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An Improved XFEM with Multiple High Order Enrichment Functions and Low Order Meshing Elements for Field Analysis of Electromagnetic Devices with Multiple Nearby Geometrical Interfaces
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This paper proposes an improved extended finite element method (XFEM) for modeling electromagnetic devices with multiple nearby geometrical interfaces. In regions near these interfaces, the magnetic vector potential approximation is enriched by incorporating multiple derivative discontinuous fields based on the partition of unity method such that the interfaces can be represented independent of the mesh. The support of a node or an element can be cut by several interfaces. This method results in the high accuracy in the approximation field and the derivative field. Numerical examples applied to the iron core in 1D eddy current field involving level set based parts, error analysis and electromagnetic field computations are provided to demonstrate the utility of the proposed approach.
Index Terms—Eddy current, high order enrichment function, nearby geometrical interfaces, XFEM.
I. Introduction

M
any components of electrical devices are complex in structure, and contain large number of nearby geometrical interfaces with sizes spread over several spatial scales. Fig. 1 shows the basic structures of some examples, where (a) and (b) are the laminated iron cores in a transformer and a motor, (c) is the superconducting layers in a high temperature superconducting (HTS) cable, and (d) the microstructure of magnetic particles in a magneto-rheological fluid.
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Fig. 1.  Examples of electrical devices with multiple nearby interfaces: (a) laminated iron core in a transformer, (b) laminated iron core in a motor, (c) superconducting layer in a HTS cable, and (d) magnetic particles in a magneto-rheological fluid.
The laminated iron cores are made of large number of tightly stacked SiFe steel sheets with thickness of typically 0.35 mm and insulation coatings on both sides of 2 μm thickness. In the finite element analysis of electromagnetic fields and the associated power loss in the cores, or core loss, each element would contain multiple sheets and coating layers because of the numerical constraints to elemental sizes. In the conventional finite element method (CFEM), it is not possible to describe the nearby geometrical interfaces between SiFe sheets and insulation coatings contained in the elements, so that the homogenization method is commonly employed 1[]
.
The superconducting layers in HTS cables consist of many twisted superconducting tapes. In Fig. 1(c), the HTS cable has 6 superconducting layers. The number of superconducting tapes, twist angle and twist direction are all different in different layers. The superconducting tapes, of about 4 mm wide and 0.20 mm thick, are twisted and wound on the surface of a cylinder with diameter of about 30 mm and a pitch of normally greater than 100 mm. The distance between two layers is about the thickness of the tape 2
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. Because of the small thickness of conducting layers, it is not possible to study electromagnetic field and current distributions in an HTS cable taking into account the proximity and hysteresis effects by the CFEM. Currently, in the study of current sharing between different superconducting layers, the equivalent circuit model is employed 3
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.
Meshless method 4
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 is an answer to the meshing issue, as the connectivity is obtained by means of domains of influence that are not mesh based, and  the regularity of shape functions is higher than that of low-order finite element ones. However, the computational cost of this approach is still higher than that of CFEM, and the parameters involved in the formulation are not always easy to select a priori.
The extended finite element method (XFEM) 5[]
 with a single level set function to construct the enrichment function can be very effective for the case when the elements across the boundary of two different media contain only one interface. However, when the elements contain more interfaces due to the small sizes of media, such as the laminated cores in transformers and motors and the superconducting layers in HTS cables, it would encounter many numerical difficulties. To overcome these limitations, an improved XFEM is proposed 6
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. Each interface is associated with a single level set function and additional degrees of freedom are introduced for nodes whose support is cut by more than one interface. However, the use of lower order enrichment function limits the accuracy of the approximation field and the derivative field. This paper proposes a new approach to improve greatly both the convergence properties, and accuracy of approximation field and derivative field by adopting the level sets based parts, low order meshing element and multiple high order enrichment functions, which are considered by a high order interpolation for the level sets on vertexes and intersecting points on the interface.

II. XFEM and Level Sets
A. Traditional XFEM
Fig. 2 shows a portion of a mesh with quadrilateral elements, where Γ is the interface, which does not necessarily coincide with the mesh, and ni are the enrichment nodes (circles) whose supports ωi are cut by the interface. The elements cut by the interface are known as the enrichment elements, and the elements with enrichment nodes which are not cut by the interface are known as the blending elements. ωi=supp(ni) is the support of node ni, which consists of the union of all elements connected to node ni.
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Fig. 2.  Interface Γ in a non-conforming mesh.
The XFEM magnetic vector potential approximation can be expressed as:
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(1)
where ui and aj are nodal unknowns, Ni(x) and N*j(x) the finite element shape functions, ψ(x) is the enrichment function, which contains the desirable discontinuous properties, and Je the set of enrichment nodes.
An elegant methodology to construct the enrichment function is the level set method (LSM).
B. Coupling XFEM with Level Sets
LSM is based upon the idea of representing the interface as a level set curve of a high dimensional function φ(x, t). In this paper, only the static interfaces are considered.

