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Entanglement increases the error-correcting ability of quantum error-correcting codes
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If entanglement is available, the error-correcting ability of quantum codes can be increased. We show how to
optimize the minimum distance of an entanglement-assisted quantum error-correcting (EAQEC) code, obtained
by adding ebits to a regular quantum stabilizer code, over different encoding operators. By this encoding
optimization procedure, we found a number of EAQEC codes, including a family of entanglement-assisted
quantum repetition codes and several optimal EAQEC codes.
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I. INTRODUCTION

Since Shor proposed the first quantum error-correcting code
[1], the theory of quantum error correction has been extensively
developed. Today, quantum stabilizer codes [2—6] are the most
widely used class of quantum error-correcting codes. One
reason for this is that the Calderbank-Shor-Steane (CSS) and
Calderbank-Rains-Shor-Steane (CRSS) code constructions
[2,3,7,8] allow classical dual-containing binary or quaternary
codes to be easily transformed into quantum stabilizer codes.

Bowen constructed an entanglement-assisted quantum
error-correcting (EAQEC) code from a three-qubit bit-flip
code with the help of two pairs of maximally entangled states
(ebits) [9]. He converted the two ancilla qubits to ebits and then
applied a unitary transformation (another encoding operator)
such that the entanglement-assisted (EA) code is equivalent
to the five-qubit code [10,11]. Bowen’s code, which can
correct an arbitrary one-qubit error, serves as an example that
entanglement increases the error-correcting ability of quantum
codes.

An [n,k,d] classical linear quaternary code encodes k
quaternary information digits into n quaternary digits and
can correct up to L%J quaternary digit errors, where d
is called the minimum distance of the code. Brun et al.
showed that an [n,k,d] classical linear quaternary code can
be transformed to an [[n,2k — n + ¢,d; c]] EAQEC code that
encodes 2k — n + ¢ information qubits into n qubits with the
help of ¢ ebits for some ¢ [12,13]. This EAQEC code can
correct at least L%J qubit errors and has the same minimum
distance d as the classical code or higher. If entanglement
is used, it boosts the rate of the code. However, it has not
been explored how entanglement can instead help increase the
minimum distance. In addition, given parameters n,k,c, it is
not clear how to construct an [[n,k,d; c]] EAQEC code directly.
We will answer these questions in this paper. We say that an
[[n,k.d; c]] EAQEC code is optimal if it saturates any upper
bound on the minimum distance d for given n,k,c and that
an [[n,k,d; c]] EAQEC code is not equivalent to any regular
quantum stabilizer code if there is no regular [[n + c,k,d]]
quantum code. We will construct several optimal EAQEC
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New EAQEC codes are constructed by adding ebits to
a given regular stabilizer code. The minimum distance of
these EAQEC codes can be optimized over distinct unitary
row operators that determine the set of logical operators. We
summarize the process in an encoding optimization procedure.
If we add fewer than the maximum number of ebits, we have
the freedom to choose the set of generators of the stabilizer
group and the freedom to replace different ancilla qubits with
ebits. This leads to higher computational complexity. When
n + k becomes large, the encoding procedure is intractable,
and we adopt a random optimization procedure instead.

Applying these optimization procedures to regular stabi-
lizer codes, we construct a number of EAQEC codes, including
a family of EA quantum repetition codes, which are optimal
and are not equivalent to any regular stabilizer code. Finally, we
give a circulant construction of EAQEC codes to find EAQEC
codes of small length. Some of our EAQEC codes exploit large
numbers of ebits, although that much noiseless entanglement
could be expensive in practice. However, there is evidence
that EAQEC codes with maximal entanglement achieve the
EA quantum capacity of a depolarizing channel [9,14-17].
This establishes a limit on the performance of EAQEC codes,
and it is still worthwhile to study EAQEC codes with large
numbers of ebits.

This paper is organized as follows. The basics of stabilizer
codes and EAQEC codes are introduced in Sec. II. In
Sec. III, we discuss the encoding optimization procedure by
first considering the case of maximal entanglement and then
generalize to arbitrary amounts of entanglement. The results of
applying the encoding optimization procedure to some regular
quantum stabilizer codes are provided in Sec. IV, together with
some EAQEC codes of small length obtained by the circulant
construction. Then we conclude in Sec. V.

II. PRELIMINARIES

A. Stabilizer codes

The n-fold Pauli groupis G, = {i"M\ Q E---EEQ® M, :
M; e {l,X,Y,Z},m =0,1,2,3}, where I,X,Y,Z are the Pauli
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Let X; =I®1@X®I® 1 ¥V, =11y QI®,
Z; =11 ZI% " fori=1,...,n. An element g =
"M QM) ®---® M, in G,, where M; € {I,X,Y,Z} and
m € {0,1,2,3}, can be expressed as g = i’"'XO,Z,g, with o,
being two binary n-tuples and m’ € {0,1,2,3}. In this expres-
sion, if M; =1, X, Z, or Y, then the jth bits of « and B
are (a;,pB;) = (0,0), (1,0), (0,1), or (1,1), respectively, and
m’ = m + 1 (mod 4), where [ is the number of M;’s equal to
Y. The weight wt(g) of g is the number of operators M that
are not equal to the identity operator /.

We define a homomorphism ¢: G, Z3" by
go(i'”’XaZ,g) = (o,B) and define a symplectic inner product
® between two elements («q,8;) and (a,B;) in Z%” by
(051,,31) ® (062,/32) £ o - ﬂz + ,31 -0, where the dot () is the
usual inner product in Z7. Two elements g,/ in G, commute if
and only if the symplectic inner product ¢(g) © ¢(h) is zero.
Otherwise, they anticommute.

Suppose S is an Abelian subgroup of the n-fold Pauli
group G, that does not include —/7, with a set of r =n — k
independent generators {g1,2, . . . ,&-}. An [[n,k,d]] quantum
stabilizer code C(S) corresponding to the stabilizer group
S is the 2*-dimensional subspace of the n qubit state space
fixed by S. The minimum distance d is the minimum weight
of an element in N(S) — S, where N(S) is the normalizer
group of S.

A check matrix H corresponding to the stabilizer S is
defined as a binary » x 2n matrix such that the i th row vector of
H is ¢(g;). The check matrix H must satisfy the commutative
condition HA», HT = O,,, where

Azn — |:0n><n IYle’l }’
In><n Onxn

Oixj is an i x j zero matrix, and /,,, is an r-dimensional
identity matrix. The error syndrome of an operator g € G, is a
binary r-tuple s; - - - 5., where s; = 1 if g anticommutes with
gjand s; = 0 otherwise. For a code with minimum distance d,
if the error syndromes of error operators of weight smaller than
or equal to L‘%J are distinct, we call that code nondegenerate.
Otherwise, it is degenerate.

The encoding procedure is described as follows. Consider
the initial n-qubit state |/) = |0)®"|¢), where there are r =
n — k ancilla qubits |0)’s and an arbitrary k-qubit state |¢). A
set of generators of the stabilizer group of this class of states
is {Zy,...,Z,} with a check matrix

HO = [Orxn Ir><r 0r><(nfr)] . (1)

The operators Z, 41, ...,Z, and X,41,...,X, act to modify
the quantum information |¢), and these operator are called
logical operators.

