð Þ change within 
[ − 20%, þ 20%]. Figure 10 depicts the contour map of the mistuning sensitivity of the URPTMD 
when Db1 and Db2 vary in the range of [-20%, 20%]. The marked point in Fig. 10 is the maximum 
vibration control performance of the URPTMD corresponding to Db1 ¼ 0 and D2 ¼ 0: It can be seen 
from Fig. 10 that the mistuning sensitivity of b1 is higher than that of b2: It is found that the mass of 
m1 is much larger than the mass of the liquid column (m2) in the URPTMD. In particular, the optimal 
URPTMD with l ¼ 2% has l21 ¼

m2
m1
¼ 0:093: Therefore, the mass m1 plays a more vital role com

pared with the mass m2: This is to explain why the mistuning sensitivity of b1 is greater than that 
of b2:

7. Conclusions

In this work, a URPTMD was proposed to reduce the dynamic response of a SDOF structure under 
a harmonic force excitation. The effects of the parameters on the fundamental characteristics of a 
URPTMD showed that URPTMD is significantly effective if the mass ratio l21 chosen is less than 1. 
Based on the optimal configurations, an optimized URPTMD is more effective than both an opti
mized TMD and PTMD when they all have the same weight. This means that, for the same level of 
structural vibration reduction, using a URPTMD instead of a TMD or PTMD can significantly 
decrease the mass of the absorber added to the structure. Furthermore, the DMF curve of the struc
ture using the URPTMD is relatively flat across a wider frequency range compared with the DMF 
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curves of the structure with the TMD or PTMD. Although the optimized URPTMD is less robust 
than the TMD or PTMD when facing variations in structural stiffness and mass, the damping sensi
tivity of the optimum URPTMD is similar to that of the optimized TMD.

The unique feature of the URPTMD is that it functions as a passive connectionless vibration 
absorber. This means it does not need to be connected to the primary structure. By incorporating 
the TLCD into the RPTMD, the URPTMD is able to generate its own damping coefficient. As a 
result, it offers easier installation and lower maintenance costs. It is evident that the mass of the 
liquid column (m2) in URPTMD is much smaller than the base mass (m1). However, the pres
ence of the liquid column is crucial for generating the damping coefficient of the URPTMD. This 
leads to improving the control effectiveness of URPTMD compared to a TMD, PTMD or a tradi
tional RPTMD optimized. Additionally, this innovative type of URPTMD model can be applied 
to a pendulum tuned mass damper because a rocker pendulum tuned mass damper has the same 
characteristics as a conventional pendulum tuned mass damper.

Figure 9. Vibration reduction of URPTMD and TMD when f of the URPTMD and np of the TMD change (with l ¼ 2%).

Figure 10. Vibration reduction of URPTMD with l ¼ 2% as b1 and b2 vary.
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In practical applications, the control effectiveness of a URPTMD depends on four design varia
bles: l21, b1, b2 and f: These variables are influenced by the radius of the curved surface, the 
mass ratio between the TLCD and the RPTMD, the length of the TLCD, and the head-loss coeffi
cient (or the size of the orifice) of the TLCD. Therefore, designing an optimal URPTMD involves 
properly selecting the radius of the curved surface, the value of l21, the length of the TLCD, and 
the size of its orifice. It is clear that the adjustment or tuning of the URPTMD primarily occurs 
at the TLCD. Furthermore, in a URPTMD, the mass of the TLCD is significantly smaller than 
that of the RPTMD, and the liquid used in the TLCD is typically water. This provides advantages 
in terms of manufacturing and installation of the URPTMD.

Although these conclusions are drawn from harmonic force excitation, the proposed damper is 
also anticipated to be effective under random excitations. Future work will focus on demonstrating 
the vibration control effectiveness of the URPTMD for complex MDOF structures (e.g. high-rise 
buildings or towers) subjected to random excitations such as wind and earthquake loadings.
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Appendix A. 

Newmark’s average acceleration method

The Newmark average acceleration method is a numerical integration technique utilized to solve 
specific differential equations. It is commonly employed for the numerical evaluation of the 
dynamic response of structures. This method is an implicit time integration technique that calcu
lates displacements, velocities, and accelerations at discrete time steps, assuming a linear variation 
of acceleration within each step. We begin the derivation of Newmark’s method by considering 
the second-order differential equations of motion of the URPTMD-structure system. They are 
Eqs. (8a-8c) and can be written in a matrix form as follows:

M€Xþ C _Xþ KX ¼ F, (A1) 

where the displacement vector X is defined as X ¼
Xs

x1

x2

2

6
4

3

7
5, and _X and €X are velocity and acceler

ation vectors, respectively. The external force vector F is determined as F ¼
F0

0
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7
5ejxt, and it is 
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a function of time. The mass M, damping C and stiffness K matrices of the system are

M ¼
Ms
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5 (A2) 