An interface Γ(x)⊂RD can be formulated as the level set curve of a function φ: RD→R, where
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One important example of such a function would be the signed distance function:
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(3)
where s(x) = ±1, and the sign is arbitrarily chosen negative in Ω1 (inside Γ) and positive in Ω2 (outside Γ). The unit vector n  normal to Γ at x0 is defined with a positive direction from Ω1 to Ω2.

Then, s(x) in (3) can be expressed as:
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(4)
In case there exist several interfaces Γ(k) (k = 1, 2, … , Nint), one function for each associated region Ω1(k) can be defined as
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(5)
where

[image: image11.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

00

sign.

kkk

s

=×-

xnxxx


(6)
Finally, the level set function can be obtained by
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(7)
In this work, an iron core with 10 electrical steel sheets, covered with insulations, in 1D, will be considered. Here in order to have a clear description because the thickness of the insulation is so small compared with SiFe, the thicknesses of SiFe and insulating coating are supposed to be 10 and 1.25 mm, respectively. An example of level set function for six interfaces is provided in Fig. 3(a). All the interfaces between SiFe and insulating coating are located in the solid dots.
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(a)                                                        (b)
Fig. 3.  Level set functions defining six interfaces.
In this work only the weak discontinuity cases will be considered because nearly all the field approximations are continuous in the electromagnetic field. The enrichment function ψ(x) can be chosen in the form proposed by Moës et al. 7
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, which does not require a special treatment for blending elements:
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To carry out the numerical integration, elements cut by the interface must be subdivided. Let φi and φj denote nodal level set values at two vertices xi and xj of an element. The element edge is cut by the zero level set if φiφj<0. The resulting intersection point xp is then found by:
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III. Improved XFEM with Multiple High Order Enrichment Functions and Low Order Meshing Element
The improved XFEM magnetic vector potential approximation can be expressed by
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where k = 1, 2, … , Nint which is the indexing of the interface Γk. When multiple interfaces cross the support of node I or element I as in Fig. 4 in 2D, multiple level set functions and enrichment functions have to be considered in order to preserve the convergence of the approximation.
Indeed, if only one level set function and one enrichment function are considered for node I or element I, the approximation is not rich enough to make derivative field jump along the interfaces. A node or an element has to be enriched with respect to all the interfaces crossing its support or itself. Therefore, the separate level set functions like Fig. 3(b) and enrichment functions for each interface have to be defined. Each interface is associated with a single level set function. However, the accuracy of the approximation is not good enough.
An improved approach is presented here in order to preserve the accuracy. The low order meshing element and interpolation for level set to describe the interface are still used in the mesh which ensures the least degree of freedom and simplicity. Meanwhile, two types of the enrichment function are considered according to the order of the shape function in (8): the first order shape functions in 1D element with 2 nodes, and the second order shape functions in 1D element with 3 nodes. In the second enrichment function, the third node is located on the interface where the level set function is zero. Suppose that the coordinates of two vertexes and the interface are -1, 1 and -0.5, the two enrichment functions are shown in Fig. 5(a) and 5(b), respectively.
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(a)                               (b)

Fig. 4.  Two types of mesh with nearby interfaces Γ1, Γ2, and Γ3: (a) support of node I, and (b) element I.
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(a)                                      (b)
Fig. 5.  Two types of enrichment function: (a) enrichment function 1, and (b) enrichment function 2.
IV. Numerical Example
An iron core with 10 electrical steel sheets covered with insulation coatings and a coil for AC excitation as shown in Fig. 6 is considered as an example. The coil carries an AC excitation current with a current density of 1000.5sin(100πt) A·m-2. The dimensions of iron core are deliberately chosen as a and b >> c such that the problem can be reduced to one dimensional. The numerical model of laminated iron core is shown in Fig. 7, where the solution domain consists of the laminated iron core, the winding, and the air at both ends, assuming zero magnetic vector potential at a position far away from the winding. The permeability of the coil is 4π×10-7 H·m-1, the resistivity is 1.7241×10-8 Ω·m, and the thickness is 3.5 mm one side. The 35H250 non-oriented electrical steel sheets from Nippon Steel & Sumitomo Metal Corporation are used, whose maximum permeability is 0.0112 H·m-1. The resistivity is 56 ×10-8 Ω·m and the thickness of the SiFe is 0.35 mm. For the insulating coating, the permeability is 4π×10-7 H·m-1, the resistivity is 1×1012 Ω·m, and the thickness is 2 μm. One electrical steel sheet consists of one SiFe and two insulation coating.
A. CFEM
Because the analytic solution is too difficult to get in this case, the calculation result by using CFEM with enough elements is regarded as the reference result. The relative error is less than 1% for two different meshes. The mesh is shown in Fig. 8. There are 201 nodes and 200 elements (air: 20 elements, coil: 20 elements, SiFe: 100 elements, Insulation: 60 elements).
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Fig. 6.  Schematic diagram of a laminated iron core with AC excitation.
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Fig. 7.  Model of laminated iron core in 1D.
B. The Improved XFEM
In this paper, all the results of CFEM and XFEM are obtained by using the code in MATLAB. In XFEM, two types of enrichment function are considered according to the order of the shape function. Three types of mesh in iron core are considered, as shown in Fig. 9, where ‘|’ represents the interface between different materials. The red circle represents the enrichment node, and the red line segment the enrichment element. Mesh 1 is an enrichment element containing one electrical steel sheet with two interfaces, Mesh 2 is an enrichment element containing two electrical steel sheets with four interfaces, and Mesh 3 is an enrichment element containing five electrical steel sheets with ten interfaces. In Mesh 2 and Mesh 3, the interfaces between the same materials such as insulation coatings are not considered.
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Fig. 8.  Mesh in CFEM.
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Fig. 9.  Three types of mesh: (a) Mesh 1, (b) Mesh 2, and (c) Mesh 3.
1) Enrichment Function 1
For the traditional element, 3 Gauss points are chosen for numerical integration like CFEM, while 4 Gauss points are chosen for each sub-element in the enrichment element. Fig. 10(a) shows the Gauss points in the traditional element, while Fig. 10(b) shows the Gauss points in each sub-element in one enrichment element when Mesh 1 is used.
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Fig. 10.  Gauss points in the elements: (a) traditional element, and (b) enrichment element.
TABLE I