If Ug is a unitary operator such that {Ug ZIU};, e,
UrZ, Ug} is a set of generators of the stabilizer group S, then
Ug is an encoding operation of C(S), and the encoded state
Ug|y) is fixed by the stabilizer group S. In particular, we can
choose g = UgZ; U; fori =1,...,r. The logical operators
on Ug|y) are

Z; =UgZ UL, R =UeX, ;UL

for j=1,...,k. Ur must map Pauli operators to Pauli
operators; such unitaries are called Clifford operators. Note
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that the logical operators commute with the stabilizers, and
the normalizer group of S is

NS = (g1.82. - -

with 2n — r = r + 2k independent generators.

Given a check matrix H of a stabilizer group, the encoding
unitary operator can be implemented by applying a certain
quantum circuit. For example, Wilde gave an algorithm [18]
to find an encoding circuit for a given quantum stabilizer code.
This algorithm applies a series of controlled NOT (CNOT) gates,
Hadamard gates, Phase gates, SWAP gates, and row operations
to the check matrix H such that H takes the form (1). This
process is like performing Gaussian elimination on a matrix
but using CNOT gates, Hadamard gates, Phase gates, and SWAP
gates in addition to the elementary row operations of Gaussian
elimination. The series of ope;rations used in the algorithm
serve as a unitary operation U,Ts such that Uzg,' Ugp = Z;, and
hence the inverse operator Uy is a desired encoding operation.
The check matrix Hy is mapped to the desired matrix H.
Note that the encoding circuit is not unique. This fact will be
important later in this paper.

821,22, .. Zi, X1, Xas - Xi),

B. Entanglement-assisted quantum error-correcting codes

Brun et al. proposed a theory of quantum stabilizer codes
when shared entanglement between the encoder (Alice) and
decoder (Bob) is available [12]. Suppose that Alice and Bob
share c pairs of qubits in maximally entangled states |®_ )45,
where AB means that Alice and Bob each have one qubit
of |[d,) = w. (Such a shared pair is called an ebit.)
Assume further that Bob’s halves of the ¢ ebits are not subject
to error since they do not pass through the channel. Let
T = {t1,....t.} be an arbitrary subset of {1,2,...,n —k}. T
denotes the positions of the ancilla qubits that are ebits. The
(n 4 ¢)-qubit initial state is

V) Ea = [@mn} ®14).
i=1

where
i¢T,

= (10 if
il = ieT.

|D4)AB,if

For convenience, the qubits on Alice’s side will be numbered
1 to n, and the qubits on Bob’s side will be numbered 1 to
c. Hence the t;th qubit of Alice and the ith qubit of Bob
form a maximally entangled pair. Then a set of independent
generators of a stabilizer group of |Y) g4 is

ZAIB, if
Zhezy, if

i¢T
i:[jET

2)
X;j@Xf for j=1,....c.

Note that the operators on the left and right of the tensor
product ® are applied to Alice’s qubits and Bob’s qubits,
respectively, and the superscripts A and B will be omitted
throughout the rest of this article. The logical operators on
[V)ga are Z,1 ®1,...,Z, @1 and X, 1 ®1,.... X, ®I.
Now consider the operators on Alice’s qubits. These operators

012320-2



ENTANGLEMENT INCREASES THE ERROR-CORRECTING ...

have commutation relations

[Z;,Z;]1=0 for 0<i,j<r, 3)
[X,. X, ]=0 for 0<ij<c, (4)
{Z,,,,X,/.} =0 for 0<i<ec, 5)

[Zi.X,,]=0 for i+#1, (6)

where [g,h] = gh — hg and {g,h} = gh + hg. This means

P(Z)Oe(Z;) =0 for 0<ij<r, )
9(X,)0p(X,)=0 for 0<ij<c, ®)
9(Z,)00(X,)=1 for 0<i<c, 9)

o(Z) O p(X,) =0 for i#t;. (10)

If a set of (r + ¢) operators satisfies Egs. (3)—-(6) or Egs. (7)—
(10), we say that the two operators in (5) or the two vectors in
(9) form a symplectic pair, and they are symplectic partners of
each other. Hence Z,, and X, form a symplectic pair.

An encoding operation Ug is applied to Alice’s n qubits,
while no operation is performed on Bob’s ¢ qubits. A set
of generators of a stabilizer group S of the encoded state
U DIY)eais{g1,...,& h1,...,h.}, where

UpZ UL @I, if i¢T,
UpZUL®Z;, if i=1;€T),
h; =UgX, U} ®X;.

8i

The logical operators on (Ug ® I)|y)ga are
Z;= UEZr+jUjE ®lL X;= UEXH.I'U; ®1

forj=1,...,k.

The 2*-dimensional subspace of the (n + c)-qubit state
space fixed by the stabilizer group S with independent
generators {gi,...,&,n1,...,h.} is called an EAQEC code
with parameters [[#n,k,d; c]] for some minimum distance d.
With the help of ¢ ebits, the stabilizer group of an [[n,k,d; c]]
EAQEC code has ¢ more generators than that of an [[n,k,d]]
regular stabilizer code. Since we assume that the ¢ qubits of
Bob suffer no error, we consider errors that act on Alice’s
qubits. For convenience, we denote

g =UrZ,U }Lg
and
W, = UgX, U},
and the gi’s and h'’s will be called the simplified gen-

erators of the stabilizer group. Similarly, we denote Z! =
UrZr4iUL X', = UpX,4; UL

It is obvious that {g},...,g/.h}, ... h.} satisfy the com-
mutation relations (3)—(6), and g; and k; are a symplectic pair.
LetS = (g},....8.,h), ... ,h.),andS; = (g; : j ¢ T)isthe
isotropic subgroup of §’. The normalizer group of &’ is

NSE)Y=(g:i¢T,Z,....2;.,X},....X.),

with 2n — (r 4+ ¢) = 2k + r — c independent generators. The
minimum distance d of the EAQEC code defined by S is the
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minimum weight of an element in N'(S’) — S;. In particular,
when ¢ =r, §; is the trivial group that contains only the
identity, and

NEY=(Z),.. .. 2%, ... %)),
An [[n,k,d; c]] EAQEC code must satisfy some upper bounds
on the minimum distance. For example, we have the Singleton

bound for EAQEC codes [12],
n+c—k>=2d-1), (1D

the Hamming bound for nondegenerate EAQEC codes
(EAQECCsS) [9],

t
Z3j (;L) < 2n—k+c, (12)
j=0

and linear programming bounds for EAQECCs [19,20].

We define a simplified check matrix H’ as a binary (r +
¢) x 2n matrix such that the r 4 ¢ row vectors of H' are ¢(g;)
fori =1,...,rand (p(h/j) for j =1, ... ,c. For simplicity, we
usually order the generators g; and h’; so that ¢(g]) is the ith
row vector of H' fori =1, ...,r; go(h’j) is the (j + r)th row
vector of H' for j =1, ...,c; and the jth and (j + r)th row
vectors are a symplectic pair. H’' must satisfy the commutation
relations (7)—(10), and in the case ¢ = r,

OI’XV IVXI" }

13
Ir><r Orxr ( )

H/AZn H/T — [

For example, the simplified check matrix corresponding to the
set of generators (2) of a stabilizer group of the initial state

|¥)Ea is
|:0rxn
Ir'><r Orx(n—r)

Conversely, an (r 4 ¢) x 2n binary matrix H, serving as a
simplified check matrix, can define a stabilizer group and hence
an EAQEC code. The number of ebits required to construct an
EAQEC code [21] is

¢ = irank(HAH"). (15)

Ir><r Orx(n—r)] (14)

0r><n

Like the check matrix of a standard quantum error-correcting
code, the simplified check matrix H’ can be used to determine
the minimum distance of nondegenerate EAQEC codes. Note
that Wilde’s encoding circuit algorithm [ 18] can also be applied
to a simplified check matrix to find an encoding unitary
operator of the EAQEC code, just as for a regular stabilizer
code.