The Newmark method approximates the displacements and velocities at time tnþ1 ¼ tn þ Dt 
based on the known values at time tn, in which Dt is time step size. At the initial time (t0 ¼ 0), 
we have the displacements are equal to zero (X0 ¼ 0) and the velocities are equal to zero ( _X0 ¼ 0). It 
is important to note that the matrix C depends on _x2 tð Þ

�
�

�
�: Thus, the damping matrix C is also 

changed over time. When we know _X0, this means that C0 (the damping matrix at time t0) is also 
determined. The acceleration components (€X0) of the system are obtained by solving the following 
equation for €X0

M€X0 þ C0 _X0 þ KX0 ¼ F0 (A3) 
Assume that Xn, _Xn, €Xn and Cn are known at tn: The displacements and velocities at time 

tnþ1 ¼ tn þ Dt are determined as follows.
For the displacements:

xi
nþ1 ¼ xi

n þ Dt _xi
n þ

Dt2

2
1 − 2bð Þ€xi

n þ 2b€xi
nþ1

h i
: (A4) 

For the velocities:

_xi
nþ1 ¼ _xi

n þ Dt 1 − cð Þ€xi
n þ c€xi

nþ1

h i
: (A5) 

In the above equations, xi
nþ1 represents the ith component of the displacement vector X and 

the subscript “nþ 1” is at time tnþ1: The sign ð_Þ represents differentiation with respect to time t. 
For the Newmark average acceleration method, the parameters include b ¼ 1

4 and c ¼ 1
2 : Thus, 

for the displacements, Eq (A4) becomes:

xi
nþ1 ¼ xi

n þ Dt _xi
n þ

Dt2

4
€xi

n þ €xi
nþ1

� �
, (A6) 

and for the velocities, Eq (A5) becomes:

_xi
nþ1 ¼ _xi

n þ
Dt
2

€xi
n þ €xi

nþ1

� �

: (A7) 

To solve the equation of motion of the system, we need to express xi
nþ1 and _xi

nþ1 in terms of 
€xi

nþ1: For the displacements from Eq. (A6), we have

xi
nþ1 ¼ �xi

n þ
Dt2

4
€xi

nþ1, (A8) 

with

�xi
n ¼ xi

n þ Dt _xi
n þ

Dt2

4
€xi

n: (A9) 

For the velocities from Eq (A7), we have

_xi
nþ1 ¼ _�xi

n þ
Dt
2

€xi
nþ1, (A10) 

with
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_�xi
n ¼ _xi

n þ
Dt
2

€xi
n: (A11) 

Here, �xi
n and _�xi

n contain all known terms at time tn: For the URPTMD-structure system, the 
equation of motion at time tnþ1 is given by

M€Xnþ1 þ Cn _Xnþ1 þ KXnþ1 ¼ Fnþ1: (A12) 
By substituting Eqs. (A8) and (A10) into Eq. (A12), we have

M€Xnþ1 þ Cn
_�Xn þ

Dt
2

€Xnþ1

� �

þ K �Xn þ
Dt2

4
€Xnþ1

� �

¼ Fnþ1: (A13) 

The above equation can be simplified by

Mþ
Dt
2

Cn þ
Dt2

4
K

� �

€Xnþ1 ¼ Fnþ1 − Cn
_�Xn − K�Xn: (A14) 

Now, we solve Eq. (A.14) for the accelerations at time tnþ1

€Xnþ1 ¼ Mþ
Dt
2

Cn þ
Dt2

4
K

� �

Fnþ1 − Cn
_�Xn − K�Xn

� �

: (A15) 

After having €Xnþ1, one can compute the displacements (Xnþ1), velocities ( _Xnþ1) and the 
damping matrix (Cnþ1) at time tnþ1 by using Eqs. (A8, A10 and A2 for the matrix C). It should 
be noted that the average acceleration method is unconditionally stable. This means that it 
remains stable for any time step size Dt:

Appendix B. 

The TMD-structure system

An analytical model of the main structure equipped with a TMD subjected to an external excita
tion is shown in Fig. B1. TMD has the mass mtmd, the stiffness ktmd and the damping coefficient 
ctmd: The equations of motion of the TMD-structure are given as follows:

mtmd€xtmd tð Þ þ ctmd _xtmd tð Þ þ ktmdxtmd tð Þ ¼ −mtmd €Xs tð Þ, (B1) 

Ms €Xs tð Þ þ Cs _Xs tð Þ þ KsXs tð Þ − ctmd _xtmd tð Þ − ktmd tð Þxtmd tð Þ ¼ F tð Þ (B2) 

where xtmd is the displacement of the mass mtmd relative to Ms:

Figure B1. Analytical model of the TMD-structure system.
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The natural frequency of the TMD is

xtmd ¼

ffiffiffiffiffiffiffiffiffiffi

ktmd

mtmd

s

: (B3) 

The damping ratio of the TMD is

ntmd ¼
ct

2mtmdxtmd
: (B4) 

The mass ratio between the TMD and the structure is

ltmd ¼
mtmd

Ms
: (B5) 
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