Maximum errors of A, B, and Je

	
	
	Mesh 1
	Mesh 2
	Mesh 3

	MaxErr_A (%)
	Amp
	0.10
	0.11
	-0.89

	
	Ang
	0.27
	-0.37
	5.27

	
	Rea
	10.68
	14.76
	4.73

	
	Ima
	0.40
	-0.29
	-0.52

	MaxErr_B (%)
	Amp
	0.39
	0.36
	1.03

	
	Ang
	-2.53
	-0.96
	-0.86

	
	Rea
	-8.31
	-5.95
	-10.78

	
	Ima
	-2.33
	-0.96
	-0.86

	MaxErr_Je (%)
	Amp
	1.00
	1.02
	-0.80

	
	Ang
	0.27
	-0.37
	5.27

	
	Rea
	21.27
	29.03
	9.92

	
	Ima
	1.54
	0.28
	0.28


TABLE II
Maximum errors of A, B, and Je

	
	
	Mesh 1
	Mesh 2
	Mesh 3

	MaxErr_A (%)
	Amp
	0.00
	0.00
	-0.07

	
	Ang
	0.00
	-0.01
	-0.56

	
	Rea
	-0.11
	-0.18
	-0.23

	
	Ima
	0.00
	-0.01
	-0.59

	MaxErr_B (%)
	Amp
	-0.03
	-0.04
	-0.08

	
	Ang
	-0.33
	-0.25
	-0.41

	
	Rea
	-0.54
	0.58
	0.61

	
	Ima
	-0.34
	-0.26
	-0.42

	MaxErr_Je (%)
	Amp
	0.81
	0.81
	0.69

	
	Ang
	0.04
	0.04
	-0.56

	
	Rea
	0.81
	0.81
	0.73

	
	Ima
	0.81
	0.80
	-0.28


TABLE III

Numerical cost of CFEM and XFEM

	
	Degree of freedom
	Gauss point
	Time (second)

	CFEM
	201
	600
	0.36134

	XFEM
	91
	190
	0.145487


In this paper, the relative error is defined as
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where 
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 is the result by using XFEM, and x the reference result by using CFEM. Because the errors in air and coil are nearly zero, only the maximum errors of the magnetic vector potential A, the magnetic flux density B and the eddy current density Je between the XFEM with enrichment function 1 and the reference result in iron core are listed in TABLE I, where Amp represents the amplitude, Ang the phase angle, Rea the real part, and Imag the imaginary part. The results show all the maximum errors on the real parts except for the magnetic vector potential with 5.27% on the phase angle in mesh 3 at -3.381818×10-5 m. The maximum errors of the magnetic vector potential are 10.68% in Mesh 1 and 14.76% in Mesh 2 at 1.223091×10-3 m. The maximum errors of the eddy current density are 21.27% in Mesh 1, 29.03% in Mesh 2 and 9.92% in Mesh 3, appearing at the same location. The maximum errors of the magnetic flux density are -8.31% in Mesh 1, -5.95% in Mesh 2 and -10.78% in Mesh 3 at -7.736364×10-4 m. The XFEM with enrichment function 1 is not applicable for the electrical structure with nearby interfaces as the error is very large.
2) Enrichment Function 2

In the traditional element, the same Gauss points like enrichment function 1 are chosen, while 5 Gauss points are chosen for each sub-element in the enrichment element. The maximum errors of the magnetic vector potential, the magnetic flux density and the eddy current density are listed in TABLE II. The results show that all the maximum errors are less than 1%. In TABLE III, several parameters such as the number of degrees of freedom, the number of Gauss points and the computation time are compared to measure the numerical cost of the improved XFEM in this paper. It can be seen that the computation time of the improved XFEM is about 2.5 times as fast as the CFEM owing to the smaller numbers of Gauss points and degrees of freedom. Considering the high accuracy by comparing the results in the three meshes, the improved XFEM with enrichment function 2 is a good numerical method for the electrical structure with nearby interfaces.
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