Similarly, we define a simplified logical matrix L’ corre-
sponding to the logical operators by putting ¢(Z!) as the ith
row vector of L' fori =1, ...,k and (p(X'/j) as the (j + k)th
row vector of L’ for j =1, ... k. Since the logical operators
commute with {g},...,g,.h},...,h.}, we have

T
H' Ay L™ = Ogyopxak- (16)
Since the logical operators satisfy the commutation relations

(3)—(6), we have

LA LT — [kak Tixck :|
n - .

Iixie  Orxk

012320-3
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For example, the simplified logical matrix corresponding to
the initial state ) g4 is
|: 0k><n
0k><r Ik><k

Opxr Ik><k:| (17)

Ok Xxn

III. THE ENCODING OPTIMIZATION PROCEDURE
FOR EAQECCS

An [[n,2k 4+ ¢ — n,d; c]] EAQEC code can be constructed
from an [n,k,d] classical linear quaternary code by the
construction of [12], and ¢ is determined by (15). It seems
that only the number of information qubits is increased by
introducing ebits. However, with the help of entanglement it
is possible to define more distinct error syndromes for a given
code-word size, and hence the set of correctable error operators
might be larger. We would like to construct EAQEC codes with
a higher minimum distance instead of a higher rate.

One way to construct an EAQEC code is to start with a
regular QECC and move ¢ of the qubits from Alice’s side
to Bob’s side. As long as ¢ < d/2, the resulting code can be
encoded by a unitary operator on Alice’s side, given c ebits
of initial shared entanglement between Alice and Bob [22].
While such codes can be interesting and useful, they are not
the subject of interest for this paper; because such codes retain
an ability to correct errors on Bob’s qubits, they are in a sense
not making full use of the fact that Bob’s halves of the ebits
are noise free. They therefore are less likely to have the max-
imum error-correcting power on Alice’s qubits for the given
parameters n, k, and c. We are interested in EAQEC codes that
can do better than any regular stabilizer code in this sense.

To make this idea precise, we say that an [[n,k,d;c]]
EAQEC code is not equivalent to any regular stabilizer code if
there is no regular [[n + c,k,d]] quantum code. If there exists
a regular [[n + c¢,k,d]] quantum code, then we may not be
achieving the maximum boost to our error-correcting power
from the ¢ ebits of shared entanglement. We expect added
entanglement in general to increase the error-correcting ability
of a quantum error-correcting code, such that the EAQEC code
is not equivalent to any regular stabilizer code, and indeed
this turns out to be possible by our encoding optimization
procedure. (Note that this is not always possible; the smallest
examples of the [[3,1,3;2]] and [[4,1,3;1]] codes are both
equivalent to the regular [[5,1,3]] QECC, and this is the best
that can be done.)

We now consider how added entanglement affects an
[[n,k,d]] quantum stabilizer code C(S) defined by a stabilizer
group S = (g1.85, - - -,&,). The basic idea is to replace a set
T of c ancilla qubits by ebits. This introduces the symplectic
partners h/]s of ¢ generators g_’].’s to the generating set of
the stabilizer group S. An EAQEC code is obtained. As we
will examine in detail below, the encoding unitary operator
for a standard QECC is not uniquely defined. The EAQEC
code defined by S’ = (g}, ....g..h}, ... ,h.) may gain higher
error-correcting ability by modifying the encoding operator.

We first discuss the case ¢ = r, where the generator /; is
the symplectic partner of g/ for alli =1, ...,r. We will treat
the case ¢ < r later by optimizing the choice of ¢ linearly
independent generators from the group (4}, ... ,h.).

PHYSICAL REVIEW A 88, 012320 (2013)

A. Selecting symplectic partners and logical operators

Since the symplectic partners of g/, ...,g, are not unique,
we now explain how to select these partners such that the
minimum distance of the EAQEC code is higher than the
code without entanglement. Suppose W is a unitary Clifford
operator that commutes with Zj,...,Z, such that after the
operation of W, the simplified check matrix of the initial state
(14) becomes
|:0r><n Irxr 0r><(n—r)i| ’ (18)

L« A C B

where A and B are two r X (n — r) binary matrices and C is
an r x r binary matrix. The simplified check matrix satisfies
the commutation relations (7)—(10) if

CT+ABT + C+ BAT = 0,,,. (19)

In addition, it can be checked that the simplified logical matrix
is of the form

|: Okxn AT I :|
Okxn—t) Iixk BT O
after Gaussian elimination such that (16) and (17) hold. Since

(UeW)Z(Ue W) = U Z,U) = g!

for i=1,...,r, UgW is also an encoding operator of
the quantum stabilizer code C(S). However, the sym-
plectic partners of the g!’s, Ug(WX; WT)UT, may differ
from UEXiUE fori =1, ..., r, and the logical operators
Up(WX,;WHUL Ug(WZ,WHUL fori,j =r+1,....n are
different. Choosing a set of matrices A, B, C such that C T4
ABT + C 4+ BAT = O,,, determines a unitary operator W
by the encoding circuit algorithm, which in turn determines
a set of symplectic partners of gi, ...,g, and a set of logical
operators. Thus we call W the selection operator for EAQEC
codes. The minimum distance of the EAQEC code can be
optimized by examining each distinct encoding operator Ug W.
Note that the simplified logical matrix is not affected by the
matrix C. Therefore there are 22% distinct sets of logical
operators.

Lemma 1. Given matrices A and B, a matrix C that satisfies
(19) is of the form

C = BAT + M,

where M is a symmetric matrix.

Proof. Suppose C is a matrix that satisfies Eq. (19). We
can assume that C = BAT 4+ M for some matrix M. From
Eq. (19), we have

Oy« =ABT + BAT +C'+ (Y =M+ MT,

which implies that M is symmetric. |

We construct an EAQEC code that achieves the quantum
Singleton bound by applying this procedure to a regular
stabilizer code in the following example.
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Example 1. A check matrix of the regular [[5,1,1]] five-
qubit bit-flip code (the repetition code) is

00000 11000
00000 01100
00000 00110
00000 00011

Applying the encoding circuit algorithm to this check matrix,
we obtain an encoding operator Ug. In particular, if C = O, ,
in (19), then

ABT + BAT = 0,,.

Whenk = 1,AB” + BAT = O,,, holds ifand only if A = B
or at least one of A and B is the zero vector. Let W be
the selection operator determined by the encoding circuit
algorithm with A=[000 O]T and B=[101 O]T. Then
the encoding operator Up W generates a [[5,1,5;4]] EAQEC
code with a simplified check matrix

00000 110007
00000 01100
00000 00110
00000 00011
01111 00000
11000 00000
00011 00000

[ 11110 00000

and a simplified logical matrix
11111 00000
|:00000 11111:|'

With the help of four ebits, the minimum distance is increased
from 1 to 5. The quantum singleton bound (11) is saturated by
the parameters [[5,1,5;4]]. Because the minimum distance of
a regular [[9,1]] quantum stabilizer code is at most 3 from the
upper bound in [3], this [[5,1,5;4]] code is not equivalent to
any regular nine-qubit code. ]

The result in Example 1 can be generalized to the construc-
tion of a family of EA repetition codes as follows.

Theorem 1. There are [[n,1,n;n — 1]] EAQEC codes for
odd n and [[n,1,n — 1;n — 1]] EAQEC codes for even n.
These codes are optimal and are not equivalent to any regular
stabilizer code forn > 5.

Proof. Suppose H, is an (n — 1) x n parity-check matrix
of a classical [n, 1,n] repetition code:

1 1 o --- 0
A 0 1 1 .0
H, =
o --- 0 1 1
The [[n,1,1]] n-qubit bit-flip code has a check matrix
[Ow-tyxn Hyl.

We want to introduce (n — 1) simplified generators to the
generating set of the stabilizer group such that the minimum
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distance of the code is increased to n. Consider a simplified
check matrix

H, _ O(n—l)xn I:In
Hn O(nfl)xn

By (15), the number of symplectic pairs in H' is
%rank(H’AH’T) = rank([f]nﬁlf) =n—1

for odd n. It can be verified that H' is a simplified check
matrix with minimum distance n. Therefore there exists a set
of symplectic partners of the generators of the stabilizer group
of the n-qubit bit flip code such that the minimum distance of
the code is n. It is easy to verify that (11) is saturated by the
parameters [[n,1,n;n — 1]].

These [[n,1,n;n — 1]] codes are not equivalent to any
regular stabilizer code because there are no regular [[2n —
1,1,n]] quantum codes for n > 3. This is because they violate
the quantum Hamming bound, which says that an [[n,k,d =
2t + 1]] code satisfies

2k > Et <n)3‘
l
i=0

Let n=2t+ 1. The [[2n — 1,1,n]] =[[4¢t+ 1,1,2¢t + 1]]
code would have Z;zo(‘”j )3 error syndromes if it exists.

The last term (4tj'1)3’ is of order O((12¢ + 3)"), which is

larger than the total number of possible syndromes 24 for
sufficiently large . We have checked that it holds when 7 > 1
orn > 3.

In the case of even n, the above construction gives a series
of [[n,0,n;n — 2]] EAQEC codes with no information qubits.
A series of [[n,1,n — 1;n — 1]] EAQEC codes for even n is
constructed in [19]. These EAQEC codes are optimal since it
is proved that there is no [[n,1,n;n — 1]] EAQEC codes for
even n in [19]. These EAQEC codes are not equivalent to any
regular stabilizer codes for n > 4 by the same argument as in
the case of odd n. |

According to Ref. [12], given a parity-check matrix H of
an [n,k,d] classical binary linear code, the simplified check

matrix
Ow—ion  H
g = | Yob 20)
H O(—tyxn

defines an [[n,2k 4+ ¢ —n,d;c]] EAQEC code, where the
number of ebits ¢ is given by (15). The family of EAQEC
codes in Theorem 1 for odd n can also be obtained by this
construction. When ¢ = n — k, the quantum singleton bound
(11) becomes

n—k>d-—1,

which is exactly the same as the classical Singleton bound.
However, no nontrivial classical binary codes achieve the
Singleton bound [23].

B. Unitary row operators

Since we have the freedom to choose among different sets of
generators of a stabilizer group and also the freedom to choose
which ancilla qubits are replaced by ebits when ¢ < r, we will

012320-5



CHING-YI LAI AND TODD A. BRUN

show that the minimum distance can be further optimized over
these two freedoms when ¢ < r. We first discuss the effect of
“unitary row operators” that preserve the overall commutation
relations (3)—(6).

Consider a unitary operator U = %fz(l +iQ), where Q is
a Pauli operator with eigenvalues *1. It is easy to verify that

8 it [Q,8]1=0,

iQg, if {Q.8}=0.

We define V), = V3V, V), where V| = %(1 +igihy), Vo=
ih}), and V3 = —ig}). Then

UgU' = {

1 1

#U - Y
g1gs, if  j=2,
g, if j#2

Therefore V) , is a unitary operator that performs multiplica-
tion of g to g5, which corresponds to adding the first row to
the second in the simplified check matrix. On the other hand,

V1,2g;- V1T,2 = {

, hWoh', if j=1,
Viah' V], = /2 e ]
S h i if j#1L
Hence a row operation performed on {gi, ...,g& } induces a
row operation performed on {%/, ...k} in order to preserve

the commutation relations (3)—(6). We call V| » a unitary row
operator. Later we will need unitary row operators that change
W to h'.gi, h'; to h'; Z], and h; to X! separately. These four
types of umtary row operators are summarized in Table I.

When a different set of generators of the stabilizer group is
chosen instead of { g{ ,...,& ), this is equivalent to performing
a unitary transformation V, which comprises a sequence of
unitary row operators of type 1 on {g],...,g.}. The effect
of V on the simplified check matrix H’ corresponding to
{g},....8.h}, ... ,h.} is to multiply H' from the left by a
(2n — 2k) x (2n — 2k) matrix of the form

My O—tyx(n—k
Mvz[ (kx|
O(n—kyx(n—k) My

If Mx = R, Ry—1 - - - Ry, where the R;’s are elementary row
operations, then Mz = RIRT ... RT. It can be checked
that M H' satisfies (13). If a set T ={t1,...,t.} of c <7r
ancilla qubits are replaced by ebits, it is possible that after
the operation of V, the group S7 = (g; : j ¢ T) changes and
so does the set A'(S") — S7. In addition, the span of a subset
of {h},...,h,} can change after the operation of V, although

the span of the full set remains unchanged. This means that if

TABLE 1. Four types of unitary row operators.

Type Operators

Typel VA,V {Zrh:”’ lij ;5 {ij",g” iij o
ez vyt = {8 1=l v = [l 2
Type3 VI Vi= {Z,Zﬁw i;;j VX Vi { " gj o
Type 4 Vh/jVT = {Z;Xln’ gj ;5 ; { ,m’ iij ;Z’
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we add less than the maximum amount of entanglement to a
code, we must optimize over all such unitary row operations.
Since the group S’ and the set N(S’) — 87 remain the same
under type-1 unitary row operators on h/ for Jj ¢ T,itsuffices
to assume that the operation V consists of type-1 unitary row
operators that operate only on the h; forjeT.

Let My be a ¢ x r matrix such that the ith row of My
is the t;th row of M, for i = 1,...,c. It is obvious that
different My’s can have the same effect on the row space
of H'. For example, if ¢ = 2, {g185.85, - - ..&..h},h}h}} and
{g1.85, .. ..&,h},hy} are two different sets of generators, but
they generate the same group, and hence their corresponding
EAQEC codes have the same minimum distance. Therefore
without loss of generality a distinct unitary row operation V
can be assumed to be represented by a matrix My in reduced
row echelon form.

Theorem 2. The operation of V is equivalent to applying a
series of type-1 unitary row operators on h/j for j € T. There
are

EED 35 95 IR0 s

[,=01_1=01_r=0 [=

distinct unitary row operations.

Proof. The total number of distinct unitary row operations
N(r,c) is determined as follows. If we begin with matrices of
the form

1 0 0 O O
0 1 0 O O
o0 --. 10 --- 0O

where O can be 0 or 1, there are 2¢7—¢) distinct unitary row
operations. Now we consider matrices in which the leading
ones are shifted to the right. Let /; denote the shift amount
of the leading 1 of jth row from its initial position for
J=1,...,c. It can be observed that [; < /; if j < i. For a
set {l1,l», ...,l.}, the number of [1is ¢(r — ¢) — Zle l;, and
hence there are 2¢¢~9~Xi=1 i distinct unitary row operations.
Therefore summing over all possible sets of {iy, ...,i.} shows
that there is a total of

le e L
Neo =Y 3 Yy

[e=01._1=0 I, 51=0

distinct unitary row operations up to Gaussian elimination. Hll

The function N(r,c) has a symmetry given in the following
lemma, which can be proved by induction.

Theorem 2. N(r,c) = N(r,r —c)foranyr and0 < c < r.

On the other hand, the selection operator W in the previous
section can be decomposed as a series of unitary row operators
of types 2, 3, and 4. Matrix A determines a series of type-4
unitary row operators, matrix B determines a series of type-3
unitary row operators, and the symmetric matrix M, satisfying
C = BAT 4+ M, determines a series of type-2 unitary row
operators. Unitary row operators of type 2 do not affect the set
N(S") — S or the error-correcting ability, so the symmetric
matrix M can be dropped. It is the same as choosing a different
basis for the same code space. IfasetT = {t,...,t.}ofc <r
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ancilla qubits are replaced by ebits, one can show that A'(S) =
(gi:j¢T,Zy,...,Zx,Z\, ... ,Zx) remains unchanged by the
operation of type-3 and type-4 unitary row operators on h’] for
j ¢ T. It suffices to assume that the operation W consists of
type-3 and type-4 unitary row operators that act only on h/J for
J € T. To sum up, we have the following theorem.

Theorem 3. The operation of W is equivalent to applying a
series of type-4 unitary row operators, followed by a series of
type-3 unitary row operators, on h; for j € T. There are 22
distinct selection operators with C = BAT.

Combining the effects of the unitary row operation V with
the selection operator W in the previous section, we can
optimize an encoding operation of the form U = VUg W over
22k N (r,c) possibilities. We call this the encoding optimization
procedure for EAQEC codes.

Note that we can find another unitary row operator W’
corresponding to W such that WU and Ug W are equivalent
encoding operators. While W operates on the raw stabilizer
generators and logical operators, W’ operates on the encoded
stabilizer generators and logical operators. Hence, we can also
solve the optimization problem for an operator of the form U =
VW’'Ug (which is what we actually do in practice, combining
VW’ into a single optimization).

IV. RESULTS

A. Results of the encoding optimization procedure

We applied the encoding optimization procedure to a
[[7,1,3]] quantum Bose-Chaudhuri-Hocquenghem (BCH)
code [24,25] and Shor’s [[9,1,3]] code [1], and the results
are shown in Tables II and III, where dyp is the minimum
distance of the optimized EAQEC codes and dyg is the highest
minimum distance of an [[n + ¢,k]] regular stabilizer code.

Example 2. The check matrix of aregular [[7,1,3]] quantum
BCH code adopted in the encoding optimization procedure is

0000000 1001011 ]
0000000 0101110
0000000 0010111
1001011 0000000
1100101 0000000
1011100 0000000

As shown in Table II, the parameters [[7,1,7;6]], [[7,1,5; 3]],
and [[7,1,5;2]] achieve the quantum Singleton bound for
EAQEC codes (11) and are not equivalent to any standard
quantum stabilizer code. We would like to compare these
two EAQEC codes to a competing EAQEC code with n =7
and d = 5 by the construction of [12]. According to Grassl’s
table [26], a classical linear code over G F'(4) [or G F(2)] that
meets our requirement is a [7,2,5] linear quaternary code,

TABLE II. Optimization over the [[7,1,3]] quantum BCH code.

1 2 3 4 5 6
dopt 3 5 5 5 5 7
dyq 3 3 4 5 5 5

PHYSICAL REVIEW A 88, 012320 (2013)

TABLE III. Optimization over Shor’s [[9,1,3]] code.

C

2 3 4 5 6 7 8
dop: 5 5 7 7 7 7 9
dya 5 5 5 6 6 6 7

which can be used to construct a [[7,2,5;5]] EAQEC code.
This means that the [[7,1,5;2]] and [[7,1,5; 3]] EAQEC codes
cannot be obtained by the construction of [12] and thus go
beyond the earlier construction methods.

In addition, all the [[7,1,5;2]] EAQEC codes we found
are degenerate codes because some simplified stabilizer
generators are of weight 4 from the check matrix. For example,
the simplified check matrix and simplified logical matrix of a
[[7,1,5;2]] EAQEC code are

- 0000000
0000000
0000000
1001011
1100101
0010111

10010117
1100101
0010111
0000000
0000000
0000000

|:1001011

0100011
1101000 '

1001011

1000011
| 1101000

0100011
0010010

with T = {1,4}. On the other hand, all the [[7,1,7; 6]] EAQEC
codes are nondegenerate codes, while [[7,1,5; 3]], [[7,1,5; 4],
and [[7,1,5;5]] EAQEC codes can be either degenerate or
nondegenerate. u
Example 3. The check matrix of Shor’s [[9,1,3]] code is

- 000000000
000000000
000000000
000000000
000000000
000000000
111111000

L 000111111

110000000 T
011000000
000110000
000011000
000000110
000000011
000000000
000000000 _

As can be seen in Table III, the parameters [[9,1,9;8]],
[[9,1,7;5]], and [[9,1,7;4]] achieve the quantum Single-
ton bound for EAQEC codes (11) and are not equiva-
lent to any regular stabilizer code. A competing EAQEC
code with n =9 and d =7 by the construction of [12]
is a [[9,1,7;6]] EAQEC code, obtained from a [9,2,7]
linear quaternary code in Grassl’s table. Therefore the
[[9,1,7;5]] and [[9,1,7;4]] EAQEC codes go beyond earlier
constructions. All the [[9,1,5;2]], [[9,1,5;3]1, [19,1,7;4]],
[[9,1,7;5]], and [[9,1,7;6]] codes are degenerate codes,
and all the [[9,1,9;8]] codes are nondegenerate codes,
while the [[9,1,7;7]] codes can be either degenerate or
nondegenerate. n

012320-7
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TABLE IV. Optimization over Gottesman’s [[8,3,3]] code.

PHYSICAL REVIEW A 88, 012320 (2013)

TABLE VI. Optimization over the [[13,1,5]] quantum QR code.

C

2 3 4 5 4 5 6 7 8 9 10 11 12
dope 3 4 4 5 dw 77 7 1T 9 9 11 11 13
dya 3 3 4 4 dw 7 7 71 1 71 78 719 89 9

B. Random optimization procedure

It is easy to check that
2elntk=0) < 920k Ny ) < <’" > elntk—c)
¢

A complete encoding optimization procedure for a [[n,k,d]]
regular stabilizer code becomes impossible when n + k
becomes large. Hence one can consider random search
algorithms for the encoding optimization procedure. For each
iteration of optimization, we randomly generate two matrices
A and B and randomly choose a unitary row operation V. Then
we optimize the minimum distance until a target minimum
distance is obtained or a preset of a maximum number of
iterations is reached. Some examples of random optimization
follow.

Example 4. We applied the random optimization algorithm
to Gottesman’s [[8,3,3]] code [4], and the results are shown
in Table IV. By the construction of [12], the [8,3,5] classical
linear quaternary codes in Grassl’s table can be transformed
to an [[8,2,5;4]] EAQEC code. Hence the [[8,3,5;5]] and
[[8,3,4; 3]] EAQEC codes go beyond earlier constructions and
are not equivalent to any regular stabilizer code. In addition,
these two EAQEC codes saturate the linear programming
bounds and are optimal. |

Example 5. We applied random optimization to a [[15,7,3]]
quantum BCH code, and the results are shown in Table V.
Note that we could not fully optimize parameters in this case
since the complexity is very high. However, compared with
the [[15,3,5;4]] EAQEC code obtained by the construction of
(20) from a [15,7,5] classical BCH code, the [[15,7,5;7]] and
the [[15,7,5;6]] EAQEC codes have four more information
qubits at the cost of three and two more ebits, respectively. The
[[15,7,6;8]] EAQEC code has four more information qubits
and a higher minimum distance at the cost of four more ebits.
In addition, the [[15,7,6; 8]] EAQEC code is not equivalent to
any known regular stabilizer code.

On the other hand, the classical linear quaternary [15,9,5]
code and [15,8,6] code in Grassl’s table can be used to
construct a [[15,9,5;6]] EAQEC code and a [[15,8,6;7]]
EAQEC code by the construction of [12]. These codes are
better than the [[15,7,6;8]] EAQEC code we obtained. This
may be because our codes were not fully optimized, but in any

TABLE V. Optimization over a [[15,7,3]] quantum BCH code.

c

3 4 5 6 7 8
dopt 3 4 4 5 5 6
dyq 4 4-5 4-5 5-6 5-6 5-6

case BCH codes may not give the best possible EAQEC codes,
even using the encoding optimization procedure. |

Example 6. We applied the random optimization algorithm
to the [[13,1,5]] quantum quadratic residue (QR) codes [2,27],
and the results are shown in Table VI. By the construction
of [12], the [13,3,9], [13,4,8], and [13,5,7] classical linear
quaternary codes in Grassl’s table can be transformed
to [[13,3,9;10]], [[13,0,8;5], and [[13,1,7;4]] EAQEC
codes, respectively. The [[13,1,11;11]], [[13,1,11;10]],
[[13,1,9;9]], and [[13,1,9;8]] EAQEC codes go beyond
earlier constructions and are not equivalent to any regular
stabilizer code. ]

C. Circulant construction of EAQEC codes

Since optimization over all codes is computationally
intensive, it is worthwhile to also study particular code
constructions. In this section we show a construction of
EAQEC codes that gives more examples of EAQEC codes of
small length that are not equivalent to regular stabilizer codes.
We construct the simplified check matrix directly, rather than
starting from a classical binary code.

Let H' be a r x 2n simplified check matrix cyclicly
generated by a binary 2n-tuple a = apa; - - - azy,—202,-1:

ap cee ap—1 ay ap—1
aq e ay an+1 . ap
H =
ar—| cee Qr4p—2 QArypn—1 e ar—2

If the rank of H' is exactly r, then ¢ = %rank(H/AH/), and
H' defines an [[n,n + ¢ — r,d;c]] EAQEC code for some
minimum distance d. For example, a [[6,1,4;1]] code is
constructed by a = 001110101110 with the simplified check
matrix

(001110 1011107
000111 010111
100011 101011
110001 110101
111000 111010

| 011100 011101 |

We call this the circulant construction of EAQEC codes, which
is used for regular stabilizer codes in [27].

We examined the simplified check matrices cyclicly gen-
erated by every possible binary 2n-tuple a by computer for
n=4,...,10and r < 2(n — 1). Parameters of EAQEC codes
not equivalent to any regular stabilizer codes are listed in
Table VII. The parameters [[5,1,4;3]], [[5,1,4;2]],
([5.1,5;411, [15,2,3; 211, [16,2,3; 111, [[6,2,4;31], [[6,1,5;4]],

012320-8
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TABLE VII. Parameters of circulant [[n,k,d; c]] EAQEC codes
not equivalent to any regular [[n + ¢,k]] codes.

n [[n.k,d; ]
((5,1,5;41], [[5,1,4; 311, [[5,1,4; 211, [[5,2,3; 2]]
6 [[6,1,5;4]], [[6,1,4; 311, [[6,2,4; 311, [[6,2,3; 11]
[[7.1,7; 61, [[7,2,5; 511, [[7,3.4; 411, [[7.3,4; 3]]
[[7.4,3;2]]
8 [[8,1,6; 611, [[8,2,6;6]], [[8,1,6; 5], [[8,3,5;5]]
([8.2,5;411, [[8,1,4; 111, [[8,3,4; 311,[[8.5,3; 2]]
9 ([9,1,9; 811, [[9,1,7; 611, [[9,1,7; 711, [[9,2,6; 6]]
([9.1,6;5]], [[9,1,6; 611, [[9,2,5; 411, [[9,5,3; 11]
10 [[10,1,8;8]], [[10,1,7;6]], [[10,1,6; 511, [[10,1,6;4]]

[[10,2,7; 711,
[[10,3,6;71],

[10,2,6;5]1, [[10,2,5; 311, [[10,2,5; 2]]

[
[[10,3,6;6]], [[10,4,5;5]1, [[10,4,5; 4]]

[[7.1,6;5]11, [[7,1,7; 611, [17,2,5; 511, [[7,3.4; 411, [[7,3,4; 411,
([7.4,3;2]], [[8,2,6; 611, [[8,3,5; 511, [[8,5,3;2]1, [[8,3,4; 311,
[19,1,9; 811, [[9,5,3;1]1], [[10,3,6;7]], [[10,3,6;6]], and
[[10,4,5;4]] are also optimal, for they saturate the upper
bounds on the minimum distance [19].

V. DISCUSSION

This paper studied how entanglement can be used to
increase the minimum distance of quantum error-correcting
codes. We demonstrated the encoding optimization procedure
for EAQEC codes obtained by adding ebits to standard quan-
tum stabilizer codes. The four types of unitary row operators
play an important role in this encoding optimization procedure
and also help to clarify the properties of EAQEC codes
and their relationship to standard codes. Some applications
of the encoding optimization procedure were found to have
promising results: we constructed [[7,1,5;2]] and [[7,1,5;3]]
EAQEC codes from quantum BCH codes, [[8,3,5;5]] and

PHYSICAL REVIEW A 88, 012320 (2013)

[[8,3,4;3]] EAQEC codes from Gottesman’s eight-qubit code,
and [[9,1,7;4]] and [[9,1,7;5]] EAQEC codes from Shor’s
nine-qubit code, together with a family of EA repetition codes,
all of which are optimal. Several of the EAQEC codes found
by this encoding optimization procedure are degenerate codes.
This procedure serves as an EAQEC code construction method
for given parameters n,k,c.

Some of our EAQEC codes use large numbers of ebits.
However, it is still worthwhile to study EAQEC codes that
use large entanglement. The one-shot-father protocol is a
random EA quantum code, and it achieves the EA hashing
bound [9,14-16]. Maximal-entanglement EA turbo codes
come close to the EA hashing bound within a few decibels [17].
Asymptotically, maximal-entanglement codes achieve the EA
capacity [15,16].

The encoding optimization procedure has very high com-
plexity. However, it might be useful to further investigate it for
specific families of codes that have special algebraic structures,
such as quantum BCH codes and quantum Reed-Muller codes.
This is left for future work.

While the encoding optimization procedure in this paper
applies to a standard quantum stabilizer code, it is possible
to construct a similar encoding optimization algorithm for
adding ebits to other EAQEC codes that use less than the
maximum amount of entanglement. By adding a small amount
of entanglement we may reduce the search space and make
optimization more computationally tractable. It also might be
possible to generate small or moderately sized EAQECCs ran-
domly by choosing random selections of simplified generators
and to search in this way for codes with desirable properties.
Much work remains to be done in finding the best possible
EAQEC codes for different applications.
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arguments that the new predictions and interpretations are distinguishable from existing knowledge, at least in
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material to a minimum. Even so, some review and reprise of past work are appropriate if the paper is made more
understandable and self-contained thereby.

Papers should be clearly written in good scientific English, in a style consistent with that of the journal. Special
attention should be paid to readability, so as to render papers understandable to readers outside a narrow specialty.
(See Information for Contributors.)

New terminology should be introduced only when clearly needed. It should be appropriate and, if possible, convey to
the reader an accurate impression of its meaning. New terminology should not be frivolous, nor should it be introduced
in titles. Excessive use of acronyms is discouraged.

Publication of ongoing work in a series of papers should be avoided. Instead, a single comprehensive article (perhaps
preceded by a Letter or Rapid Communication) should be published. This policy against serial publication applies to



Rapid Communications and Brief Reports as well as to regular articles.

Although there is no limit to the length of regular articles, the appropriate length depends on the information
presented in the paper. Authors may refer in their paper to their own internal reports or theses that contain more detail
than the published article, or they may deposit some of the material, especially long tables, as Supplemental Material.
This can accommodate multimedia. Information about Supplemental Material is available via the Information for
Authors subpage at http://pra.aps.org/author-information/, in the Authors, General Information section.

Readers benefit from complete referencing, which is necessary to place any work in the context of the current state
of research. Authors should therefore make every effort to ensure that their citations of previously published work are
comprehensive at the time of submission. This includes references to books and to published conference proceedings
that contain more than abstracts. Authors should also add to the references any works published during the course of
the review process.

It may also be necessary for authors to cite unpublished work, such as e-prints, preprints, internal reports, or results
which have been reported only orally at meetings (even though an abstract may have been published). Unpublished
work that appears during the review process may require citation as well. Unpublished work has not been fully vetted
by the community, and considerable judgment on the part of the editors will be employed in determining the need to
cite such work.

Papers that describe proposed experiments fall into a special category. For such papers to be acceptable, the
experiments must be demonstrated to be novel and feasible. It is the authors' responsibility to show that their proposal
is likely to stimulate research that might not otherwise be undertaken.

Material previously published in an abbreviated form (in a Letters journal, as a Rapid Communication, or in
conference proceedings) may provide a useful basis for a more detailed article in the Physical Review. Such an article
should present considerably more information and lead to a substantially improved understanding of the subject.
Reproduction of figures, tables, and text material that have been published previously should be kept to a minimum
and must be properly referenced. In order to reproduce figures, tables, etc., from another journal, authors must show
that they have complied with the copyright/licensing requirements of the publisher of the other journal. Publication of
material in a thesis does not preclude publication of appropriate parts of that material in the Physical Review.

ARTICLE TYPES

Physical Review A publishes regular articles, Rapid Communications, Brief Reports, Comments, and Errata. The
scientific content of all sections of the Journal is judged by the same criteria.

The sections are distinguished by the different purposes for which the papers are intended.

Each paper, except Errata, must have an abstract. Short papers are limited to 3500 words; exceptions will be
considered for Comments. For information on how to estimate length, see http://publish.aps.org/authors/length-guide.

Rapid Communications in Physical Review are intended for the accelerated publication of important new results, as
are Physical Review Letters. Authors may follow a Rapid Communication (or a Letter) with a more complete account
as a regular article in Physical Review. The principal difference between Physical Review Letters and Rapid
Communications is that Letters are aimed at a general audience of physicists and allied scientists, while Rapid
Communications are primarily for a more specialized audience, i.e., the usual readers of a particular Physical Review
journal (A, B, C, D, or E). Rapid Communications are given priority in editorial processing and production to minimize
the time between receipt and publication. Therefore authors should justify the need for priority handling in their letter
of submittal. A series of Rapid Communications by one group of authors on a particular subject is discouraged.

A Brief Report is an account of completed research that meets the usual Physical Review standards of scientific
quality but is not appropriate for a regular article (or for the priority handling given to Rapid Communications).
Announcements of planned research, progress reports, and preliminary results are generally not suitable for publication
as Brief Reports. The normal publication schedule is followed. Addenda are included in the Brief Reports section.

Comments are publications that criticize or correct papers of other authors previously published in Physical Review A.
Each Comment should contain an abstract and should state clearly the paper to which it refers. To be considered for
publication, a Comment must be written in a collegial tone (free from polemics) and must be pertinent and without
egregious errors. A Reply to a Comment must also conform to these requirements. Editorial procedures for processing
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Comments are described in the following section.

The Errata section contains notices regarding errors or omissions in papers previously published. Besides the standard
Erratum, several special categories of documents may appear in this section. In the online journal, these documents
involve bidirectional links between the original article and the document in the Errata section. The category of the
corrective document is indicated in its title and in the link from the original article.

The standard Erratum is a statement by the authors of the original paper that briefly describes the correction(s) and,
where appropriate, any effects on the conclusions of the paper.

An Editorial Note is a statement by the journal about the paper that the editors feel should be brought to the attention
of readers of the article.

A Publisher’s Note is a notice that the article has been corrected subsequent to publication. Such corrections are
made to correct typographical or production errors that involve significant metadata (such as title or byline) or have a
significant impact on the reader's ability to understand the article. Such corrections are normally made only shortly
after publication, with approval of APS management, and are not made for scientific errors or omissions. The
Publisher's Note indicates the correction and when it was made.

A Retraction is a notice that the paper should not be regarded as part of the scientific literature. Possible reasons for
this include, among others, presentation of invalid results and inclusion of results that were published previously in
substantially similar form. (In the latter case, the prior publication, not the retracted article, should be regarded as the
source of the information.) To protect the integrity of the record, the retracted article is not removed from the online
journal, but notice of Retraction is given. Retractions are sometimes published by the authors when they have
discovered substantial scientific errors; in other cases, the editors conclude that a retraction is appropriate. In all cases,
the Retraction indicates the reason for the action and who is responsible for the decision. If a Retraction is made
without the unanimous agreement of the authors, the approval of the Editor in Chief of APS is required.

EDITORIAL PROCEDURES

Usually one referee is selected initially by the editors for each manuscript; there are exceptions, as with almost all
procedural matters discussed below. In most cases, directly submitted Rapid Communications are initially sent to two
referees. Referee reports are advisory to the editors, but are generally transmitted by the editors to the authors, and so
should be written in a collegial manner. The editors may withhold or edit these reports for cause. If in the judgment of
the editors a paper is clearly unsuitable for Physical Review A, it will be rejected without external review; authors of
such papers have the same right to appeal as do other authors.

Any resubmittal should be accompanied by a summary of the changes made, and a brief response to all
recommendations and criticisms. This material will normally be forwarded to reviewers, and so should be written in a
collegial manner as well. Remarks that authors wish to address solely to the editors should be clearly identified and
separated from the summary and response.

A manuscript may be sent to additional referees if warranted. In most cases the new referee will be provided with
previous correspondence on the manuscript, but not with the identity of the previous referee(s). Editorial Board
members, however, may receive this information.

Since the referee is usually best qualified to judge a paper, the author should direct his or her responses to the items
raised in the referee report. In general, very long rebuttal letters explaining contentious points in a manuscript should
be avoided in favor of clarifying alterations in the manuscript itself.

Papers are accepted for publication based on favorable recommendations by the referee(s). On the other hand, the
editors can and will seek additional opinions when in their judgment such action seems called for. It is the policy of this
Journal that every effort be made to arrive at a decision on disposition within a reasonable time.

After acceptance of a manuscript, if further information that seems to warrant investigation is received, the editors will
regard it as an obligation to reconsider their decision.

Authors should state whether the paper they submit has been previously considered for publication in any of the
APS journals (Physical Review Letters, other Physical Review journals, or Reviews of Modern Physics) and supply the
code number assigned by that journal. They should also provide information about other recent relevant unpublished
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work of theirs (e.g., for a paper under consideration by an APS journal, supply the code number; for one submitted to
another journal, provide the title; for a paper deposited on an e-print server, supply the e-print number).

When a manuscript has several authors, one of them, the corresponding author, should be designated to receive and
respond to correspondence from the editors. This designation can be changed upon notification of the editors. It is the
responsibility of the corresponding author to represent all those involved with the work reported.

By submitting the manuscript, the corresponding author certifies:

e The paper represents original work of the listed authors.

e The manuscript as presented accurately reflects the scientific results.

¢ All of the authors made significant contributions to the concept, design, execution, or interpretation of the
research study.

¢ All those who made significant contributions were offered the opportunity to be listed as authors.

e All of the listed authors are aware of and agree to the submission of this manuscript.

e The manuscript has not been published, and is not now and will not be under consideration by another journal
while it is considered here.

e The authors have provided information to the editors about relevant unpublished manuscripts, including whether
any version of this manuscript was previously considered by an APS journal.

e The authors accept the established procedures for selecting manuscripts for publication.

Authors may not present data and other results obtained by others as if they were their own, nor may authors
incorporate without attribution text from another work (by themselves or others), even when summarizing past results
or background material. If a direct quotation is appropriate, the quotation should be clearly indicated as such and the
original source should be properly cited. Papers that have been found to be in violation of this rule will be rejected. In
such cases, resubmission of the manuscript, even with the plagiarized text removed, is not ordinarily allowed.
However, the editors may allow exceptions to this policy if warranted by special circumstances.

Authors may request that particular individuals not be chosen as referees. Such requests are usually honored, although
it is customary to give authors whose work is criticized in a manuscript an opportunity to respond to the criticism.
Authors are welcome to submit a list of experts whom they consider especially suited to referee their paper. Such a list
is particularly useful when a manuscript treats a highly specialized subject on which papers are infrequently published.
The editors, however, are not constrained to select a referee from that list.

We are no longer able to accede to requests from authors that we withhold their identities from the referees. Such
"double-blind" reviewing has been discontinued.

In some circumstances information about a manuscript considered by Physical Review A and subsequently submitted
to another journal may be provided to the editor of that journal. Such information might include the comments and
identities of referees.

Comments, papers which criticize or correct the work of other authors previously published in Physical Review A, are
processed according to the following procedure:

(1) The paper is first sent to the author(s) whose work is being criticized. These authors act as reviewers (usually not
anonymously) and should provide a report (not a Reply) suitable for transmittal to the author(s) of the Comment.

(2) After suitable exchanges between the involved parties, the Comment, along with relevant correspondence, is sent
to an uninvolved referee for anonymous review. If on the basis of this referee's (and possibly other reviewers’)
recommendation the editors decide to accept the Comment for publication, then the authors whose work is being
commented on are given the opportunity to write a Reply for possible simultaneous publication. This Reply will also be
reviewed, usually by the same uninvolved referee.

(3) After the Comment and Reply have been accepted for publication, the author of the Comment is sent a copy of the
Reply for his or her information, but should not alter the Comment unless requested to do so by the editors. The
Comment and Reply usually are published in the same issue of the journal, with the Reply immediately following the
Comment. If there is undue delay in the preparation and review of the Reply, the Comment may be published before
the Reply. The normal publication schedule is followed.

AUTHOR APPEALS



Authors may appeal a rejection of their paper by the editors. In the case of a formal appeal, the paper and all relevant
information, including the identities of the referees, will be sent to a member of the Editorial Board. The Board
member may review the case on the existing record or may seek additional expert opinion. The Board member will
present an advisory opinion to the editors, which will be sent to authors and/or referees with the Board member's
name.

The purpose of the appeal process is to review the editorial decision to reject the manuscript with the information at
hand; it is not another round of review. Therefore, adjudication of an appeal is based on the version of the manuscript
that was rejected; no revisions can be introduced at this stage. Authors are, however, free to describe possible revisions
in their cover letter.

If a Board member has provided a referee report on a paper prior to appeal, another Board member must review the
paper on appeal. Authors may suggest those Board members they feel are appropriate (or not appropriate) to conduct
the review, but the editors are not bound by such suggestions. If there is no suitable Board member available, the
editors may appoint an appropriate scientist to consider a paper under appeal as an ad hoc Board member.

The author of a paper that has been rejected subsequent to an Editorial Board review may request that the case be
reviewed by the Editor in Chief of the APS. This request should be addressed to the editors, who will forward the
entire file to the Editor in Chief. Such an appeal must be based on the fairness of the procedures followed, and must
not be a request for another scientific review. The questions to be answered in this review are: Were our procedures
followed appropriately and did the paper receive a fair hearing? A decision by the Editor in Chief is the final level of
review.

RECEIPT DATES

Each paper, when published, carries a receipt date indicating when the manuscript was first received by the editors of
Physical Review.

If authors make substantive changes in a manuscript or if they hold it for an unusually long time after it has been
returned to them with a referee's report, the paper will be given a "revised manuscript receipt date." In such cases, the
authors may be required to revise references to include material published since the original submission of the
manuscript. In cases of especially lengthy delays the original paper is considered withdrawn, and the resubmitted
version is considered to be a new paper and is given a new receipt date.

Papers transferred from Physical Review Letters or other Physical Review journals that are accepted without further
review (and are not delayed unduly by the authors) will retain the original receipt date. In other cases a new receipt
date, which is the date of transfer, will generally be given. The authors may, however, request that the original receipt
date be retained.

AUTHOR INQUIRIES

The Author Status Inquiry System (ASIS) provides information to authors regarding the status of their manuscripts
automatically at http://authors.aps.org/STATUS/. If clarification of ASIS is needed, send an email message to
pra@aps.org (with subject line, for example, Status AB12345 Jones).

For papers that have been accepted for publication and sent to production, information about their status in the
production process is available via a similar service maintained by the production vendor. A link to this service is
provided by ASIS for such papers.

The editors welcome suggestions from authors and referees regarding improvements in editorial and refereeing
procedures.
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